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I. Flat surfaces (g > 0)
Veech : “Flat Surfaces'. Amer. J. Math. (1993)

Il. Flat spheres (g = 0)
Thurston : “Shapes of polyhedra”

Deligne-Mostow : “Monodromy of hypergeometric functions”

1. Flat tori (g = 1)

[GPgeom] = arXiv:1604.01812
Ghazouani-Pirio :
[GPhypergeom| = arXiv:1605.02356
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e S : surface of genus g;

® pi,...,Pn: npointson S

‘5*:5\{P17"'7Pn}

e X : Riemann surface of genus g
® x = (x1,...,Xp) : n-tuple of points on X

o X* =X\ {x1,...,%n}
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L 7r1(g, n) = 71‘]_(5*) = <AivBi7 Cl?"' ) Cn | Hi[Ai?Bi] = Cn C1>

Definitions :
e a marking of the w1 of (X, x) is an isomorphism

¢ : m1(g,n) ~ w1 (X*) (modulo Inn(7r1(g, n))c)

e Teich, , = {((X,X),(p) | marking of m(x*)}



o m1(g,n) = m(S*) = <A,-, Bi,Ciy.... Co | TLIA Bl = G- C1>

Definitions :
e a marking of the w1 of (X, x) is an isomorphism

¢ : m1(g,n) ~ w1 (X*) (modulo Inn(7r1(g, n))c)
e Teich, , = {((X,x),@) |g0 marking of 7T1(X*)}

e PMCG; , = Out(m(g, n))C = Aut(71(g, n))c/lnn(m(g, n))c



Teichmiller theory

Theorems:

e Teich, , is isomorphic to a bounded domain in C3&—3+n
e PMCGg , is isomorphic to Bihol(7eich, ,)
e Teéichg ,/PMCGg, , is isomorphic to Mg ,

e PMCG, , is isomorphic to ﬂi’rb(Mg,n)
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Flat surfaces : definitions

e For # > 0, Cy = Euclidean cone of angle 6 =

Def : a flat metric m on §* has a conical singularity at py
if locally in the vicinity of this point :

e (S,m) =~ Cy, for a certain conical angle 6 > 0

e m = |z%dz|? for a certain exponent a > —1

o O =2m(1+ax); k(pk)=curvature at py =21 — Oy

GauB-Bonnet : py is a conical pointV k = Y }_; a) =2g — 2
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Flat surfaces : examples

e Flat metrics on X :

e m=|w?® withweH° (X, KX) translation surface
o m= ||’k with n € H°(X,Kg*¥) (1/k)-translation surface

o m=|u[?* with upe HO(X,Kgk®L,), p:m(X)—>TU

e Polygonal surface :
obtained by gluing
Euclidean polygons —

Thm : (Delaunay decomposition)

A flat surface admits a canonical polygonal decomposition
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Veech : ‘Flat surfaces'

o o = (a)j_, fixed such that }~, o =2g — 2
o £ — flat structures on S with a
&M | «y-conical singularity at py /isotopy

o (S,m)e &, m=|z*dz|* at p, = complex structure at py

e Isomorphism £, — Teichg,
(57 m) — (X,X)
(57 m?(,x) — (X’X)

Thm: (Troyanov)
For any (X, x), there exists a unique flat metric m§ , on X
with m§ = |z%dz|? at the vicinity of xk, for every k
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For (X,x) € Teichg , ~ £, ~= flat metric m§ , on X

holonomy of mg

o % : mi(g, n) —— T (X*)

. K"‘:{p:m(g,n)—>U ‘ p(Ck):eiek}zUzg

e ‘Holonomy map’ H*: Teichg , — U, (X,x) — p%

Thm: [Veech] Outside (Ho‘)_l(l) :
e H® is a C¥-submersion

o F¥= (Ha)_l(p) : — complex subvariety of Teich, ,
- dim¢ (.7:,;") =2g—-3+n

~~> Def: F& = {}';" | pe K, p# 1} — Veech'’s foliation
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e “Veech’s map V5" : for p € Im(H*) \ {1}

Fe " PHY(S*,C,) PR3
p
m
Teichg , = K

Thm : [Veech]

e cup-product > Hermitian form A® on H! (5*,(Cp)
of signature (p, q) = (p%, ¢%)

° Vl;" is étale and Im(V;‘) C P{0 < A*} = CHPH
° ]-";" carries a CHP-9-structure

e everything is PMCGg ,-invariant
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— transversally modeled on E28
e foliation F* on M, , : ¢ — dim(c(Ffo") =2g—-3+n

— F7 locally modeled on CHP9

dsf:uc transversally
° ~=>  volume form Q* on Mg ,
+ QF on F¥

Questions :

e About Veech’s foliation F* :
» dynamic?
» geometry (3 closed/algebraic leaves ?)

e “Veech’s volume conjecture” :

Vol® (Mg,n) ::/M Q% <400 (?)

g.n



Let (X, x) € Teichg, ~ €, ~ flat metric m§ , on X



Let (X, x) € Teichg, ~ €, ~ flat metric m§ , on X

e Developing map : D% : X* = C ~ R?




Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:S(V*—HC:IE? m§ = ‘dD)‘%Xf




Let (X, x) € Teichg , ~ Eg, ~7 flat metric m§ ,

¢ Developing map : D¢ : X* = C ~ R? m§

e Relative period :

£() = / dDg

on X

=|dDg,|?



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)z‘—HC:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl (X, {Xk}v(cp_l)
5



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)




Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)

eEx.:g=0:X=P!



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)

eEx.:g=0:X=P' 3>xq,...,xn



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)

eEx.:g=0:X=P' 3>xq,...,xn m§ . = H_[k(zf—xk)o‘kdt|2



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)

eEx.:g=0:X=P' 3>xq,...,xn m§ . = H_[k(zf—xk)o‘kdt|2

60) = [ TIe—m)a

k



Let (X, x) € Teichg , ~ €, ~7  flat metric m§ ~ on X
e Developing map : D)‘%X:)?ﬁ—HCf:IE? m§ = ‘dD)‘%XF

e Relative period :

5‘(7) — / dD)CaX with v e Hl(Xy{Xk}v(Cp_l)
5

Prop: Veech's map VX :F* — PH(S*,C,) writes explicitly

2g—3+n
Fes (Xox) s |6w)] T e B

where (Y0, ...,72¢-3+n) is a basis of Hy(X,{xc},C,-1)

eEx.:g=0:X=P' 3>xq,...,xn m§ . = H_[k(zf—xk)o‘kdt|2

£(v) = / H(t — xk)**dt = hypergeometric integral
7k
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o K*=12%8=1° —> F% has only one leaf : Mg,

{ 0< b <2r
(

= CH" 3-structure on M = Mg
—1<a,<0) } O, 0,n
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o Kx=1%6=10° — F“ has only one leaf : Mg

{ 0< b <2r
°

CH"3-struct Mo, = Mg
(—1<ak<0) } - structure on Mg ,, On

Thm : [Thurston] The metric completion M—gin ;
e is a CH"3-conifold of finite volume
e is obtained by attaching to Mg, some “C-strata” Mgi;/
e 7 formula for the conifold angle around Mooi;/ of codim 1
e is a CH" 3-orbifold if o = (aw)}_; satisfies
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Il. g =0 : Thurston “Shapes of polyhedra” (1987)

o Kx=1%6=10° — F“ has only one leaf : Mg

{ 0< b <2r
°

CH"3-struct Mo, = Mg
(—1<ak<0) } - structure on Mg ,, On

Thm : [Thurston] The metric completion M—gin ;
e is a CH"3-conifold of finite volume
e is obtained by attaching to Mg, some “C-strata” Mgi;/
e 7 formula for the conifold angle around Mooi;/ of codim 1
e is a CH" 3-orbifold if o = (aw)}_; satisfies

(INT)  Vk<(: -1<ata = (Lraxta) €z

= construction of AR & NAR lattices in PU(1,m), m = 2,3
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lI. g =0 : Deligne-Mostow

“Monodromy of hypergeometric functions’ (1986)

e Veech's map :

— n—3
Ve © My, — CH™ 3 C P73 x [ I, TI(E = i) dt} s
coincides with ‘Schwarz’s map’

o~ n—3
S% : Mo, — CH™3 C P23 x [F[(X)}e )
(F¢) = basis of the space of sol® of the ‘hypergeometric system’

0’F 1 OF  OF
(E%) Dxidx X —x <a,axj aJ—8Xi> , 1<i<j<n-3

Thm: (Schwarz (1873) - - - - -) [Deligne-Mostow]
a satisfies (INT) = Monod(5*) C PU(1,n —3) is a lattice
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e~ natural to study F* on Jor, ,
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Thm: [Nag]

.76r17n:{(7'72)6Hx(Cn 22(2120,22,...,Zn) }

Zk—ZKQZT,Vk<€

e PMCGy »/7or,,, = SLo(Z) x (Z2)n_1 with standard action

flat metric on E. = C/Z
. o T T
o for (1,z) € Tory, : m, = { with [z¢] = ay-conical point

Prop: [GP] One has m&, = |T(u)du‘2 with
o T(u)= T (u) =], 0(u— z, )%

e ap=ap(r,z) = -Sm(X, akzk)/%m(T) eR
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1 "1

70

° 76I’17n > (7‘, Z) 4 (ET,27 m?fz) , ch_’fz = |e2i7rozou er(u_zk)akdu|2
h* (7o) = > with g = —%m(zam) /Sm(7) € R
k

h*(vs) = g2imae with o = o7 + arzk € R
Y
k

e Holonomy map writes as follows :

h® : Jory , — [Uz, (T, z) — (ez’mo,ez’m‘”)
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Thm: [GP] In Tor;, :
e the leaves of F¢ are the affine subvarieties

F& o aoT + Zakzk = ay , a = (a0, as0) € R?
K

e F depends only on [a] € P(R")

en=2:a=(a;,—a)with0<ay <1

— canonical

F* = foliation on My, {
— by CH!-curves



Thm: [GP]

e In Jor; 5, for any a = (ap, ax) € R2\ 172 :
~~—
H——m F>

e (. & (307 — ax0) )

e The restriction F$* — FS of Jor; o — My 5
is isomorphic to the quotient of H by
eld:7— 7 == FS ~H
e T:7T—»74+1 = FS ~ infinite cylinder
o T1(N) —  F¢~H/rm = Yi(N), N>2

e Closed leaves of F* : the F&

(0.1/n) = Yi(N) with N > 2
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e N > 2 : uniformization of Y;i(N)* = F(o 1/n) C M5 :
H— Yi(N)*— M 5
P (B [3]) > (£ 0], [3])

e In terms of flat surfaces :

H——— Y (N) M —— Mfﬁ2

(6 i)
where my} = |T7(u)du|2 with  T.(u) = %
’ G(U—N,T)
o
e Veech's map : FtaH—F— CH! C P!

e [fol u)du: [ T du]
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e Cohomological /analytic (='hypergeometric’) interpretation of
Fo(r) = [ Tolu)du= ([0.1], [T-(u)eu])
[0,1]

with [0,1] € Hi(Ef,L,) and [T.(u)du] € H*(E?,LY)

T)™T

e Letting 7 varies in H ~~> GauB-Manin connection

o~~~ Construction of the “elliptic hypergeometric equation”

(EI) = F (r)+P(r) F (r) + Q()F(r) =0

such that { [} T, (u)du, [T T,(u)du) = Sol (ElI:
0 0 N

Prop: (Elly}) Fuchsian at ico + formula for the projective index




Thm: [GP] For any a; €]0,1] :

e Veech's CH!-structure of Y1(N)®* extends as a conifold
structure X1(N)* on the compactification Xi(/N)

e The conifold angle of X;(N)* at ¢ = [a/c] € P}(Q) is

c(N—¢)

b = 2T gcd(c N)

.al

N
® a1 = gnF

with £ >1 =  Xy(N)* is a CH!-orbifold

e pprime : Area(Y1(p)*) = Z(1 — a1)(p* — 1)

e One has VOI(M%) =5(l—a1) <00




