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Introduction and partial bibliography

» (Q, F,pu, ) ergodic probability-preserving dynamical system.
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Introduction and partial bibliography

» (Q, F,pu, ) ergodic probability-preserving dynamical system.

» small sets: A. € F, lim._,0 pu(A:) = 0+. Visits to A.
E[#{k = 1,00 F5() € AJ] = X ju(F4(A)) =
np(Ag).

Francoise Péne Quantitative recurrence in time and space



Introduction and partial bibliography

» (Q, F,pu, ) ergodic probability-preserving dynamical system.

» small sets: A. € F, lim._,0 pu(A:) = 0+. Visits to A.
E[#{k = 1,00 F5() € AJ] = X ju(F4(A)) =
np(Ag).

» Classical behaviour :

#{k =1,...,[t/u(A)] : F5(-) € A-}=P;: Poisson.
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Introduction and partial bibliography

» (Q, F,pu, ) ergodic probability-preserving dynamical system.
» small sets: A. € F, lim._,0 pu(A:) = 0+. Visits to A.
» Classical behaviour :
#{k =1,...,[t/u(Ac)] : F5(-) € A-}=P;: Poisson.
» cylinder sets: [Hiratal993], [Hirata,Saussol,Vaienti1999],
[Bruin,Vaienti03], [Abadi,Vergne08], [Haydn,Vaienti04].
» Uniformly expanding maps [Collet,Galves1995].
Non-uniformly expanding maps (intermittent maps)
[Collet,Galves1993], [Bruin,Saussol03], [Bruin,Vaienti03],
[Collet01], [Freitas,Freitas, Todd10], [Holland,Nicol, Térok15].
some partially hyperbolic systems [Dolgopyat04].
Sinai billiard [Collet,Chazottes13].
weakly hyperbolic [Haydn,Wasilewskal4], [Pene,Saussol15].
Bunimovich billiard: [Freitas,Haydn,Nicol14],
[Pene,Saussol15].
» [Carvalho,Moreira Freitas,Freitas,Holland,Nicol15] periodic
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Space-time point process

» (Q,F,u, ) ergodic probability-preserving dynamical system.
» small sets: A; € F, lim._,0 u(Az) = 0+. Visits to A.
E[#{k =1,....,n: () € A}] = nu(A:).
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Space-time point process

» (Q,F,u, ) ergodic probability-preserving dynamical system.

» small sets: A; € F, lim._,0 u(Az) = 0+. Visits to A.
E[#{k =1,....,n: () € A}] = nu(A:).

» spatial renormalization functions H. : A. — V C RP.
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Space-time point process

(Q, F, i, ) ergodic probability-preserving dynamical system.
small sets: A. € F, lim._0 u(A:) = 0+. Visits to Ac
E[#{k =1,....,n: () € A}] = nu(A:).

spatial renormalization functions H. : A. — V C RP.

v

v

v

» Space-time Point process for visits to A;:

Netyo ) oA Ha(rryy),  Ne(B)?
n: f7(y)EA:
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Space-time point process

> (9, F,p, f) ergodic probability-preserving dynamical system.

» small sets: A. € F, lim._0 u(A:) = 0+. Visits to A.
E[#{k =1,....,n: k() € A}] = nu(A:).

» spatial renormalization functions H. : A. — V C RP.

» Space-time Point process for visits to A;:

Na Ly = Z 6(”N(AS):H€(fnY))’
n: fr(y)eA.

» Motivation: Sinai billiard and Bunimovich billiard

~

A = ball for the configuration or for the position.
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Approximation by a Poisson Point Process

» (Q,F, 1, f), Ac € F, i(A:) = 0+, H. : A. — V C RP.
Nei= D)7 S(mp(ac) He(rn)):

n: f7(-)EA:
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Approximation by a Poisson Point Process

» (Q,F, 1, f), Ac € F, i(A:) = 0+, H. : A. — V C RP.
Nei= D)7 S(mp(ac) He(rn)):

n: f7(-)EA:

» Set p. = p (HZ(-)|A:) and m. := A X pe.
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Approximation by a Poisson Point Process

> (Q)J—-.vﬂ’f)v AE € F, /L(AE)_>O+, H5:A5—> VCRD
Ne:= Z O(np(Ac), He(F1-))"

: fr()€A:
> Set pc := p (H: ()|A)andm5::)\x,u5.
» Theorem [Pene,SaussoI17+] Let V be a m-system of
relatively compact open subsets of V' that generates B(V)
such that for any finite subset Vo C V and any t > 0,

sup [(B N A) — u(B)u(A)| = o(u(Ae))-
AcH Wy, BEUHA) o (F=nH1Vy)

Assume that there exists a measure g on V s.t. VF €V,
1o(OF) =0 and pic(F) — po(F).

Then Nz =50 Po: PPP(m =X\ x ug) (wrt any P < p),
ie. VB, s.t. m(0B) =0,

N:(B) =>c_0 Po(B) < Poisson m(B).
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Approximation by a Poisson Point Process

> (Q)J—-.vﬂ’f)v AE € F, /L(AE)_>O+, H5:A5—> VCRD
Ne:= Z O(np(Ac), He(F1-))"

: fr()€A:
> Set pc := p (H: ()|A)andm5::)\x,u5.
» Theorem [Pene,SaussoI17+] Let V be a m-system of
relatively compact open subsets of V' that generates B(V)
such that for any finite subset Vo C V and any t > 0,

sup [(B N A) — u(B)u(A)| = o(u(Ae))-
AcH Wy, BEUHA) o (F=nH1Vy)

Assume that there exists a measure g on V s.t. VF €V,
1o(OF) =0 and pic(F) — po(F).
Then Nz =50 Po: PPP(m =X\ x ug) (wrt any P < p),
ie. VB, s.t. m(0B) =0,

(B) =0 Po(B ) < Poisson m(B).
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Results for the Sinai billiard

» Billiard domain: @ = T2\ U,’-:1 O;, finite horizon.
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Results for the Sinai billiard

» Billiard domain: @ = T2\ U,’-:1 O;, finite horizon.

~

> Billiard map (M = 9Q x [~ Z, 2], 11, f), %(q, ) ~ cos .
Theorem
» For pu-a.e. xo = (qo, o) € M, if Ac = B(xp,¢),

H=(9,¢) = (9 — o, — wo)/e, V = [~1,1]?, then
N-=PPP(}3). Picture
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Results for the Sinai billiard

» Billiard domain: @ = T2\ U,’-:1 O;, finite horizon.

~

> Billiard map (M = 9Q x [~ Z, 2], 11, f), %(q, ) ~ cos .
Theorem

» For pu-a.e. xo = (qo, o) € M, if Ac = B(xp,¢),
H-(q,%) = (4 — qo: ¥ — po)/e, V = [-1,1]?, then
N-=PPP(}3). Picture

> vqO €0Q, if A = B(q07€) X [_71—/27’”/2]1
Hg(CINP) = (E_l(q - q0)7(p)v V= [_17 1] X [_%7 %]' then
Ne=PPP(K cos(p)A3). Picture
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Results for the Sinai billiard

» Billiard domain: @ = T2\ U,’-:1 O;, finite horizon.

~

> Billiard map (M = 9Q x [~ Z, 2], 11, f), %(q, ) ~ cos .
Theorem

» For pu-a.e. xo = (qo, o) € M, if Ac = B(xp,¢),
H-(q,%) = (4 — qo: ¥ — po)/e, V = [-1,1]?, then
N-=PPP(}3). Picture

> vqO €0Q, if A = B(q07€) X [_71—/27’”/2]1
Hg(CINP) = (E_l(q - q0)7(p)v V= [_17 1] X [_%7 %]' then
Ne=PPP(K cos(p)A3). Picture

» Idem for the billiard flow and the same targets.
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Billiard flow: visits to a ball

~

Billiard flow (M, v, (Y;):), M = Q x S, v = Leb(:|M).
Let g0 € Q.

Ne.ao = > O 2zets (= (Mo (Ve(y)—0)). M (Ye(y)))"
t:Y: enters B(qgp,e)xS?t

Picture
Theorem 1. o, = PPP(K cos 90A31[0’+OO)X51X[_%’g]dtdrdcp),
@ incident angle made with the inward normal vector.
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Billiard flow: visits to a ball

~

Billiard flow (M, v, (Y:):), M = Q x S, v = Leb(-|M).
Let go € Q.

Nego = > O 2z2ts (=1 (Mg(Y(y))—a0)). v (Ve(y)))"
t:Y: enters B(qo,e)xS?t

Picture
Theorem ‘J‘(g,qo = PPP(K cos 90)‘31[0,+oo)><51X[fg,g]dtdrd(p)r
@ incident angle made with the inward normal vector.

Our results apply also to visits to entrance in a corner for the
billiard flow in a flat diamond.
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Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF% Q) = O(k—*). (invertible case)
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Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF% Q) = O(k—*). (invertible case)

2. 3C' > 0st, VA€ o(Qk), VB Eo (Umzo Qm),

‘Covﬁ (lA, 10 f") < C'nPl(A).

Francoise Péne Quantitative recurrence in time and space



Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF% Q) = O(k—*). (invertible case)

2. 3C' > 0st, VA€ o(Qk), VB Eo (Umzo Qm),

‘Covﬁ (lA, 10 f") < C'nPl(A).

3. 0 > 0sothat e 7u(A:) — 0 and pu(7a, < e77]A:) = o(1).

Note that diam HQK,dlam NFKQx < €27 for K ~ ce“.
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Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF% Q) = O(k—*). (invertible case)

2. 3C' > 0st, VA€ o(Qk), VB Eo (Umzo Qm),

‘Covﬁ (lA, 10 f") < C'nPl(A).

3. 0 > 0sothat e 7u(A:) — 0 and pu(7a, < e77]A:) = o(1).

Note that diam HQK,dlam NFKQx < €27 for K ~ ce“.
4. p((0A)E™]) = o(u(Ac)).

Francoise Péne Quantitative recurrence in time and space



Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF% Q) = O(k—*). (invertible case)

2. 3C' > 0st, VA€ o(Qk), VB Eo (Umzo Qm),

‘Covﬁ (lA, 10 f") < C'nPl(A).

3. 0 > 0sothat e 7u(A:) — 0 and pu(7a, < e77]A:) = o(1).

Note that diam HQK,dlam NFKQx < €27 for K ~ ce“.

- H((9A)E) = o(u(A2)).
5. forall F eV, u((d(H-*F))E“NA) = o(1).
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Proof of the technical assumption: A general context

Let (M, u, f) metric, ergodic. Let a, 3 > 0.
1. 30 : (M, ji, f) — (M, ui, ) and a sequence of partitions
(Qk)k>0 of M such that:
(1) either supgeo, diam(f1(Q)) = O(k~®), (non-invertible case)
(I1) or supgeo,, diam(MF* Q) = O(k~*). (invertible case)

2. 3C' > 0st, VA€ o(Qk), VB Eo (Umzo Qm),

‘Covﬁ (lA, 1g0 f") < C'nPL(A).

3. 0 > 0sothat e 7u(A:) — 0 and pu(7a, < e77|A:) = o(1).
Note that diam MQx, diam NNfXQx < £27 for K ~ ce~.

4. p((9A)F™) = o(u(A:)).

5. forall F eV, u((d(H-*F))E“NA) = o(1).

Proof of the technical condition.
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Billiard in the stadium

Conditions 1 and 2:
an: (M, i, f) — (M, u, f), and a sequence of partitions (Qx)k>0
of M such that: supgcg,, diam(MF¥Q) = O(k~*) and

VA€ o(Qx), VB € (Umzo Qm),
’Covﬂ <1A,13 o F”)’ < C'nPh(A).

are satisfied by invertible systems that can be modeled by a
Gibbs-Markov-Young towers with Q; := \/f-‘:0 F=iQ,,
diam(f"y*) + diam(f~"y¥) < Cn~; Leb,(R > n) = O(n~"71).
(see [Young1998], [Young1999], [Alves-Pinheiro08],
[Alves-Azevedo13]).
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Billiard in the stadium

Conditions 1 and 2:
an: (M, i, f) — (M, u, f), and a sequence of partitions (Qx)k>0
of M such that: supgcg,, diam(MF¥Q) = O(k~*) and

VA€ o(Qx), VB € (Umzo Qm),
’Covﬂ <1A,13 o F”)’ < C'nPh(A).

are satisfied by invertible systems that can be modeled by a
Gibbs-Markov-Young towers with Q; := \/f-‘:0 F=iQ,,
diam(f"y*) + diam(f~"y¥) < Cn~; Leb,(R > n) = O(n~"71).
(see [Young1998], [Young1999], [Alves-Pinheiro08],
[Alves-Azevedo13]).

For the Sinai billiard: true Vo, 8 > 0.
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Billiard in the stadium

Conditions 1 and 2: are satisfied by invertible systems that can be
modeled by a Gibbs-Markov-Young towers with Q := \/%_, F~7Qp,
diam(f"y®) + diam(f ~"y¥) < Cn~%; Leb,(R > n) = O(n=P71).
For the Sinai billiard: true Vo, 8 > 0.

Billiard in the stadium

Theorem (Billiard in the stadium).[Pene,Saussol17+]
For pi-a.e. xo = (qo, w0) € M, if Ac = B(x0,¢) and F.(x) = *2,

.r.t. . .
N "E5Y o Poisson process()\3). Picture
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Billiard in the stadium

Conditions 1 and 2: are satisfied by invertible systems that can be
modeled by a Gibbs-Markov-Young towers with Qy := \/f(:o f=i0,,
diam(f"y%) + diam(f~"y%) < Cn~?; Leb, (R > n) = O(n~#~1).

Theorem (Billiard in the stadium).[Péne,Saussol17+]

For p-a.e. xo = (qo, o) € M, if A. = B(x0,¢€) and F.(x) = %,
N R Yo Poisson process(A3). Picture

Proof. ;i(A.) ~ ce?; so e 7 u(A.) — 0 means o < 2.

Francoise Péne Quantitative recurrence in time and space



Billiard in the stadium

Conditions 1 and 2: are satisfied by invertible systems that can be
modeled by a Gibbs-Markov-Young towers with Qy := \/f(:o f=i0,,
diam(f"y%) + diam(f~"y%) < Cn~?; Leb, (R > n) = O(n~#~1).

Theorem (Billiard in the stadium).[Péne,Saussol17+]
For p-a.e. xo = (qo, o) € M, if A. = B(x0,¢€) and F.(x) = %,
N R Yo Poisson process(A3). Picture
Proof. ;i(A.) ~ ce?; so e 7 u(A.) — 0 means o < 2.
» Tower: [Markarian,04],[Chernov,Zhang05] with
w(R>n)=0(n"178) with g =2 > 1.
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Billiard in the stadium

Theorem (Billiard in the stadium).[Péne, Saussol17+]
For p-a.e. xo = (o, ¢0) € M, if A = B(xo,€) and F.(x) = *22

£ 1

N LR Yo Poisson process(A3). Picture
Proof. (A.) ~ ce?; so e 7pu(A.) — 0 means o < 2.
» Tower: [Markarian,04],[Chernov,Zhang05] with
w(R>n)=0(n"17P) with g =2 > 1.
» [Chernov,Markarian06]=- diam(f"y*) 4+ diam(f~"y") < Cn™¢,
a=1
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Billiard in the stadium

Theorem (Billiard in the stadium).[Péne, Saussol17+]
For p-a.e. xo = (o, ¢0) € M, if A = B(xo,€) and F.(x) = *22

£ 1

N LR Yo Poisson process(A3). Picture
Proof. (A.) ~ ce?; so e 7pu(A.) — 0 means o < 2.
» Tower: [Markarian,04],[Chernov,Zhang05] with
w(R>n)=0(n"17P) with g =2 > 1.
» [Chernov,Markarian06]=- diam(f"y*) 4+ diam(f~"y") < Cn™¢,
a=1
» Take 1 < 0 < 2 p((0A)E™]) = el = o(£2) = o(u(A.)).
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Billiard in the stadium

Theorem (Billiard in the stadium).[Pene,Saussol17+]
For p-a.e. xo = (qo, o) € M, if A. = B(xp,€) and F(x) = X2

£ 1

N, WLl "+ _0 Poisson process(\3). Picture
Proof. (A.) ~ ce?; so e 7pu(A.) — 0 means o < 2.
» Tower: [Markarian,04],[Chernov,Zhang05] with
w(R>n)=0(n"178) with g =2 > 1.
» [Chernov,Markarian06]=- diam(f"~y*) 4 diam(f ~"y*) < Cn™¢,
a=1
» Take 1 < 0 < 2 p((0A)E™]) x~ elt97 = o(£2) = o(u(A:)).
Same result for the billiard flow with the same_A..
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Application to hyperbolic fixed points

> (Q7F7H7 f), f(XO) = X0, Aa e F,
Ac = B(x0,¢) \ f1(B(x0,¢)).

N, = Z O(nu(As),He (1))

n: f(-)eA:
Ne= 0 )0 SapAn) Ha(Fn):
n: f(-)eB(xo,€)
> Set e := p (HZ1(?)|A:) and m. == A x pe.

Francoise Péne Quantitative recurrence in time and space



Application to hyperbolic fixed points

> (Q7F7N7 f), f(XO) = X0, Aa e F,
Ac = B(x0,¢) \ f1(B(x0,¢)).

N, = Z O(nu(As),He (1))

n: f(-)eA:

New= 0 X Sm(aduten))-
n: f7(-)eB(xo:e)

> Set pe = p (HZ1(-)|A:) and me := X\ X pe.

» Theorem [Péne,Saussol2016+] Let Q be a riemannian
manifold, and f a C'-diffeomorphism between two
neighbourhoods of xo with Dfy, hyperbolic.

Assume that our first general Theorem(i) applies to A.
(+some other assumptions). Then N: = P and
N. = V(P), with £, := inf{k >0 : Df_*(y) & B(0,1)}

Lxm
and V : Zm 5(tm7xm) = Zm Zkzﬂ 5(tm,Dﬁ<gk(Xm))'
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