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Dirac notations, spectral decomposition and trace

Vectors of the Hilbert H are denoted by ket: |ψ〉, |g〉, |e〉, |n〉, |α〉. Usually their
norms are equal to one. ψ̄ = |ψ〉† with † for Hermitian conjugate. If (|n〉) is an
Hilbert basis |ψ〉 =

∑
n ψn|n〉 with ψn ∈ C, 〈ψ| =

∑
n ψ
∗
n 〈n| and 〈n′|n〉 = δn′n.

Spectral decomposition of an Hermitian operator H = H† of H: H =
∑
ν λνPν

where ν is the label attached to the real eigenvalue λν and Pν is the orthogonal
projector on the eigen-space attached to λν (

∑
ν Pν = I and λν 6= λν′ for

ν 6= ν′).
A unitary operator U preserves the Hermitian product: U†U = UU† = I .
Typically e−itH/~ for H Hermitian and t real is unitary. Usually ~ is set to 1 and H
is in pulsation unit (2π× frequency unit).
Function of Hermitian operator: take λ 7→ f (λ) a real function. For any Hermitian
operator H =

∑
ν λνPν one has f (H) ,

∑
ν f (λν)Pν . For any Hermitian

operator H, unitary operator U and function f : U†f (H)U ≡ f (U†HU).
Take a (trace-class) operator M on H: Tr (M) =

∑
n〈n|M|n〉 independent of the

chosen Hilbert basis (|n〉). For operators MAB : HA 7→ HB and
MBA = HB 7→ HA, Tr (MABMBA) = Tr (MBAMAB). In particular
Tr (|ψ〉〈ψ|) ≡ 〈ψ|ψ〉 = ‖|ψ〉‖2.
Density operator: an Hermitian operator ρ is a density operator on H if, and only
if, it is trace-class (important when H is of infinite dimension), non negative and
of trace one. The spectral decomposition, ρ =

∑
n pn|ψn〉〈ψn| with (|ψn〉) an

Hilbert basis of H, pn ≥ 0 and Tr (ρ) =
∑

n pn = 1, shows that ρ is a statistical
mixture of orthogonal states |ψn〉 (here pn is not necessarily different from pn′

when n 6= n′). ρ is said pure when pn = 0 except for n = n̄: the pure state
ρ = |ψn̄〉〈ψn̄| corresponds to the wave function |ψn̄〉.



Tensor products, composite systems and partial trace

Hilbert space H = HA ⊗HB of the bipartite system (A,B) with HA (resp. HB)
Hilbert space for sub-system A (resp. B): H 3 |ψ〉 =

∑
nA,nB

ψnAnB |nAnB〉 with
(|nA〉) and (|nB〉) Hilbert basis for A and B, (|nAnB〉 , |nA〉 ⊗ |nB〉) Hilbert basis
of H:

〈
n′An′B |nAnB

〉
=
〈
n′A|nA

〉 〈
n′B |nB

〉
= δn′AnA

δn′BnB
. With

|φ〉 =
∑

nA,nB
φnAnB |nAnB〉 the Hermitian product 〈ψ|φ〉 =

∑
nA,nB

ψ∗nAnB
φnAnB is

independent of the chosen Hilbert basis for A and B. If |ψ〉 = |ψA〉 ⊗ |ψB〉 and
|φ〉 = |φA〉 ⊗ |φB〉 then 〈ψ|φ〉 = 〈ψA|φA〉 〈ψB |φB〉.
|ψ〉 ∈ H is said entangled if and only ∀|ψA〉 ∈ HA and ∀|ψB〉 ∈ HB
|ψ〉 6= |ψA〉 ⊗ |ψB〉 (similar to functions of two variables f (xA, xB) that are not the
product of two functions of one variables, f (xA, xB) 6= fA(xA)fB(xB) for all fA and
fB). Otherwise |ψ〉 is said separable.
For operators A on HA and B on HB , their tensor product A⊗ B is an operator
of H defined by A⊗ B|ψ〉 =

∑
nA,nB

ψnAnB A⊗ B(|nAnB〉) with
A⊗ B(|nAnB〉) = A|nA〉 ⊗ B|nB〉. Thus A⊗ B(|ψA〉 ⊗ |ψB〉) = A|ψA〉 ⊗ B|ψB〉.
By a slight abuse of notation, A⊗ B is denoted by AB.
Any operator A onHA admits an direct extension onH, corresponding to A⊗ IB .
Thus A⊗ IB(|ψA〉 ⊗ |ψB〉) = (A|ψA〉)⊗ |ψB〉. Most of the time, , A⊗ IB is
denoted by A.
Partial trace: for any (trace-class) operator ρ on H is attached a (trace-class)
operator ρB on HB , denoted by TrA (ρ), obtained by tracing over A and
characterized by the identity Tr(A,B) (IA ⊗ Bρ) ≡ TrB (BρB) for any (bounded)
operator B on HB . The map (super-operator) TrA ( ) : ρ 7→ ρB is linear, trace
preserving and completely positive (quantum channel see Nielsen-Chuang
book).



Models of open quantum systems are based on three features3

1 Schrödinger: wave funct. |ψ〉 ∈ H or density op. ρ ∼ |ψ〉〈ψ|
d
dt
|ψ〉 = − i

~H|ψ〉, d
dt

ρ = − i
~ [H,ρ], H = H0 + uH1

2 Entanglement and tensor product for composite systems (S,M):

Hilbert space H = HS ⊗HM
Hamiltonian H = HS ⊗ IM + H int + IS ⊗ HM
observable on sub-system M only: O = IS ⊗OM .

3 Randomness and irreversibility induced by the measurement of
observable O with spectral decomp.

∑
µ λµPµ:

measurement outcome µ with proba.
Pµ = 〈ψ|Pµ|ψ〉 = Tr (ρPµ) depending on |ψ〉, ρ just before
the measurement
measurement back-action if outcome µ = y :

|ψ〉 7→ |ψ〉+ =
Py |ψ〉√
〈ψ|Py |ψ〉

, ρ 7→ ρ+ =
PyρPy

Tr (ρPy )

3S. Haroche, J.M. Raimond: Exploring the Quantum: Atoms, Cavities and
Photons. Oxford University Press, 2006.



Summary: quantum harmonic oscillator (spring system)

Hilbert space:
H =

{∑
n≥0 ψn|n〉, (ψn)n≥0 ∈ l2(C)

}
≡ L2(R,C)

Quantum state space:
D = {ρ ∈ L(H), ρ† = ρ,Tr (ρ) = 1, ρ ≥ 0} .
Operators and commutations:
a|n〉 =

√
n |n-1〉, a†|n〉 =

√
n + 1|n + 1〉;

N = a†a, N |n〉 = n|n〉;
[a,a†] = I , af (N) = f (N + I)a;
Dα = eαa†−α†a, D−αaDα = a + αI .
a = X + iP = 1√

2

(
x + ∂

∂x

)
, [X ,P] = ıI/2.

Hamiltonian: H/~ = ωca†a + uc(a + a†).
(associated classical dynamics:
dx
dt = ωcp, dp

dt = −ωcx −
√

2uc).

Classical pure state ≡ coherent state |α〉
α ∈ C : |α〉 =

∑
n≥0

(
e−|α|

2/2 αn
√

n!

)
|n〉; |α〉 ≡ 1

π1/4 eı
√

2x=αe−
(x−
√

2<α)2

2

a|α〉 = α|α〉, Dα|0〉 = |α〉.

|0

|1

|2

ωc

|n

ωc
uc

...
 ..

.



Summary: 2-level system, i.e. a qubit (half-spin system)

Hilbert space:
H = C2 =

{
cg |g〉+ ce|e〉, cg , ce ∈ C

}
.

Quantum state space:
D = {ρ ∈ L(H), ρ† = ρ,Tr (ρ) = 1, ρ ≥ 0} .
Operators and commutations:
σ- = |g〉〈e|, σ+ = σ-

† = |e〉〈g|
σx = σ- + σ+ = |g〉〈e|+ |e〉〈g|;
σy = iσ- − iσ+ = i |g〉〈e| − i |e〉〈g|;
σz = σ+σ- − σ-σ+ = |e〉〈e| − |g〉〈g|;
σx

2 = I , σxσy = iσz , [σx ,σy ] = 2iσz , . . .

Hamiltonian: H/~ = ωqσz/2 + uqσx/2.

Bloch sphere representation:
D =

{
1
2

(
I + xσx + yσy + zσz

) ∣∣ (x , y , z) ∈ R3, x2 + y2 + z2 ≤ 1
}

With ~M = x~ı+ y~+ z~k Schrödinger eq. reads d
dt
~M = (uq~ı+ ωq~k)× ~M.

|g

|e
ωq

uq



Summary: spin/spring composite system

Hilbert space
H =

{∑
n≥0 ψgn|gn〉+ ψen|en〉, ∑n |ψgn|2 + |ψen|2 < +∞

}
≡ C2 ⊗ L2(R,C).

Dispersive Hamiltonian (ωeg 6= ωc)

Hdisp/~ =
ωeg
2 σz + ωcN − χ

2 σzN

and propagator (i~ d
dt U = HU with U(0) = I):

e−itHdisp/~ = U(t) = eiωegt/2|g〉〈g| ⊗ exp
(
−i(ωc + χ

2 )tN
)

+ e−iωegt/2|e〉〈e| ⊗ exp
(
−i(ωc − χ

2 )tN
)

Resonant Hamiltonian (Jaynes-Cummings) (ωeg = ωc = ω):

HJC/~ = ω
2 σz + ωN + i Ω

2 (σ-a† − σ+a).

with U(t) = e−itHJC/~ = e−iωt(σz
2 +N)e

Ωt
2 (σ-a†−σ+a) where (θ = Ωt

2 )

eθ(σ-a†−σ+a) = |g〉〈g| ⊗ cos(θ
√

N) + |e〉〈e| ⊗ cos(θ
√

N + I)

− σ+ ⊗ a
sin(θ

√
N)√

N
+ σ- ⊗

sin(θ
√

N)√
N

a†



Harmonic oscillator

Classical Hamiltonian formulation of d2

dt2 x = −ω2x

d
dt

x = ωp =
∂H
∂p

,
d
dt

p = −ωx = −∂H
∂x

, H =
ω

2
(p2 + x2).

Mechanical oscillator

Frictionless spring: d2

dt2 x = − k
m x .

Electrical oscillator:

L C

I
+

−

V

LC oscillator:

d
dt

I =
V
L
,

d
dt

V = − I
C
, (

d2

dt2 I = − 1
LC

I).



Harmonic oscillator4: quantization and correspondence principle
d
dt x = ωp = ∂H

∂p ,
d
dt p = −ωx = −∂H

∂x , H = ω
2 (p2 + x2).

Quantization: probability wave function |ψ〉t ∼ (ψ(x , t))x∈R with
|ψ〉t ∼ ψ( , t) ∈ L2(R,C) obeys to the Schrödinger equation
(~ = 1 in all the sequel)

i
d
dt
|ψ〉 = H|ψ〉, H = ω(P2 + X 2) = −ω

2
∂2

∂x2 +
ω

2
x2

where H results from H by replacing x by position operator√
2X and p by momentum operator

√
2P = −i ∂∂x . H is a

Hermitian operator on L2(R,C), with its domain to be given.

PDE model: i ∂ψ∂t (x , t) = −ω
2
∂2ψ
∂x2 (x , t) + ω

2 x2ψ(x , t), x ∈ R.

4Two references: C. Cohen-Tannoudji, B. Diu, and F. Laloë. Mécanique
Quantique, volume I& II. Hermann, Paris, 1977.
M. Barnett and P. M. Radmore. Methods in Theoretical Quantum Optics.
Oxford University Press, 2003.



Harmonic oscillator: annihilation and creation operators

Average position 〈X 〉t = 〈ψ|X |ψ〉 and momentum 〈P〉t = 〈ψ|P|ψ〉:

〈X 〉t = 1√
2

∫ +∞

−∞
x |ψ|2dx , , 〈P〉t = − i√

2

∫ +∞

−∞
ψ∗
∂ψ

∂x
dx .

Annihilation a and creation operators a† (domains to be given):

a = X + iP = 1√
2

(
x +

∂

∂x

)
, a† = X − iP = 1√

2

(
x − ∂

∂x

)
Commutation relationships:

[X ,P] = i
2 I , [a,a†] = I , H = ω(P2 + X 2) = ω

(
a†a +

I
2

)
.

Set Xλ = 1
2

(
e−iλa + eiλa†

)
for any angle λ:[

Xλ,Xλ+
π
2

]
= i

2 I .



Harmonic oscillator: spectral decomposition and Fock states

Spectrum of Hamiltonian H = −ω2 ∂2

∂x2 + ω
2 x2 :

En = ω(n+
1
2
), ψn(x) =

(
1
π

)1/4 1√
2nn!

e−x2/2Hn(x), Hn(x) = (−1)nex2 dn

dxn e−x2
.

Spectral decomposition of a†a using [a,a†] = 1:

If |ψ〉 is an eigenstate associated to eigenvalue λ, a|ψ〉 and a†|ψ〉
are also eigenstates associated to λ− 1 and λ+ 1.

a†a is semi-definite positive.

The ground state |ψ0〉 is necessarily associated to eigenvalue 0
and is given by the Gaussian function ψ0(x) = 1

π1/4 exp(−x2/2).



Harmonic oscillator: spectral decomposition and Fock states

[a, a†] = 1: spectrum of a†a is non-degenerate and is N.

Fock state with n photons (phonons): the eigenstate of a†a associated to the
eigenvalue n (|n〉 ∼ ψn(x)):

a†a|n〉 = n|n〉, a|n〉 =
√

n |n − 1〉, a†|n〉 =
√

n + 1 |n + 1〉.

The ground state |0〉 is called 0-photon state or vacuum state.

The operator a (resp. a†) is the annihilation (resp. creation) operator since it
transfers |n〉 to |n − 1〉 (resp. |n + 1〉) and thus decreases (resp. increases)
the quantum number n by one unit.

Hilbert space of quantum system: H = {
∑

n cn|n〉 | (cn) ∈ l2(C)} ∼ L2(R,C).
Domain of a and a†: {

∑
n cn|n〉 | (cn) ∈ h1(C)}.

Domain of H ot a†a: {
∑

n cn|n〉 | (cn) ∈ h2(C)}.

hk (C) = {(cn) ∈ l2(C) |
∑

nk |cn|2 <∞}, k = 1, 2.



Harmonic oscillator: displacement operator

Quantization of d2

dt2 x = −ω2x − ω
√

2u, (H = ω
2 (p2 + x2) +

√
2ux)

H = ω

(
a†a +

I
2

)
+ u(a + a†).

The associated controlled PDE

i
∂ψ

∂t
(x , t) = −ω

2
∂2ψ

∂x2 (x , t) +
(
ω
2 x2 +

√
2ux

)
ψ(x , t).

Glauber displacement operator Dα (unitary) with α ∈ C:

Dα = eαa†−α∗a = e2i=αX−2i<αP

From Baker-Campbell Hausdorf formula, for all operators A and B,

eABe−A = B + [A,B] + 1
2! [A, [A,B]] + 1

3! [A, [A, [A,B]]] + . . .

we get the Glauber formula5 when [A, [A,B]] = [B, [A,B]] = 0:

eA+B = eA eB e−
1
2 [A,B].

5Take s derivative of es(A+B) and of esA esB e−
s2

2 [A,B].



Harmonic oscillator: identities resulting from Glauber formula

With A = αa† and B = −α∗a, Glauber formula gives:

Dα = e−
|α|2

2 eαa†e−α
∗a = e+

|α|2
2 e−α

∗aeαa†

D−αaDα = a + αI and D−αa†Dα = a† + α∗I .

With A = 2i=αX ∼ i
√

2=αx and B = −2ı<αP ∼ −
√

2<α ∂
∂x , Glauber

formula gives6:

Dα = e−i<α=α ei
√

2=αxe−
√

2<α ∂∂x

(Dα|ψ〉)x,t = e−i<α=α ei
√

2=αxψ(x −
√

2<α, t)

Exercise: Prove that, for any α, β, ε ∈ C, we have

Dα+β = e
α∗β−αβ∗

2 DαDβ

Dα+εD−α =
(

1 + αε∗−α∗ε
2

)
I + εa† − ε∗a + O(|ε|2)(

d
dt

Dα

)
D−α =

(
α d

dt α
∗−α∗ d

dt α

2

)
I +

(
d
dt
α

)
a† −

(
d
dt
α∗
)

a.

6Note that the operator e−r∂/∂x corresponds to a translation of x by r .



Harmonic oscillator: lack of controllability

Take |ψ〉 solution of the controlled Schrödinger equation
i d

dt |ψ〉 =
(
ω
(
a†a + I

2

)
+ u(a + a†)

)
|ψ〉. Set 〈a〉 = 〈ψ|a|ψ〉. Then

d
dt
〈a〉 = −iω 〈a〉 − iu.

From a = X + iP, we have 〈a〉 = 〈X 〉+ i 〈P〉 where
〈X 〉 = 〈ψ|X |ψ〉 ∈ R and 〈P〉 = 〈ψ|P|ψ〉 ∈ R. Consequently:

d
dt
〈X 〉 = ω 〈P〉 , d

dt
〈P〉 = −ω 〈X 〉 − u.

Consider the change of frame |ψ〉 = e−iθt D〈a〉t |χ〉 with

θt =

∫ t

0

(
ω| 〈a〉 |2 + u<(〈a〉)

)
, D〈a〉t = e〈a〉t a

†−〈a〉∗t a,

Then |χ〉 obeys to autonomous Schrödinger equation

i
d
dt
|χ〉 = ω

(
a†a + I

2

)
|χ〉.

The dynamics of |ψ〉 can be decomposed into two parts:

a controllable part of dimension two for 〈a〉
an uncontrollable part of infinite dimension for |χ〉.



Harmonic oscillator: coherent states as reachable ones from |0〉

Coherent states

|α〉 = Dα|0〉 = e−
|α|2

2

+∞∑
n=0

αn
√

n!
|n〉, α ∈ C

are the states reachable from vacuum set. They are also the
eigenstate of a: a|α〉 = α|α〉.
A widely known result in quantum optics7: classical currents
and sources (generalizing the role played by u) only generate
classical light (quasi-classical states of the quantized field
generalizing the coherent state introduced here)
We just propose here a control theoretic interpretation in terms
of reachable set from vacuum.

7See complement BIII , page 217 of C. Cohen-Tannoudji, J. Dupont-Roc,
and G. Grynberg. Photons and Atoms: Introduction to Quantum
Electrodynamics. Wiley, 1989.



2-level system (spin-1/2)

The simplest quantum system: a ground
state |g〉 of energy ωg ; an excited state |e〉 of
energy ωe. The quantum state |ψ〉 ∈ C2 is a
linear superposition |ψ〉 = ψg |g〉+ ψe|e〉 and
obey to the Schrödinger equation (ψg and ψe
depend on t).

Schrödinger equation for the uncontrolled 2-level system
(~ = 1) :

ı
d
dt
|ψ〉 = H0|ψ〉 =

(
ωe|e〉〈e|+ ωg |g〉〈g|

)
|ψ〉

where H0 is the Hamiltonian, a Hermitian operator H†0 = H0.
Energy is defined up to a constant: H0 and H0 +$(t)I ($(t) ∈ R
arbitrary) are attached to the same physical system. If |ψ〉 satisfies
i d

dt |ψ〉 = H0|ψ〉 then |χ〉 = e−iϑ(t)|ψ〉 with d
dt ϑ = $ obeys to

i d
dt |χ〉 = (H0 +$I)|χ〉. Thus for any ϑ, |ψ〉 and e−iϑ|ψ〉 represent the

same physical system: The global phase of a quantum system |ψ〉
can be chosen arbitrarily at any time.



The controlled 2-level system

Take origin of energy such that ωg (resp. ωe) becomes −ωe−ωg
2

(resp. ωe−ωg
2 ) and set ωeg = ωe − ωg

The solution of i d
dt |ψ〉 = H0|ψ〉 =

ωeg
2 (|e〉〈e| − |g〉〈g|)|ψ〉 is

|ψ〉t = ψg0e
iωegt

2 |g〉+ ψe0e
−iωegt

2 |e〉.
With a classical electromagnetic field described by u(t) ∈ R,
the coherent evolution the controlled Hamiltonian

H(t) =
ωeg

2
σz+

u(t)
2

σx =
ωeg

2
(|e〉〈e|−|g〉〈g|)+

u(t)
2

(|e〉〈g|+|g〉〈e|)

The controlled Schrödinger equation i d
dt |ψ〉 = (H0 + u(t)H1)|ψ〉

reads:

i
d
dt

(
ψe
ψg

)
=
ωeg

2

(
1 0
0 −1

)(
ψe
ψg

)
+

u(t)
2

(
0 1
1 0

)(
ψe
ψg

)
.

The 3 Pauli Matrices8

σx = |e〉〈g|+ |g〉〈e|, σy = −i |e〉〈g|+ i |g〉〈e|, σz = |e〉〈e|−|g〉〈g|
8They correspond, up to multiplication by i , to the 3 imaginary quaternions.



Pauli matrices and some formula

σx = |e〉〈g|+ |g〉〈e|, σy = −i |e〉〈g|+ i |g〉〈e|, σz = |e〉〈e| − |g〉〈g|
σx

2 = I , σxσy = iσz , [σx ,σy ] = 2iσz , circular permutation . . .

Since for any θ ∈ R, eiθσx = cos θ + i sin θσx (idem for σy
and σz ), the solution of i d

dt |ψ〉 =
ωeg
2 σz |ψ〉 is

|ψ〉t = e
−iωegt

2 σz |ψ〉0 =

(
cos

(
ωegt

2

)
I − i sin

(
ωegt

2

)
σz

)
|ψ〉0

For α, β = x , y , z, α 6= β we have

σαeiθσβ = e−iθσβσα,
(

eiθσα

)−1
=
(

eiθσα

)†
= e−iθσα .

and also

e−
iθ
2 σασβe

iθ
2 σα = e−iθσασβ = σβeiθσα



Density matrix and Bloch Sphere

We start from |ψ〉 that obeys i d
dt |ψ〉 = H|ψ〉. We consider the

orthogonal projector on |ψ〉, ρ = |ψ〉〈ψ|, called density operator.
Then ρ is an Hermitian operator ≥ 0, that satisfies Tr (ρ) = 1,
ρ2 = ρ and obeys to the Liouville equation:

d
dt
ρ = −i[H, ρ].

For a two level system |ψ〉 = ψg |g〉+ ψe|e〉 and

ρ =
I + xσx + yσy + zσz

2
where (x , y , z) = (2<(ψgψ

∗
e),2=(ψgψ

∗
e), |ψe|2 − |ψg |2) ∈ R3

represent a vector ~M, the Bloch vector, that evolves on the
unite sphere of R3, S2 called the Bloch Sphere since
Tr
(
ρ2) = x2 + y2 + z2 = 1. The Liouville equation with

H =
ωeg
2 σz + u

2σx reads

d
dt
~M = (u~i + ωeg~k)× ~M.



Composite system: 2-level and harmonic oscillator

|g〉

|e〉

1

2-level system lives on C2 with Hq =
ωeg
2 σz

oscillator lives on L2(R,C) ∼ l2(C) with

Hc = −ωc

2
∂2

∂x2 +
ωc

2
x2 ∼ ωc

(
N + I

2

)
N = a†a and a = X + iP ∼ 1√

2

(
x + ∂

∂x

)
The composite system lives on the tensor product
C2 ⊗ L2(R,C) ∼ C2 ⊗ l2(C) with spin-spring Hamiltonian

H =
ωeg
2 σz ⊗ Ic + ωc Iq ⊗

(
N + I

2

)
+ i Ω

2 σx ⊗ (a† − a)

with the typical scales Ω� ωc , ωeg and |ωc − ωeg| � ωc , ωeg.
Shortcut notations:

H =
ωeg
2 σz︸ ︷︷ ︸
Hq

+ωc
(
N + I

2

)︸ ︷︷ ︸
Hc

+ i Ω
2 σx (a† − a)︸ ︷︷ ︸

H int



The spin-spring PDE

The Schrödinger system

i
d
dt
|ψ〉 =

(
ωeg
2 σz + ωc

(
N +

I
2

)
+ i Ω

2 σx (a† − a)

)
|ψ〉

corresponds to two coupled scalar PDE’s:

i
∂ψe

∂t
= +

ωeg
2 ψe + ωc

2

(
x2 − ∂2

∂x2

)
ψe − i

Ω√
2
∂

∂x
ψg

i
∂ψg

∂t
= −ωeg

2 ψg + ωc
2

(
x2 − ∂2

∂x2

)
ψg − i

Ω√
2
∂

∂x
ψe

since N = a†a, a = 1√
2

(
x + ∂

∂x

)
and |ψ〉 = (ψe(x , t), ψg(x , t)),

ψg(., t), ψe(., t) ∈ L2(R,C) and ‖ψg‖2 + ‖ψe‖2 = 1.



The spin-spring ODE’s

The Schrödinger system

i
d
dt
|ψ〉 =

(ωeg
2 σz + ωc

(
N + I

2

)
+ i Ω

2 σx (a† − a)
)
|ψ〉

corresponds also to an infinite set of ODE’s

i
d
dt
ψe,n = ((n + 1/2)ωc + ωeg/2)ψe,n + i Ω

2

(√
nψg,n−1 −

√
n + 1ψg,n+1

)
i

d
dt
ψg,n = ((n + 1/2)ωc − ωeg/2)ψg,n + i Ω

2

(√
nψe,n−1 −

√
n + 1ψe,n+1

)
where |ψ〉 =

∑+∞
n=0 ψg,n|g,n〉+ ψe,n|e,n〉, ψg,n, ψe,n ∈ C.



Dispersive case: approximate Hamiltonian for Ω� |ωc − ωeg|.

H ≈ Hdisp =
ωeg
2 σz + ωc

(
N + I

2

)
− χ

2
σz
(
N + I

2

)
with χ = Ω2

2(ωc−ωeg)

The corresponding PDE is :

i
∂ψe

∂t
= +

ωeg

2
ψe +

1
2

(ωc −
χ

2
)(x2 − ∂2

∂x2 )ψe

i
∂ψg

∂t
= −ωeg

2
ψg +

1
2

(ωc +
χ

2
)(x2 − ∂2

∂x2 )ψg

The propagator, the t-dependant unitary operator U solution of
i d

dt U = HU with U(0) = I , reads:

U(t) = eiωegt/2 exp
(
−i(ωc + χ/2)t(N + I

2 )
)
⊗ |g〉〈g|

+ e−iωegt/2 exp
(
−i(ωc − χ/2)t(N + I

2 )
)
⊗ |e〉〈e|



Resonant case: approximate Hamiltonian for ωc = ωeg = ω.

The Hamiltonian becomes (Jaynes-Cummings Hamiltonian):

H ≈ HJC = ω
2 σz + ω

(
N +

I
2

)
+ i Ω

2 (σ-a† − σ+a).

The corresponding PDE is :

i
∂ψe

∂t
= +

ω

2
ψe +

ω

2
(x2 − ∂2

∂x2 )ψe − i Ω
2
√

2

(
x +

∂

∂x

)
ψg

i
∂ψg

∂t
= −ω

2
ψg +

ω

2
(x2 − ∂2

∂x2 )ψg + i Ω
2
√

2

(
x − ∂

∂x

)
ψe



Jaynes-Cummings propagator

Exercise: For HJC = ω
2 σz + ω

(
N + I

2

)
+ i Ω

2 (σ-a† −σ+a) show that the
propagator, the t-dependant unitary operator U solution of
i d

dt U = HJCU with U(0) = I , reads

U(t) = e
−iωt

(
σz
2 +N+

1
2

)
e

Ωt
2 (σ-a†−σ+a) where for any angle θ,

eθ(σ-a†−σ+a) = |g〉〈g| ⊗ cos(θ
√

N) + |e〉〈e| ⊗ cos(θ
√

N + I)

− σ+ ⊗ a
sin(θ

√
N)√

N
+ σ- ⊗

sin(θ
√

N)√
N

a†

Hint: show that[
σz
2 + N , σ-a† − σ+a

]
= 0(

σ-a† − σ+a
)2k

= (−1)k
(
|g〉〈g| ⊗ Nk + |e〉〈e| ⊗ (N + I)k

)
(
σ-a† − σ+a

)2k+1
= (−1)k

(
σ- ⊗ Nk a† − σ+ ⊗ aNk

)
and compute de series defining the exponential of an operator.



Ito stochastic calculus
Consider a stochastic differential equation (SDE) of state X ∈ Rn:

dXt = F (Xt , t)dt +
∑
ν

Gν(Xt , t)dWν,t ,

driven by independent Wiener processes Wν,t . Roughly speaking for each ν, dWν,t is
a scalar random variable independent of Xt and t , following of Gaussian law of mean
E
(
dWν,t

)
= 0 and standard deviation

√
dt , (dWν,t )

2 ≡ dt , dWν,t dWν′,t ≡ 0 for ν 6= ν′

and dWν,t is of order
√

dt (dtdWν,t is of order dt3/2).
These heuristic recipes underly the following Ito’s rigorous computation rules: for
ft = f (Xt ) a C2 function of X , we have

dft =

(
∂f
∂X

∣∣∣
Xt

F (Xt , t) +
1
2

∑
ν

∂2f
∂X 2

∣∣∣
Xt

(Gν(Xt , t),Gν(Xt , t))

)
dt+

∑
ν

∂f
∂X

∣∣∣
Xt

Gν(Xt , t)dWν,t .

Furthermore

d
dt

E (ft ) = E

(
∂f
∂X

∣∣∣
Xt

F (Xt , t) +
1
2

∑
ν

∂2f
∂X 2

∣∣∣
Xt

(Gν(Xt , t),Gν(Xt , t))

)
.

Here dft coincides with f (Xt + dXt )− f (Xt ) up to terms of order strictly greater than
one versus dt . For example, with dxt = −xt dt + dWt and f (x) = x2 we have
dft = (xt + dxt )

2 − x2
t + o(dt) and (xt + dxt )

2 − x2
t = 2xt dxt + (dxt )

2. Since
(dxt )

2 = (−xt dt + dWt )
2 = (dWt )

2 + O(dt3/2) = dt + O(dt3/2) and
2xt dxt = −2x2

t dt + 2xt dWt , we have dft = (−2ft + 1)dt + 2xt dWt .



Positivity preserving formulation of a stochastic master equation (SME)

Assume that the density operator ρ on the Hilbert space H is
governed by the following SME

dρt =

(
− i
~

[H,ρt ] + LρtL
† − 1

2
(L†Lρt + ρtL

†L)

)
dt

+
√
η
(

Lρt + ρtL
† − Tr

(
(L + L†)ρt

)
ρt

)
dWt ,

with H Hermitian operator, L any measurement/decoherence
operator and η ∈ [0,1] detection efficiency attached to the
measurement classical signal dyt = dWt +

√
η Tr

(
(L + L†)ρt

)
dt .

From Ito rules, one gets the equivalent formulation, useful for
positivity preserving numerical scheme:

ρt+dt =
MdytρtM

†
dyt

+ (1− η)LρtL
†dt

Tr
(

MdytρtM
†
dyt

+ (1− η)LρtL
†dt
)

with
Mdyt = I − ( i

~H + 1
2 L†L)dt +

√
ηdytL.
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