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Cauchy integral on Lipschitz curves

Definition

Cauchy Integral on Lipschitz curves:

1w
2mi Jrw —z

Cf(z) = dz

Question: is this a bounded operator on [%?
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Cauchy integral on Lipschitz curves

Definition

Cauchy Integral on Lipschitz curves:

. f(y)
Cf(x) = p.v. /R X~y T AG) — A

with the assumption that ||A’||c is very small.
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Cauchy integral on Lipschitz curves

Cauchy Integral on Lipschitz curves:

L, f(y)
Cf(x) = p.v. / x—y+i(Ax) — Aly)) 4

Z ,) /(A(X)_ Ak(-{l)) f(y)dy
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Cauchy integral on Lipschitz curves

Cauchy Integral on Lipschitz curves:

. f(y)
Cf(x) = p.v. / x —y+ i(Ax) — Ay)) &

Z ,) /(A(X)_ Ak(-{l)) f(y)dy

e = [ B (A =AD" )

)k+1

is Calderdn’s k™ commutator.
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Cauchy integral on Lipschitz curves

Cauchy Integral on Lipschitz curves:

. f(y)
Cf(x) = p.v. / x —y+ i(Ax) — Ay)) &

Z ,) /(A(X)_ Ak(-{l)) f(y)dy

Note

Go(F)(x) = p.v. /R %dy = H(f)(x).

Gif(x) = p.v./ﬂgwf(x—l— t)%
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When Calderdn suggested a bilinear approach

A(x + tZ—A(X)f(X+ t)% _

Gf(x) = p.v./]R

= p.v./]R (/01 A'(X—l—at)da) f(x + t)%

o ! . dt
= dap.v. | f(x+ t)A (x+ at)—
0 R t
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When Calderdn suggested a bilinear approach

A(x + tZ—A(x)f(X+ t)% _

Gf(x) = p.v./]R
= p.v./]R (/01 A'(X—l—at)da) f(x + t)%

S . dt
= dap.v. | f(x+ t)A (x+ at)—
0 R t

Calderén’s idea in the '70s: prove, uniformly in «, that
dt
(f,g) = pv. [ f(x+1t)g(x —|—at)T
R

is a bounded bilinear operator of the type [? x L* — [
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When Calderdn suggested a bilinear approach

A(x + tZ—A(x)f(X+ t)% _

Gf(x) = p.v./
R
o dt
=p.v. A(x+ at)da ) f(x+t)—
r \Jo t
I , dt
= dap.v. | f(x+ t)A (x+ at)—
0 R t
Calderén’s idea in the '70s: prove, uniformly in «, that
dt
(f,g) = pv. | f(x+t)g(x —|—at)T
R

is a bounded bilinear operator of the type [? x L* — [
'97: Lacey, Thiele: the above operator is bounded.
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When Calderdn suggested a bilinear approach

A(x + tZ—A(X)f(X+ t)% _

Gf(x) = p.v./
R
o, dt
= p.v./ (/ Al(x+ at)da) f(x+t)—
r \Jo t
Y , dt
= dap.v. | f(x+ t)A (x+ at)—
0 R t
Calderdn’s idea in the '70s: prove, uniformly in «, that
dt
(f,g) = pv. | f(x+t)g(x —|—at)T
R
is a bounded bilinear operator of the type [2 x L™= — [2.

'97: Lacey, Thiele: the above operator is bounded.
'90: Lacey, Thiele prove [? x > — [? boundedness.
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When Calderdn suggested a bilinear approach

clf(x):p,v.Awf(X+t)% _

= p.v./]R (/01 A'(X—l—at)da) f(x + t)%

Y , dt
= dap.v. | f(x+ t)A (x+ at)—
0 R t
Calderdn’s idea in the '70s: prove, uniformly in «, that

(f.g) — p.v./}Rf(x—i— t)g(x—l—at)%

is a bounded bilinear operator of the type [2 x L™= — [2.

'97: Lacey, Thiele: the above operator is bounded.

'90: Lacey, Thiele prove [? x > — [? boundedness.

'04: Grafakos, Li: uniform estimates for L2 x L — [? boundedness
(seminal ideas due to Thiele: uniform estimates for L? x L? — L1>)

October 2nd, 2017

Localization in time-frequency-analysis

Cristina B. (Université de Nantes)



The Bilinear Hilbert transform

Definition

BHT(f,g)(x) : = p.v./Rf(x +t)g(x —t) %

= / f(&1) £(&2)sgn(&r — &) ™) dey de,
]R2
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The Bilinear Hilbert transform

dt
BHT(f,g)(x) : = p.v. | f(x+ t)g(x —t) "
R

- / F(€1) & (E2)sgn(Er — &) ™6+ dey i,
R2

Theorem (Lacey, Thiele '97)

BHT : [P x L9 — L® forall2 < p,q,s" < oo, with%+‘l’:l_

s
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The Bilinear Hilbert transform

Definition

BHT(f,g)(x) : = p.v./Rf(x +t)g(x —t) %

- / F(€1) & (E2)sgn(Er — &) ™6+ dey i,
R2

Theorem (Lacey, Thiele '97)

BHT : [P x L9 — L® forall2 < p,q,s" < oo, with%+‘l’:l_

s

Theorem (Lacey, Thiele '99)

1

BHT : LP x L% — L® forall 1 < p,q < 00,3 < 's <00, with 2 + ¢ = 1.

s
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The Bilinear Hilbert transform

Definition

BHT(f,g)(x) : = p.v./Rf(x +t)g(x —t) %

- / F(€1) & (E2)sgn(Er — &) ™6+ dey i,
R2

Theorem (Lacey, Thiele '97)

BHT : [P x L9 — L® forall2 < p,q,s" < oo, with%+%:l

s

Theorem (Lacey, Thiele '99)

BHT : LP x L% — L® forall 1 < p,q < 00,3 < 's <00, with 2 + ¢ = 1.

s

A\ Still open: what happens when % <s< %?
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Method of the proof
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Method of the proof

Invariants for BHT:
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Method of the proof

Invariants for BHT:

9 translation and dilation invariant

& modulation invariance: if M,(f)(x) := e*™>@f(x), then

BHT (M,f, Mag) (x) = M2a BHT (f, g)(x).
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Method of the proof

Invariants for BHT:

9 translation and dilation invariant

& modulation invariance: if M,(f)(x) := e*™>@f(x), then
BHT (M,f, Mag) (x) = Ma, BHT(, g)(x).

Another modulation-invariant operator: Carleson’s operator:

. 20\ 2mixé
CF(x) = sup| /5<~ Fe)e ™ de|.
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Method of the proof

Invariants for BHT:

9 translation and dilation invariant

& modulation invariance: if M,(f)(x) := e*™>@f(x), then
BHT (M,f, Mag) (x) = Ma, BHT(, g)(x).

Another modulation-invariant operator: Carleson’s operator:
CF(x) = sup| / Fe)e ™ de|.
N E<N
Hence time-frequency decomposition; study the model operator

BHT(f,8)(x) = > @v, ob) (g 6, )% (),

PecP

where ¢>,1pl, ¢>f;2, ¢f;3 are [-normalized wave packets associated to the tiles
Ip X wpy, Ip X wp, and Ip X wp, respectively.
If wp, is fixed, then wp, = wp, + clwp, |, Twp, = wp, + wp,.
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Method of the proof

Invariants for BHT:

9 translation and dilation invariant

& modulation invariance: if M,(f)(x) := e*™>@f(x), then
BHT (M,f, Mag) (x) = Ma, BHT(, g)(x).

Another modulation-invariant operator: Carleson’s operator:
CF(x) = sup| / Fe)er < d.
N E<N
Hence time-frequency decomposition; study the model operator

BHT(f,8)(x) = > @v, ob) (g 6, )% (),

PecP

where ¢>,1pl, ¢>f;2, ¢>f;3 are [-normalized wave packets associated to the tiles
Ip X wpy, Ip X wp, and Ip X wp, respectively.

If wp, is fixed, then wp, = wp, + clwp, |, Twp, = wp, + wp,.

A\ It is this model operator that is unbounded for s < %
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Method of the proof (cont.)

Look at the trilinear form:

Newrs(Frgh) =S ﬁv, 0b,) (&, 03,) (h, 62,).
PeP

Cristina B. (Université de Nantes) Localization in time-frequency-analysis October 2nd, 2017



Method of the proof (cont.)

Look at the trilinear form:

ABHT;]P’(f7g7 h) Z |I |1/2 f ¢P1><g7 ¢P2><h7 ¢:I;’3>

pPecP

Special case: T is a tree
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Method of the proof (cont.)

Look at the trilinear form:

ABHT;]P’(f7g7 h) Z |I |1/2 f ¢P1><g7 ¢P2><h7 ¢:I;’3>

pPecP

Special case: T is a tree (1-overlapping, lacunary in the 2™ and 3™ directions)
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Method of the proof (cont.)

Look at the trilinear form:

Nsurp(f, g, h) = — 7 |1/2 (F, 0p,) (&, DP,) (h, 63,).

pPecP

Special case: T is a tree (1-overlapping, lacunary in the 2™ and 3™ directions)

Z B |1/2 I(f, ¢P1><ga ¢P2><h, ¢?93)| <

PeT
(sup 1f ¢P1 Z| g ) % Z| (h, é3,)? |IT|
PET |/p|2 |/T| |/ |

PeT PeT
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Method of the proof (cont.)

Special case: T is a tree (1-overlapping, lacunary in the 2" and 3" directions)

Z Il |1/2 ¢11°1><g7 <Z512°2><h, ¢?93)| <

PeT
I(f ¢P1 1
sup g ¢p,)[°)? (h, ¢7 Ir
(PGT |I |2 |I |’;-| P |I |’;_| P3 | |
Two ideas emerge:
9 define 1
1 . _—
sizep(f) == sup |I | Z| (. 0p)]%) 2 gilégm/RV(xNX,P(x)dx = size p(f).

Iac tree PeT
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Method of the proof (cont.)

Special case: T is a tree (1-overlapping, lacunary in the 2" and 3" directions)

Z I |1/2 ¢}°1><g7 ¢%2><h, ¢?33)| <

PeT
I(f ¢P1 1
sup |ga¢P 2 I(h ¢P |/T|
(e =5 |/|,§T : I'I,; :
Two ideas emerge:
9 define 1
1 . _—
sizep(f) == sup |I |Z| L pp)[7)? pm/|f(x)|X,P(x)dx = size p(f).
Iac tree peT Per i R
Then

> T |1/2 (f. 0,) (g, Oh,) (. 0,)| < size 7(F) size 7(g) size (h) |I7].

PeT
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Method of the proof (cont.)

Special case: T is a tree (1-overlapping, lacunary in the 2" and 3" directions)

Z I |1/2 ¢}°1><g7 ¢%2><h, ¢?33)| <

PeT
I(f ¢P1 3
sup (g, ¢P 2 [(h ¢P |/T|
ST lIp 2 I’I,;T : l’h; ’
Two ideas emerge:
9 define
1 1 - —
sizep(f) == sup |I | Z| (. 0p)]%) 2 gsupm/|f(x)|XlP(x)dx = size p(f).
Iac tree peT Per i R
@ decompose P into trees: P = Uz Tur TorP= rer rE"Jr . T.
ne €Ty ny,n2,n3€ €T NTpyMThy
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Method of the proof (cont.)

Special case: T is a tree (1-overlapping, lacunary in the 2" and 3" directions)

Z I |1/2 ¢}°1><g7 ¢%2><h, ¢>3,;3)| <

PeT
I(f ¢P1 1
sup | ga¢ 2 | ¢ 2|IT|
(e =) |Z R0 (77 |Z &
Two ideas emerge:
9 define 1
1 —
sizep(f) == sup |I |Z| (. 0p)]%) 2 §supmf|f(x)|>zlp(x)dx = size p(f).
PeP R

Iac tree PeT

o decompose Pintotrees: P=J | T
n€LTET,

Such a decomposition yields, for any 0 < 61,60,,605 < 1 with 61 + 0> + 653 = 1:

|AsHT(f, g, h)| < (sizenl» f)o1 . (size]% g) b, (size]% h)93
. (energy]}) f)1701 . (energy]%,g)ke2 . (energy]%,h)k%.

. 1
Here energyy, (f) := sup,cz supp 2" (> rcp |/7]) 2, under some conditions.
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Method of the proof (cont.)

Special case: T is a tree (1-overlapping, lacunary in the 2" and 3" directions)

Z I |1/2 ¢}°1><g7 ¢%2><h, ¢>3,;3)| <

PeT
I(F ¢P1 1
sup (g, ¢7,) )2 |(h, &p,)] 2|/T|
(e =5 |/|,§T : I'l,; :
Two ideas emerge:
o define
1 1 - —
sizep(f) == sup |I | Z| (. 0p)]%) 2 gsupm/|f(x)|XlP(x)dx = size p(f).
Iac tree PeT Per Pl /R

o decompose P into trees: P= J U T.

n,n2,n3€L TET R NTp, ﬁT,,3

Such a decomposition yields, for any 0 < a1, a2, a3z < % with a1 + a2 + a3 = 1:

Nenre(f,g, )| S (sizeh £)' > (sized g) > (sized h)' > || F[15°" |32 | Al13™*.
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Method of the proof (cont.)

At the heart, a decomposition lemma:

Lemma

If P; is a collection of j-tiles with sizep, ((fj, qﬁ’P)) < A, then there exists a decomposition
P; = P;UP} so that sizep, ((f,¢}p)) < 3 and P} is a union T = U T of disjoint trees

J
TeT
so that

S I S AT

TET
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Method of the proof (cont.)

At the heart, a decomposition lemma:

Lemma

If P; is a collection of j-tiles with sizep, ((fj, qﬁ’P)) < A, then there exists a decomposition
P; = P;UP} so that sizep, ((f,¢}p)) < 3 and P} is a union T = U T of disjoint trees

J
TeT
so that

S I S AT

TET

And also a stopping time: A = 2" (or three stopping times according to A = 2™ 2™ 2™),
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Method of the proof (ctd.)

The formula
Newre(F, g, h)| < (sized £)' 727 (sizeb g) "> (sized h) '~ || FI13* || g]13°2 (|13

points out to working with restricted type functions: |f| < 1f,|g| < 1¢, |h| < 14.
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Method of the proof (ctd.)

The formula
|ABHT;]P(f, o h)| ,g (;;gpl;:) 1-2e (Size]plg) 17202 (size]le) 1-203 |F|OL1 |G|a2 |H|o¢3 .

points out to working with restricted type functions: |f| < 1f,|g| < 1¢, |h| < 14.

Restricted-type interpolation implies the local L? case: 2 < p, q,s’ < oo.
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Method of the proof (ctd.)

The formula
|ABHT;]P(f, o h)| ,g (S/i;e/]plf:)lizal (Size]p].(;)lizoc2 (sizele)kz% |F|OL1 |G|a2 |H|o¢3 .

points out to working with restricted type functions: |f| < 1f,|g| < 1¢, |h| < 14.

Outside the local L? range, we need generalized restricted-type interpolation, i.e. it is
enough to prove for all sets and all functions |f| < 1¢,|g| < 1¢, |h| < 14

1 1 1
[Nenr:e(f, g, h)| S |FI» |Gle |H[+,

|F] Gl

where H := H\ Q, Q= {x: M(1F)> C1—

yM(L6) > Ciy
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Method of the proof (ctd.)

The formula
|ABHT;]P(f, o h)| ,g (S/i;e/]plp)lizal (Sizeplg)172a2 (Size]p]./-/)liza3 |F|OL1 |G|a2 |H|o¢3 .

points out to working with restricted type functions: |f| < 1f,|g| < 1¢, |h| < 14.

Outside the local L? range, we need generalized restricted-type interpolation, i.e. it is
enough to prove for all sets and all functions |f| < 1¢,|g| < 1¢, |h| < 14

1 1 1
[Nenr:e(f, g, h)| S |FI» |Gle |H[+,

6]

IF]
L

where H' ;== H\ Q, Q= {x: M(IF)>C|H|

,M(Llg) > C

Assuming that for all P € P we have Ip N Q° # 0, we deduce

sizeple < min(1, —),sizeple < min(1, )
H| [H]

This implies, for any 0 < a,b < 1:

F a(l1—2a7) G b(1—2a3) @ a a
Narre(Frg. b)) < (ﬁ) : (%) 2 |F|o G2 M|
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Vector valued estimates for BHT

BHT : LP (£7) x L9 (£72) — L* (¢'), *)
where % +1=1

ro r’
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Vector valued estimates for BHT

BHT : LP (™) x L9 (£7) — L°(¢"), *)

where =+ 1 = 1.
Motivation: a Rubio de Francia operator for iterated Fourier integrals (ideally, wanted

r=1)

1
r

N
T,(f, g)(X) = (Z | / f(gl)é\'(gz)e%rix(fl'f'fz)d§1d£2|r)
k=1 Ya<&1<&<by

October 2nd, 2017

Localization in time-frequency-analysis
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Vector valued estimates for BHT

BHT : LP(£") x L7 (£?) — L°(¢"), *)
where =+ 1 = 1.
Motivation: a Rubio de Francia operator for iterated Fourier integrals (ideally, wanted
r=1)

1
r

N
Tr(f,g)(X) = (Z |/ f(gl)é(gz)e%rix(&l*'&)dgldgz|r) )
k=1 Ya<&1<&<by

Partial results of (*), for r > %, due to P. Silva 2014. He used a vector-valued approach

for studying BHT @ I ( M is a paraproduct or Fourier multiplier singular at (0, 0)).
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Vector valued estimates for BHT

BHT : LP(£") x L7 (£?) — L°(¢"), *)
where =+ 1 = 1.
Motivation: a Rubio de Francia operator for iterated Fourier integrals (ideally, wanted

r=1)

1
r

N
Tr(f,g)(X) = (Z |/ f(gl)é(fz)EZﬂ-ix(El*’Ez)dgldé.z|r) )
k=1 Ya<&1<&<by

Partial results of (*), for r > %, due to P. Silva 2014. He used a vector-valued approach

for studying BHT @ I ( M is a paraproduct or Fourier multiplier singular at (0, 0)).
Theorem (B., Muscalu 2016)

BHT : LP(R; L® (W, 1)) x L9(R; L™2(W, ) — L*(R; LR (W, )
for n-tuples R1, R>, R and Lebesgue exponents p, q, s satisfying

! 1<1 a ! 1<1 le% ! L
g 17 27 5/7(rj)/

=, = <1-— as,
Pr a

for some 0 < a1, qp, a3 < % with aq + a2 + a3 = 1.
As a consequence, BHT ® N ® ... ® I satisfies the same LP estimates as BHT .
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (>, |fi|*)n <
1 1
1, (Zk |gk|r2) 7 <l1g, (Zk |hk|r/) 7 <1y

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

,M(1g) > C
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (>, |fi|*)n <
1 1
1, (Zk |gk|r2) 7 <l1g, (Zk |hk|r/) 7 <1y

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall that

yM(Llg) > C

Nenre(f,g, )| S (sizeh £)' > (sized g) > (sized h) ' > || £[15°" |32 | Al13™*.
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall that

yM(Llg) > C

Nenre(f,g, )| S (sizeh £)' > (sized g) > (sized h) ' > || £[15°" |32 | Al13™*.

We would want to obtain, locally (when spatial information is contained inside I)

—ag—L _ 1—ap—L

__ . e
[AsrTe(g) (fis 8k i) S (Size]P’(Io)lF> n (Size]l”(lo)16> 2 (Size]P’(Io)lH/>

- il llew - o ., 1 - ol

1
170(37,776

This is reasonable (and doable) since also |fi| < 1f.
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;]P(fk:gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI”

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall that, for |f| < 1g,,|g| < 1g, |h] < 1g

yM(Llg) > C

|ABHT;]P’(f7g7 h)| S (Size]%’l'i)l_zal (Size]%’]-Ez) e (s'zeP’lEs)l 2 “151 Hgal H]-Ez “ga2 H]-Es ||2a3'
We would want to obtain, locally (when spatial information is contained inside I)

1 _e

_— 1—aj—Lt—e /— 1—ag—L—e /— 1—a3z—
|ABHT;P(/0)(fk,gk,hk)|§(Size]p(lo)lp> 17 (Size]p(lo)lc> 2T h (size]p(,o)lH/> 3T

e ol ol o %l

This is reasonable (and doable) since also |fi| < 1f.
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;]P(fk:gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI”

where H := H\ Q, Q= {x: M(1g) > C-—; Ifll}

Recall that, for |f| < 1g,,|g| < 1g, |h] < 1g

yM(Llg) > C

— 1-2ay j 1-2ap j 1-2
Nerrieao)(f.8, W) S (sizeruple)  (Sizepn)1e) 7 (sizeruyle)

’ “151 )2’0”‘111 H]-Ez )2’0”?2 “153 )2’0”‘113'
We would want to obtain, locally (when spatial information is contained inside f)

l—aj—Lt—e j—o 1—ay—L —e 1—a3—71,—e

[ABHTE(10) (fi> 8Ks Bi)| S (S’iEP(IO)lF> 1 SiZe]P(IO)lG> 2 (S’i;u»uo)lnl)

e ol llge - Kol Ik S -

This is reasonable (and doable) since also |fi| < 1f.
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;]P(fk:gk7hk)| SIFIP |Gle [H[7,
k

where H' :== H\ Q, Q= {x: M(IF)>C||F||

Recall that, for |f| < 1g,,|g| < 1g, |h] < 1g

6|
L

M(1g) > C
e l—ay /- — l—ap 11—«
INerteo)(F, 8, h)| S (sizepr(p)le)  (sizepriple) - (sizepr(p)le) - lhl,

where

SIZe]p+(/o (f) := max( sup /|f|x,de /|f|x,0dx)
PeP(ly) |IP |/ |

We would want to obtain, locally (when spatial information is contained inside f)

—_— -1l 1—ap—Lt—e 1—ag—L —e
[AsrTe(g) (fes 8k i) S (sizep(,o)lp> BT (SiZe]p(/o)].G> “27h (sizep(,o)l,_,/> v

6 ol e Sl 1

This is reasonable (and doable) since also |fi| < 1f.
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;]P(fk:gk7hk)| SIFIP |Gle [H[7,
k

where H' = H\ Q, Q= {x: M(IF)>C|F|| M(lg)>C%}.

If || < 1g,|8k] < 1g,, |hi| < 1g, (then actually || < 1gnF, |gk] < 156, [kl < 1ganr)

[AsrTe(g) (fis gy i) S (ST£€P+(IO)1E10F)1_QI (S’i;w(,o)l.epc)l_az (Si’gw(,o)lgam.ﬂ)l_aa - ol
where
size f) := max( sup / Xip dx, / flXi,dx
B+ (1) (F) (PEPUO) 7] [f1Xip Tl |11 dx)
Re-run the interpolation algorithm to obtain, locally (when spatial information is contained
inside I)

l,—e

1—aq—
a1 r

1., ol e 1—oae
n E(SiZe]p(lo)].G> 27 E(SiZE]p(Io)].HI> 3

6 o, el 1

[AsrTe(g) (fis 8k i) S (ST;e/P(Io)lF>
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall

yM(Llg) > C

size i () i= max( sup / |f|x,,,dx,|,| / || dx)

PEP(lp)

By Holder's inequality (% + % +%=1)

— l—ag—Lt—c /= l—ap—L—c \— 1—az—4 —e
IS Aenregy) (s 86 )l S (5lze]P(Io)1F> T (s'zelP(Io)lG) 2 (Slzep(lo)l;-ﬂ) 7
%

A1e Rl e - ol 120 - oo

HIF X’OH
[l

But H].F-)'Zlonr1 ~ |Io|’1
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall

yM(Llg) > C

size () = max( sup A N
0
By Holder's inequality (% + % +4=1)

i I—ag—e e l—ap—e e 1—ag—ec
IS Nenrieg) (fies g i)l < (Slze]P(Io)lF> ! (512611»(/0)16) (5'Ze]P’(IO)1H/) - |lo]-
X
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Method of the proof

1
It is enough to prove for all sets and all vector-valued functions (Zk|fk|r1)'1 <
1

L ’ £
1 (S, 80)? < Le (S, 1) < 1

111
|ZABHT;P(fk7gk7hk)| SIFIP |Gle [H[7,
k

|F]
HI’

6]

where H' ;== H\ Q, Q= {x: M(1F) > Cir: |H|}

Recall

yM(Llg) > C

size i () i= max( sup / |f|x,,,dx,|,| / || dx)

PEP(lp)
. A . 1 1
By Holder's inequality (H + +%=1)
— l—aj—e f—— l—ap—e [—— l—ag—e
IS Nenrieg) (fies g i)l < (Size]P(Io)lF> ! (512611»(/0)16) : (5lze]P(Io)1H’) > ).
k
Redo the stopping times to obtain

1 1 1
| > Nerrie(f g hi)| < IFI7 G [H|Z
k
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Weighted and vector valued estimates

Theorem (Culiuc, Di Plinio, Ou (to appear))

For any locally integrable functions f, g, h and any Lebesgue exponents si, s,, s3 with
% + % + % < 2, there exists S a sparse collection of dyadic intervals (depending on
f,g,h and s1, s, s3) to that

swr (.8, 1) < S (]{? I77) % (J{) g17) % (J{) A=) %@

Qes
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Weighted and vector valued estimates

Theorem (Culiuc, Di Plinio, Ou (to appear))

For any locally integrable functions f, g, h and any Lebesgue exponents si, s,, s3 with
% + % + % < 2, there exists S a sparse collection of dyadic intervals (depending on
f,g,h and s1, s, s3) to that

swr (.8, 1) < S (]{? LDk (]{) 18]7)% (]{) A=) % Q.

Qes

Definition
Let 0 < 7 < 1. A collection S of dyadic intervals is called n-sparse if one can choose
pairwise disjoint measurable sets Eq C Q with |Eg| > n|Q| for all Q € S.
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Weighted and vector valued estimates

Theorem (Culiuc, Di Plinio, Ou (to appear))

For any locally integrable functions f, g, h and any Lebesgue exponents si, s,, s3 with
i + % + % < 2, there exists S a sparse collection of dyadic intervals (depending on
f,g,h and s1, s, s3) to that

swr (.8, 1) < S (]{? LDk (]{) 18]7)% (]{) A=) % Q.

Qes

This implies weighted estimates:

Theorem (Culiuc, Di Plinio, Ou (to appear))

1
q1

Ifl1<qi,q,q <oo, =+ q—12 = %, any weights wi, wo, w with w = wi - w,
BHT : L% (w) x L?(wy?) — LI(w7),

provided the vector weight condition

Tir 11 Tor 11 1
an ([ D) (LF D) (L) <o
QCR M@ Q Q
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Local estimate + stopping times =v.v. estimates + sparse domination

The local estimate

Nstreio)(Fr &, M| S (sizeps (o)1)~ (size pr () 1E,) 2 (size o () 15) ™ - o,

proved for |f| < 1g, |g| < 1g,, |h| < 1g,, holds for general functions as well.
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Local estimate + stopping times =v.v. estimates + sparse domination

1 1
Newroao(F& WIS ( sup o [ 100 T ( sup oo [ el )3
PEP* (i) | 4 per+(io) 1P|

sup 1 AL ORIl

PePt(lp)

providedé<1—a1,%<1—a2and%<1—a3.
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Local estimate + stopping times =v.v. estimates + sparse domination

1 1
|ABHT;]P(IQ)(faga h)| < ( sup i / If]° ledX) ( sup [ / lg]® ledX) 2
PEP+(lp) | Pl PEP+(l) | Pl

sup 1 AL ORIl

PeP+(l)

provided i < 1—04,% <1l—aand % <1-—as.
A bottom-top stopping time yields sparse and vector-valued estimates:
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Local estimate + stopping times =v.v. estimates + sparse domination

1
|ABHTR(p) (F 8 M S ( sup / |f|$1ledX) (' sup / g2 %ip dx) 2
PePt (Ip) lte| PPt () lIpl

sup —/|h|s3)2, dx §|Ig|
pert(p) [Pl Jr p )

provided - <1—a1, 2 <l-azand & <1—as
A bottom-top stopping time yields sparse and vector-valued estimates:

Theorem (B., Muscalu)

For any % < q, any vector-valued functions F, g so that

£ (x, ke (w, > 18, )l k2 w0,y are locally integrable, and any v a locally g-integrable
function, we can construct a sparse collection S of dyadic intervals, depending on the
functions f, g and v, and on the exponents s1, %, S3, q, for which

= 4 1
— . q ~ 3 . - - . 52 o &
BT, o,y s S 3 (g 37 NP, Fad) W - (g [ 186y, - KD

- ;‘7-
(W/R'”‘X)'s  odx) W - 1Q

(some conditions missing)
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Local estimate + stopping times =v.v. estimates + sparse domination

Theorem (B., Muscalu)

For any % < q, any vector-valued functions f:: g so that

£ (x, M err w18, )l r2 ..y are locally integrable, and any v a locally g-integrable
function, we can construct a sparse collection S of dyadic intervals, depending on the
functions f, g and v, and on the exponents s1, 9,53, q, for which

= 4 1
= q ~ = s =
I1BHTEE. Dy VI S 35 (g [ 1760 Moy K0T gy [ 1860 My, Se)

(m/RMx)Fs  od) F - 1Q

Corollary

If the Lebesgue exponents q, s1, sy and the n-tuples Ry, R», R’ are as in the theorem above
(that is, they are conditioned by certain 0 < 601, 65,63 < 1 with 61 + 6, + 03 = 1), then

||||BHT1P’(’r g)HLR(Wu || ||M51 ||f(x, )||LR1(W “)) M52(||§(Xa -)||LR2(W,;L))||q’

where M, (f) = (M(|f]"))*.
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Local estimate + stopping times =v.v. estimates + sparse domination

Theorem (B., Muscalu)

For any % < q, any vector-valued functions F, g so that

£ (x, M err w18, )l r2 ..y are locally integrable, and any v a locally g-integrable
function, we can construct a sparse collection S of dyadic intervals, depending on the
functions f, g and v, and on the exponents s1, s, s3, q, for which

= 1 = 4 1
= q s1 ~ = s =
0BT, Doy 3 S 3 gy [ 170 M 50895 gy 1 My, KD

1 N 1
'(W/R'”(X)“  Rodx)% -1Q).

Corollary

If the Lebesgue exponents q,s1, sy and the n-tuples Ry, Rx, R’ are as in the theorem
above, then
? = SR 7 =
[1BHTe(f, )l rew. ll, S M2 (F8)]],,  where

v £z — i RE! & i Z(v. )% =
MSlst(f’g)(X) T ZUBE(|Q| /QHf(y’ )”LRl(W,u)dy) ! (lQl /(;Hg(ya )H[_Rz(w,“)dy) 2.

Cristina B. (Université de Nantes) Localization in time-frequency-analysis October 2nd, 2017 12 /13



Thank you slide

Thank you!
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