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Boltzmann operator, abstract form

density of a rarefied monoatomic gas w.r.t. the

)-

Unknown: f :=

f(v) =0
velocity v € RV (N =2,3

Operator:

aatr = [ [ [ () - )

—_—
X Oytvo=v/4v! Ot v, o=|v/ 24 |v 2 B <|v — Vil (Vv — v, v/ — v*)) dv'dv, dv,

Remark: Q;(M, M) =0 when M(v) =exp(a+ b-v—c|v|?)isa

Maxwellian function of v.
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Boltzmann operator, parameter-form when N = 2

Boltzmann, Maxwell, ca 1860:

Qua(f. F) /R/( A

with

<

)f(v*)> B(|v — v4|, |0]) dOdv.,

, V 4+ Vi V — Vi

, V 4 Vi V — Vi
= — R .
Vi 2 9( 2 )
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Grazing collisions asymptotics

Chapman-Cowling, circa 50
At the formal level,

0271/1('(’ f)(v) = glm) Ql-,Be(fa f)(v)v

when B is a rescaled version of B (extended by 0):
1 6
0) = — z
.2.0) = 58(2.%),

¥(z) = Cst |22 /B(z,e)u ~ cos) do.

and

Rigorous results in the context of renormalized solutions:
Alexandre-Villani, circa 2000.
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Landau operator

Landau, 36: For f := f(v) > 0 density of charged particles of velocity
v € RN in a plasma (N = 3),

Quulr. NN =5 { [ atv=w) (FW) V7() - F() T7(w)) o}

with .
aj(z) = P(lz))Ny(2),  Ny(z) =05 — =3

2P
Moreover 1/(z) = |z|~! in the Coulomb case (of charged particles).

Remark: Q(M, M) =0 when M(v) =exp(a+b-v—cl|v|?)isa
Maxwellian function of v.
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Common formalism for Boltzmann and Landau kernels

(presented here in 2D)

Proposition LD, Salvarani 01: We assume that:

e Q is bilinear and continuous from S(R?) x S(R?) in C3,,,(R?);

e Q@ is invariant by translations and rotations, i.-e. Qo Th = Tho0 Q,
and QolTg =Tgo Q, where Irp(x) = (Rx);

o Q(M, M) =0, when M(v) =exp(a+b-v—c|v|?);

e For all f, g € S(R?), vy € R?, such that f, g > 0 on R? and
f(v) = 0, one has Q(f,g)(v) >0, i-e. e Q&) > 0.
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Common formalism for Boltzmann and Landau kernels

(presented here in 2D)

Then there exists a positive measure p such that

atr. e = (pr(Mh?)

1— cosf

vV + v, V — Vi vV + vy V — Vi
(e en(0) (R (),

When the measure 1 has an atomic part in 0 (and in other points), one
finds the sum of a Boltzmann operator (with or without angular cutoff)
and a Landau operator.
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Weak formulation of Boltzmann operator

[, @uelr. ) etv) av

< () 0t) = ) - (1) )

’og
X 5v+v*:v/+vi 5|v|2+|v*\2:\v’|2+|vi\2 Bdv dv*dv*.

Consequence: conservation of mass, momentum and energy:

1
Ql,B(fa f)(V) Vi dV = O
R v[?/2
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Weak formulation of Landau operator

Q2 (f, F)(v) o(v) dv

RN

=5 [ ety - w (S - fo%)) "N - w)

<w~(v) - w(w)) dvdw.

Consequence: conservation of mass, momentum and energy:

1
Qa4 (f, F)(v) ( vi ) dv = 0.

e vI2/2
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Entropy inequality (H theorem) for Boltzmann equation

Entropy production: (f := f(v))

Dy g(f) == — . @Q,8(f,f)(v)Inf(v)dv

- % .//]R’VX]R’VX]RNX]R"’ <f(‘/)f(v;) - f(V)f(v*)>

X (In(f(v’)f(v;)) — In(f(v)f(v*))> ;.3 073 Bdvdv,dv'dv; >0
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Entropy inequality (H theorem) for Landau equation

Entropy production: (f := f(v))

Dy (f / Q2,4 (f, f)(v)Inf(v)dv

(fo(v) - vff(w))T N(v —w) (vff(v) - vff(w)) dvdw > 0
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H Theorem, case of equality (1)

When D; g(f) =0, one has (if B# 0 a.e.)

v+v.=Vv +v. and V24 [vi? = V24 VL

= f(v) f(v.) = F(V')F(V),

so that finally

F(v) F(ve) = T(v + v, [VIP + [w?).
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H Theorem, case of equality (2)

We know that

F(v) F(ve) = T(v+ vao [V + [w?).

Then we use the operator:

L:=(v—-wv)x(V,-V,),

Ly = (vi = va) (B = Bu) — (v — vig) (B, — D),

L|T(v+ v, |v|2 + |v*|2) =0.
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H Theorem, case of equality (3)

Consequence: When D; g(f) = 0, one has (for i # j)

o=t (50 =) o (S5 70) o

We recall that for Landau equation:

Do =5 [[ Ay i(v—w)

(Y-w) nw ) (S~ %) s
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Link between entropy dissipations

Proposition (Toscani-Villani 99, Villani 03): When 1(z) = |z|*> (Maxwell
molecules), and B(|z|,|0|) = |z|> 3(|0]) (super hard spheres), one gets

Dy g(f) > Cst/ e T Dy (e F) dr,
0

TL

where €7 " is a semigroup generated by Fokker-Planck’'s operator:

Lf = Af+ V- (vF).
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H Theorem, resolution of the case of equality (method of

Boltzmann)

We know that (for i # j)

e (7 05 ) ) (G = 3)

Using 0,,, one gets

9if(v) _ 9f(w)
flv)  f(w)

Using 0,,,, one gets —0;;In f(v.) = —0;;In f(v), and finally using 0,,,,
one gets —0j; Inf(v,.) — 9 Inf(v) =0.

At the end

+ (vi — vij) O Inf(v) = (vj — vsj) Dii In f(v).

f(v)=exp(a+b-v—c|vf).
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H Theorem, resolution of the case of equality (method

using integrals)

We know that (for i # j)
[9f(v) af(v)] _ oif(w) — 9if(w)

f(v) 0if(v) {W' 9if(w) ” dif(w)]
( W) " w) |

aif(v) wi —(vi—w) wiw; |
flv) 1w w;
Det (f]RN fw) | wi wiw; w? dW)
Wi W ww
so that

f(v)=exp(a+b-v—clvf).
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Cercignani's conjecture

Proposition (cf. LD-Villani 00): When f > 0 is such that [ f dv =1,
[fvdv=0, [f|v]*/2dv=N/2,

2

vf dy

T(V)‘*‘V

> C(f)(/flnf—/MInM)),

where C(f) only depends on (an upper bound of) the entropy [ fInf of
f, and

Dy (F) = C(F) / f(v)

M(v) = (2m) /% exp(~|v[*/2).

Consequence (Toscani-Villani 99, Villani 03): Cercignani's conjecture
for the equation of Boltzmann (with “super hard spheres”).
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Idea of the proof

Link between % and the quantity in D, ,.,,12(f) (cf. LD 89):

Dy 7y 1212(F) = Z //]RNX]RN (w) ‘q;(v7 W)’2 dvdw,

ij=1,..

aj(v. w) = (i) (f);’((v) -2 w))-tw) (%00 - 2 w).

Then for i # j

1 qu(‘/ w) w;
Dt <IRN Flw) | wi qu(" wiwi + (v —w) W} dw)
0if(v) w; q,J(v, w)w, — (vi—w;) ww;

1 w; w;
Det <fR’V fw) | wi wyw;  w? dw)

w2 W
Wi W wiw
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Consequence

Estimate of convergence towards thermodynamic equilibrium in large
time of the Landau equation with Maxwell molecules, and Boltzmann
equation with super hard spheres

Theorem (cf. Toscani-Villani 99, LD-Villani 00, Villani 03): When
fin > 0 satisfies [ fip(v)dv =1, [ fi(v)vdv =0,

[ fu(v)|v|?/2dv = N/2, and [ fi,Inf;,, < H, the (unique) solution
f := f(t, v) of the (spatially homogeneous) Landau equation

8tf = Q2,z'—>|z\2(f7 f)

with Maxwell molecules, or the (spatially homogeneous) Boltzmann
equation
Oif = Qu.8(f, 1)

with super hard spheres, satisfies
[|f(t) — MHLl(Ra) < Cst e~ Ot

where the constants only depend on H.
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Proof (quantitative version of La Salle's principle)

Method of entropy-entropy dissipation: If
Oif = QZ,ZH\ZF(fa f)>
then

—at/f Inf = _/02729\2‘2(7‘-7 f)Inf

= D2,ZH\Z\2(f)7

2C(f)(/f|nf—/l\/llnM).

We conclude with Gronwall’'s lemma and Csiszar-Kullback-Pinsker
inequality.
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Large time behavior for Landau equation in the Coulomb

case

Theorem: Carrapatoso-LD-He 16; improved in Carrapatoso-Mischler 17
Let £, € L1(exIVI"*) 1 L In L(R3), with  €]0,2/e].
Then there exists a global weak solution f for the (spatially
homogeneous) Landau equation in the Coulomb case (with initial data
fin) such that

1 6

Vt>0,  [|f(t,)) — M|[pgs) < Cste (7 lesr) 7,

where Cst is a constant depending on the initial mass, energy, entropy
and HfinHLl(eN‘v‘l/Z). The rate can be improved under extra conditions on
the initial datum.

Laurent Desvillettes IMJ-PRG, Université Paris Diderot Entropic structure of the Landau equation



Idea of the proof

Proposition: LD 14, Carrapatoso-LD-He 16 One can find
C := C(H) > 0 depending only on H > 0 such that for all f >0
satisfying

f(v)dv =1, f(v)vdv =0, / f(v)|v]?dv =3,
R3

R3 R3

and also satisfying (an upper bound on the entropy)

H(f) := /R3 f(v) Inf(v)dv < H,

the following inequality holds:

Dy siz-1(F) = C(H) (/f|v|5dv)_l/R3 f(v) fo ’ (1+|v[>) =32 dv.
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Idea of the proof

Sobolev logarithmic inequality (Bakry-Emery 84): For f > 0 such that

f(v)dv = M(v) dv,
JR3 JR3

2

the following inequality holds:
Vf(v) (1 + |V|2)73/2 dv

L

> Cst /R {f(v) In (Zf(lf) A’:,((VV))> + Z"‘Z(lf) M(v) — f(v)} (1+|v[?) 3% dv,

with

z = /R M) 1+ V)2 dv,  2o(F) = /R F(v) (1+]v[2) 2 d,

+v

and
M(v) = (2m) /% exp(—|v[*/2).
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Idea of the proof

Weak version of Cercignani’s conjecture for Landau equation with
Coulomb potential: For f > 0 satisfying the normalization and such that

H(f) < H,
—1
D22b—>|z\ 1(f > C (/f|V|5 dV)

< [oArern (G ) + 2 M - ) | ey o

with

lez/M(v)(1+|v|2)_3/2dv, Z(f) = | f(v)(1+]|v[)dv,
R3 R3

and
M(v) = (21) /% exp(—|v[*/2).
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Idea of the proof: polynomial moments are propagated

Polynomially weighted moments:

My(f) = /R F(v) (14 |[v]))“?dv.

Proposition: Carrapatoso-LD-He 16 Assume that f;, := f;,(v) > 0 lies in
L} N LInL(R3), £>2, and that f is an H/weak solution in

LOC(R+; L3(R?)) (with initial datum f;,) of the spatially homogeneous
Landau equation in the Coulomb case.

Then there exists C = C(M»(0), [ fin(v) In fin(v) dv, M(0), ¢) > 0 such

that
vt >0, My(f(t)) < C(1+1t).
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Idea of the proof: stretched exponential moments are

propagated

Exponentially weighted moments:

Men(F)= [ Fv) explo o) dv

Proposition: Carrapatoso-LD-He 16 Assume that f;, := fi,(v) > 0 lies in
L*(e*1*I") with x > 0 and s €]0,1/2[ or % €]0,2/e[ and s = 1/2 and in
L In L(R®), and that f is an H-solution in L°°(RR,; L3(IR®)) of the
spatially homogeneous Landau equation in the Coulomb case (with initial
datum f,). Then, there exists

C = C(Ma(0), [ fin(v) In fin(v) dv, Ms (0)) > 0 such that

vt >0, M. (f(t)) < C(1+t).
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Idea of the proof

Interpolation: For any k1 > k and k2 > 3/2 k there holds
/eﬁ\v\‘f(v) Inf(v) dv < Cst (Ms ., (F) + Ms ., (F)? IFllis, +1)

< Cst (My () + My iy (F)F Dy sz 2 (F) + 1).
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Use of a previous coercivity estimate

Proposition: LD 14 For all f >0,
IFlls, < Gt [ VYA @+ v 2 v
3 s

< C(1+ Dyypz1(1)),

where
C:= C(/]R3 f(v) dv,/Rs f(v) vdv,/Rg f(v) |v|2/2dv,l:l>,

I:Iz/ f(v) Inf(v)dv.
R3

and
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Recent progresses on the subject

@ Exponential convergence towards equilibrium for Boltzmann
equation with angular cutoff and hard potentials Mouhot 06

@ Exponential convergence towards equilibrium for Landau equation
with (very) moderate soft potentials § €]1,2[ Carrapatoso 13/15

e Exponential convergence towards equilibrium for the (homogeneous
or spatially inhomogeneous with initial data close to equilibrium)
Boltzmann equation without angular cutoff and hard potentials
Tristani 14, Héraud-Tonon-Tristani 17

@ Stretched-exponential convergence towards equilibrium for the
spatially inhomogeneous Landau equation with Coulomb potentials
and initial data close to equilibrium Carrapatoso-Mischler 17

Based on estimates of spectral gaps in enlarged spaces
Gualdani-Mischler-Mouhot 13

Laurent Desvillettes IMJ-PRG, Université Paris Diderot Entropic structure of the Landau equation



Open questions

Optimal rate of convergence for general (non L?) initial data

@ Better smoothness estimates (possibly giving uniqueness)

@ Possible link between the entropy dissipations of Boltzmann and
Landau when the Coulomb case or other cases (different from
Maxwell molecules) are considered

Case of equality in the H theorem for generalized Boltzmann
equations (relativistic, semiconductor-based, linked to weak
turbulence)
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Generalized Boltzmann equations, H theorem, case of

equality (with )

Abstract form of generalized Boltzmann's kernel:

- ] (1w o)

X 6v+v* V4! (5 +E(V*) E(V )+E( ) BdV/dV;dV*,

0= [ [ ] ] (- stren)

X (In(f(v’)f(vi)) - |n(f(V)f(V*))>

X 5v+v*_v /v 5 V)+e(va)=e(v/)+e(v) B dVdV/dV;dV*.

so that
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Generalized Boltzmann equations, H theorem, case of

equality

Consequence: When Dj(f) =0 (and B # 0 a.e.), then

f(v)f(vi) = T(v+ v, e(v) +e(vi)).

One uses the operator:
L= (Ve(v) — Ve(w)) x (V, = V.,),

and gets
L' | T(v+ vi,e(v) +e(va))| =0.
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Generalized Boltzmann equations, H theorem, case of

equality

Consequence: When Dj(f) =0 (and B # 0 a.e.), then (for i # j)

et -0t (7505

= (9e(v) = 0je(w)) <aif(V) - &'f(V*)),

f(v) f(vs)
that is

)= YWy 1) V) - vew),
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Generalized Boltzmann equations, H theorem, case of

equality

Proposition: We assume that (true in the relativistic case)
@ Forall a,b,c e R,i #j,

{v, a+ b0ie(v)+ cdje(v) =0} =0;

{1, Oie(v), 9ie(v) 9je(v)}isy

is a linearly independent family;
Then if Di(f) =0, one has

f(v) =exp(a+ b-v—ce(v)).
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