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Overview

Variational formulations in mechanics - a powerful tool to study:

(1) Symmetry, conservation laws, reduction;

(1) Inclusion of constraints (holonomic and nonholonomic);

(I11) Structure preserving numerical schemes (symplectic, multisymplectic);
(1V) Derivation of new models (e.g., fluid-structure interaction);

) ....

Geometric point of view: Configuration manifold @, Lagrangian L: TQ — R:
Hamilton's principle:

-
5/ L(q,§)dt =0, for arbitrary 6g = Euler-Lagrange equations
0
(1) Symmetries: group action G x Q@ — Q that keeps L invariant = reduction (TQ)/G:
T
~0:(TQ)/G = R, 5/ £(v)dt =0, for specific v = reduced EL equations
0

Reduction always has a physical reason and meaning:
— Lagrangian-to-Eulerian description (fluids, continuum mechanics, ...)

— Lagrangian-to-body frame description (Cosserat rods, multibody dynamics,. ...)
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(I1) Nonholonomic constraint: A C TQ nonintegrable distribution
E.g.: rolling constraint (finite and infinite dimensional examples)

-
Lagrange-d'Alembert principle : 5/ L(qg,g)dt =0, for g € A, where g € A
0
NOT a Lagrange multiplier approach!
(1) Variational integrators: discretize in time the Hamilton principle
N—1
1) Z La(gk, qk+1) = 0, for arbitrary dgx = symplectic numerical integrators
k=0
(IV) Geometric modeling: Hamilton's principle is a key tool to derive new models in
which a direct application of Newton's laws is impossible: e.g., fluid-structure
interactions (fluid conveying flexible pipes).

~> Especially powerful for continuum systems (infinite dim. configuration manifolds)
Q =Diff(2), Q=Emb(QR’), Q= C>([0,L],SE(3)),
~» Has a spacetime version (field theory), naturally related to multisymplectic geometry.

~>  multisymplectic variational numerical integrators.
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Question: how can we extend these variational formulations to nonequilibrium
thermodynamics?

e Various variational principles related to nonequilibrium thermodynamics:
Principle of least dissipation , ;
Principle of minimum entropy production ,

And others: , , ,

many others.......

e Important works on the geometric formulation of irreversible processes
~» Bracket formalisms: , , e
~» Contact structures and port Hamiltonian systems:

i '

Our goal: develop a variational formulation that:
— Produces the complete set of evolution equations of the thermodynamical system
— Recovers the Hamilton principle “in absence of irreversible processes” .

WARNING: in this talk:
— we only consider the macroscopic description
— we only present the geometric formalism, not the geometric modeling based on it

(see FGB [2017], Variational modelling of moist pseudo-incompressible atmospheric thermodynamics)

Francois Gay-Balmaz (CNRS-ENS-PARIS) Nonequilibrium thermodynamics



PLAN:

1. Thermodynamics of discrete systems

2. Geometric structure of the variational formulation

3. Dirac structures in nonequilibrium thermodynamics

4. Geometry of continuum systems

5. Viscous and heat conducting multicomponent reacting fluid

(6. Moist atmosphere thermodynamics)

Francois Gay-Balmaz (CNRS-ENS-PARIS) Nonequilibrium thermodynamics



1. Thermodynamics of discrete systems

1.1 Simple discrete sytems:

Definition (Stueckelberg):

@ A simple system X is a macroscopic system for which one (scalar) thermal variable
7 and a finite set of mechanical variables are sufficient to describe entirely the
state of the system.

Second law of thermodynamics ~» we can always choose 7 = S.

@ A discrete system X is a collection £ = UN_, ¥4 of a finite number of interacting
simple systems X 4.

(A) Example of simple discrete systems:
Example 1: piston

ext
Py

% z:e)d,
Y

2 ideal gas confined by a piston in a cylinder
P o state variables: x, x, S
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Example 2: matter transport

Jemprane Two reservoirs k = 1,2
One chemical Reservoir 1 [f] m [7] Reservoir 2 one membrane k =m
component o || . Number of moles N9, k =1,2, m
S A A state variables: NV, N® N 5
0 Hm) Ha) JD flux " reservoir 1 — membrane”
: ° : J® flux "membrane — reservoir 2"

Example 3: chemical reactions

System of K chemical components A =1, ..., K undergoing r chemical reactions
a=1,..,r:
ZVAA = ZI/NZA7 a=1,..r,
2) A

a(1), a(z): forward and backward reactions associated to the reaction a
el

V"%, V'a: forward and backward stoichiometric coefficients for A in reaction a.

e.g., photosynthesis: 6CO2 + 6H20 — CgH1206 + 602
6 carbon dioxide + 6 water — 1 glucose + 6 oxygen.

state variables: S and Na, A=1,...K.
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(B) Example of non-simple discrete systems:

Example 1: the adiabatic piston problem

The adiabatic piston problem:

- Two fixed cylinders, one adiabatic movable piston
- A brake maintains first the piston at rest
- Each two fluids are in equilibrium with
p1(0), T1(0), V1(0) and p(0), T2(0), V2(0)
- The brake is released:
~ find the final equilibrium state

state variables: x, x, S1, S

o the laws of thermostatics cannot predict the final equilibrium state,
v =0, pA; = pAz, Ui(51,x) + U2(52,D — £ — x) = E

Historically relevant problem: various answers for the final temperatures:
e Dynamical equations of nonequilibrium thermodynamics ~ the final equilibrium state can be uniquely

predicted. (The similar problem with a diathermic piston is straightforward)

Example 2: a non-simple electric circuit.
5 .

R resistor, C capacitor,
L inductor, V voltage source
state variables: q;, ¢;, S;, i =1,2,3.
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1.2 Variational formulation for simple discrete systems:

Theorem (Simple systems, friction only)

Consider a simple closed system: L: TQ x R —» R, F*t Ff': TQ x R — T*Q, Pgt.
e Suppose (q(t), S(t)) satisfies
t ty
5 L(q,q, S)dt+/ (F™%(q,q,S),6q) =0, VARIATIONAL CONDITION
ty

ty

with nonlinear nonholonomic constraint
oL : C fr . : ext
E(q, q,5)S = <F (9,9,S), q> — P*, PHENOMENOLOGICAL CONSTRAINT

and with respect to variations q and 6S subject to

%(q, g,5)8S = <Ffr(q, g, S),6q>, VARIATIONAL CONSTRAINT

with §q(t1) = dq(t2) = 0.
e Then, the curve (q(t), S(t)) satisfies the evolution equations

—— — — =F"q,4,5)+ F™(q,4,5),
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e Inclusion of matter transport
Thermodynamic affinity (force) for matter transport:

ou

Hk) = Ny . chemical potential of substance in reservoir k

Define the thermodynamic displacements V() such that W(k) = (k)

e Inclusion of chemical reactions
Thermodynamic affinity (force) for chemical reactions:

R

. .. . a a

A? = — E vap® : chemical affinity of reaction a, v3:=v"3 — 1'%
A=1

Define the thermodynamic displacements v, such that v, = A?.
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Theorem (Simple systems with friction, matter transfer, & chemical reactions)

Consider a simple closed system with - Lagrangian L : TQ x R x RKXr s R
- External force and heat power FE** : TQ x R x RKXr 5 T*Q, F’eXt
- Fluxes F™ : TQ x R x RKX" — 7*Q and J$), J&®) . 7@ x R x RKX" 5 R.
Suppose (q(t), S(t), N<k)(t) (t), (t)) satisfies
2 (k) 2 VARIATIONAL
5 (L .4, 5, {nR)y Wiy N )dt <F‘*x“,5>:o,
'/fl (@45, {N;") + Z i Juy g CONDITION
with nonlinear nonholonomic constraint: PHENOMENOLOGICAL & CHEMICAL CONSTRAINTS
f: 1 il 2 fr (k) 3 5 v
*5 = <F Ya)+ Z (47 W) = Wimy) + ID Wy — W) )*ZJ T0lg =P 5y = 2 VAW,
I
fnctlon
matter transfer chemical reaction chemical constraint
and with respect to variations 6q, 6S, 6N/(‘k), JW(/:(), 6u(ak) subject to VARIATIONAL CONSTRAINTS
g (2) T (k)
it (1) 2 A A
—55 (F* 8a) + > (S 6Why — W) + SD Wy — 5w ) + D 45" Wy, ZuAaw
N——  A=1 k,a
virtual friction
virtual matter transfer virtual virtual
chemical reactions chemical constraint
Then,...
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Then, the curve (q(t), S(t), NE\k)(t)) satisfies

d oL oL . .
= mechanical equation

oL Ob _ pext  pfr
dt 9 oq +

I-V/(ql) :Ji\l)-s-Jafr(l)Vfw A=1,..,K

/'V/(q"") = _Jx(al) + Jf) o Jafr (’”)yfh A=1,..,R reaction-diffusion equations

NP = —J@ 4+ @ A=1,., K.

TS = _<Ff",q> 4 JE\I) (:“‘(Al) _ IL(Am)) + JLZ) (IL(Am) _ Né)) _ Jgr(k)A(ak) — Pﬁ"t thermal equation.
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1.3 Variational formulation for (non-simple) discrete systems:
Recall: closed discrete system ¥ = UN_ ¥4, 4 simple systems, entropy variables S.

- Internal heat power exchange
Pi~" = kas(q, S, S°)NTP = TH),

rag = kBa > 0 heat transfer phenomenological coefficient.
- Mechanical analogy: ~+ suggests to write Tg = I'g.

Define the thermodynamic displacement [z such that s = Ts.

- Such a variable has been considered!! .
- Introduction of ['4 ~ introduction of X a: in entropy units (clarified in the continuum

case), X4 entropy source.
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Theorem (Discrete systems - friction & heat conduction only)

Consider a closed discrete system with L, Fext—A  Fir(A) Pﬁ_’A, and KaB.
o Suppose (q(t), Sa(t),TA(t), Za(t)) satisfies
& . & VARIATIONAL
a o A ext —
5/t1 (L(q. @ S1.....Sw) ICE )t + /t (F,5q) =0,  VARATIONA
with nonlinear nonholonomic constraint:
oL . fr(A B A exts A PHENOMENOLOICAL
OSa Ta= <F ,q> Z ras(F? =) — Pj o A CONSTRAINT
and with respect to variations 8q, 6Sa, 6TA, 6% 4, 61/(3,() subject to
N
oL fr(A B A VARIATIONAL

9S4 0ra= <F (), 5q> B BE_:IKAB(M — o), VA, CONSTRAINT
e Then (q(t), Sa(t)) satisfies

doL oL & L . oL

— = Fi(A) 4 pext T Sa=34+0, 6Sp: M=———

dt9q  oq g + ASEat A a5,

N
oL oL oL
5 ,_—fr(A)7 : < _ ) _ PextﬂA’ VA,
0S4 < q> N 52:1 AB 0Sg 0S4 H
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2. Geometric structure of the variational formulation

e In thermodynamics the phenomenological constraint is nonlinear.
Example: for simple systems given by

{0659 € T@xR) | §e(0.0.5)5 = (F(@.0.5).4) } < T(@xR)

with associated variational constraint:

59,65 such that gs(q q,5)8S = <F“(q,q, 5),5q>
e In mechanics, nonlinear constraints C C TQ have been considered:
. Lagrange-d'Alembert principle? Associated variational constraints?

- For Chetaev: if C ={(q,v) € TQ | R(q, v) = 0}, then

0q such that g—lj(q, v)-dg=0

- Simple examples show that Chetaev’s rule cannot be used in general (e.g., for some

systems in obtained as limits of linear constraints, already observed in
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- considers the kinematic constraint Cx and the variational constraint Cy

as independent objects.

- Variational setting in ,

kinematic constraint Cx C TQ: a submanifod
variational constraint Cv C TQ X TQ such that

Cv(g,v):=CvN({(g,v)} x T4Q) are vector subspace of same dimensions

- Principe of virtual work

d

de

T
. d . .
/ L(q57 qf)dt = 03 Where 6q = -0 qE € CV(C], q) and (qa q)E:O € CK
e=07/0 de e=0

- Equations of motion

. a- 7q S CV(q7q)O7 (q7 Cl) S CK
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(1) Mechanics with linear nonholonomic constraints
CK =A ~ C\/ = TQ XQ A i.e. Cv(q7 V) = A(q)

~> Energy preserving

(2) Chetaev's approach:

Ck = {(q, v) € TQ | Rx(q, 4) = o} ~ Cy= {(q, v,8q) | %(q, v)-8q = o}

Recovers (1) if Ck linear

~> Not energy preserving in general

(3) Thermodynamics of simple and isolated systems without matter transfer and

without chemical reactions: Q@ ~ Q x R,
CvCT(QXR)Xgxr T(QXR) ~ Cx C T(Q xR)

Converse to Chetaev!!

Also mathematically recovers (1) (with @ — Q x R) if Cv does not depend on v
(forbidden by the Second Law!!).

~> Energy preserving (First Law).
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3. Dirac structures in nonequilibrium thermodynamics

3.1 Dirac structures
An (almost) Dirac structure on a manifold M is a vector subbundle D C TM & T*M
such that D = D, where D" is the orthogonal of D relative to the natural pairing

((u, @), (v, B)) = (B,u) + (a, v)
Standard examples: graph of a 2-form w or a 2-vector field A:
D, ={(X,ixw) | X € TM} and Dp = {(iaN, @) |a € T*M}.

Integrability:
< D satisfies the condition
[F(D),F(D)] c T(D).
relative to the bracket on I'(TM @ T*M):
[(X1, a1), (X2, a2)] := ([X1, Xa], £x,02 — Lx,00 + d (a1, X2)) (= w closed, A Poisson)
& D satisfies the condition
(Lxy 02, X3) + (Lxy03, X1) + (Lxzo1, Xo) =0, forall (X;, a;) € F(D)

< (D, pry |p,[,]) is a Lie algebroid = pry(D) generates a presymplectic singular foliation.
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3.2 Dirac structures in nonholonomic mechanics

e Application to nonholonomic systems and circuits from a Hamiltonian point of view:
e Lagrangian side and relation with variational structures:

Nonholonomic mechanics: distribution Ag C TQ (e.g. rolling constraint).

~» need a Dirac structure on T*Q ~» lifted distribution on T*Q:
Areq:=(T7m) ' (M) C T(T'Q), me:T"Q—Q
Loca”y: AT*Q = {V(q,p) - (q7P» qvp) ‘ q € A(q)}
~» induced Dirac structure Da, on T*Q:
DAQ(Pq): {(Vogs apy) € T, T°Q x T;q T°Q| Vp, € AT+Q(pg), and
oy (Wpy) = Q7+0(Pg)(Vay, Wp,) for all wp, € Ar=0(pq)}-

Locally:
Dag(a,p) = {((q,p,4,p),(q,p;c,u)) | g € A(q), u= g, and a+p e A(q)°}.

Integrability: Da, integrable if and only if Agq is holonomic.
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3.3 Dirac dynamical systems

Q configuration manifold of the mechanical system; Ag C TQ distribution constraint;
— L: TQ — R Lagrangian;

—E:P=TQ® T"Q — R generalized energy; E(q,v,p) = (p,v) — L(q, V)

= If L hyperregular: H: T*Q — R; H(q, p) = (p,v(q,p)) — L(q,v(q, p))

Ag ~ Dap, CT(T'Q@&T(T'Q) and Da, C TP&T'P

W Lagrange Dirac system: (((t), 5(£)), doL(q(£), w(t))) € Da,. o(a(2), (1)),
where doL: TQ — T*(T*Q), doL(q, v) = (q, %,—%;,v)

W Dirac system on P: ((4(t), ¥(t), p(t)), dE(q(t), v(t), p(t))) € Dan(a(t), v(t), p(1)).

B Hamilton-Dirac system: ((§(t), p(t)),dH(q(t), p(t))) € Da,.o(q(t), p(t)).

e All these systems are implicit differential-algebraic equations which imply the
Lagrange-d'Alembert equations for nonholonomic mechanics;

e We shall show similar Dirac formulations of thermodynamics at two levels:
“mechanical” and “thermodynamical” symplectic forms.
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NEXT STEPS

(1) A general class of constraints of thermodynamic type
(Cv C TQ xXg TQ~» Cx C TQ, converse to Chetaev)

(I1) Dirac formulations for this general class

(111) Application to thermodynamics:

Q=QxR;

Cy = "variational constraint of thermodynamics”;

Qr+g = dq' A dp; + dS A dA: “thermodynamical” symplectic form

(IV) Dirac formulations based on the “mechanical” symplectic form
Qr«q = dq' A dp;

Geometric structures in thermodynamics:

e Equilibrium thermodynamics: mainly studied via contact geometry, following
and , by ' '

Contact manifold = thermodynamic phase space )

Contact form = Gibbs form, 6 = dxg — pijdx’, xo energy, (x', p;) conjugated ext./int. variables.
Thermodynamic properties are encoded by Legendre submanifolds.

e Step towards a geometric formulation of irreversible processes:

, , ... by lifting port Hamiltonian systems to the
thermodynamic phase space.

Underlying geometric structure: contact form.
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3.4 Nonlinear constraints of thermodynamic type

Definition (Constraints of thermodynamic type)
Constraints Cy C TQ xgo TQ and Cx C TQ such that

CK = {(q7 V) €TQ | (q7 V) € CV(q7 V)}

Associated Lagrange-d'Alembert equations:

(a(1), 4(t)) € Cv(q(t), 4(t)) and 4o 0g < Cv(q(t), a(1))°,

3.5 Induced distribution
CyCTQAxo TQ ~r Ap on P=TQaT"Q

Ap(q,v,p) = (T(q’v’p)ﬂ(p’g))il (Cv(q,v)) C T(qv,pP, forall(q,v,p)€P.

Locally:

Ap(q,v,p) = {(q,v,p,0q,0v,0p) € T(q.v.»)P | (4:09) € Cy(q,v)}.
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3.6 Induced Dirac structure

e Presymplectic form wp := 7(p 7+ 0)Q27+0 on P induced from Qr«g on T*Q by
(P, T*Q) - P—TQ.

e Distribution Ap C TP

~» induced Dirac structure

Dap(x):={(v,ox) € TP x T;P | w € Ap(x) and

(o, W) = wp (x) (v, wy) for all wy € Ap(x)},

3.7 Dirac formulation on the Pontryagin bundle
Lagrangian L: TQ — R;
Generalized energy £ : P — R, £(q, v, p) := (p,v) — L(q, v).

Dirac system: ((q, v,p,q,v,p),dE(q, v, p)) € Da,(q, v, p) is equivalent to

oL . . oL o
75:07 v=4q, piiecv((bv)

(g,9) € Cv(q,v), p 94
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3.8 Case of thermodynamics of simple systems
— Given are

L=1(q,v,S): TQxR—R and F":TQxR— T*Q.

— Choose:
Q:=QxR>(q,S)

Cv f{(q,S v, W,§q,05) € TQ xo TQ ‘ 95 (g,

v, 5)0S = <Ffr(q, v, S), §q> }

(codimension one submanifold)
— Determine: Ck from Cy as above:

Ck = {(q,S v,W)eTQ ‘ 9% (q,v,S)W <Fff(q, v,5),v>},

~~+ gives the phenomenological constraint for simple systems: OK!!
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Theorem (Dirac formulation of the thermodynamics of simple systems)
Consider a simple system with L = L(q,v,S): TQ xR = R and F" : TQ xR — T*Q. Then

the following statements are equivalent:
@ x(t):= (q(t),S(t),v(t), W(t),p(t),A(t)) € P satisfies the Dirac dynamical system
((x,x),dE(x)) € Da,, (x).

@ x(t) := (q(t),S(t), v(t), W(t), p(t),A(t)) € P satisfies

(b0~ e ate). (o). S(1) ) g (a(o), v(2). (1)

- - (A(t) — 2 (o), (o), S(r))) F* (a(e), (8), 5(2), "
o (3l v )= (F*(a(), v(8), 5(9), 4()) ,
p() = 20 (a(0) V(D) S), A =0, W) =a(D), W(H)=3().

Moreover, system (1) implies the evolution equations for the thermodynamics of simple systems

56 (a(6),8(6),S() = 52 (a0, () S(6)) = F(a(0) 4(0). S(2),

2% (a(8),4(0), S)3(5) = (F*(a(1), (1), 5(1)), (1))

Nonequilibrium thermodynamics
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3.9 Other Dirac formulations of nonequilibrium thermodynamic

Formulation based on Q7.g = —dOr.g = dq’ A dp; +dS A dA

0p = 7(p 1.0)Or-0 = (p.da) + (A.dS) .

Ap CTP,

P=TQxoT"Q
910 = mir-,1-qO1-0 = (p.da)

((6.$. 6. W, ), dE(q. S, 0. W.p, A)) € D (0. 5,0, W.p. A)

Areg CTT*Q,

T(P,TQ)
((4:8.5.4).dH(q.S.p.A)) € D, o (4. 5., A)

T(P,M)

Or-0 = (p,dg) + (A.dS),

Arg CTTQ.
TO ((3.8.9.A).dpL(q. 5.0, W)) € Da,. . (4.5.p. A)
Ot =757y O1-@ = (poda)
! Ay CTM,
E y‘\
. (T Q.N) \ '
»°

L
((4,5.0,). dE(g, 5, v,p)) € Da, (4.5, v.p)
A
" T(M,N) FLs L B
R<——— N=T'QxR TQ xR ——————>
T(M,Q)
On = Tin )01 = (p.da) . o On = 7{n1-)O10 = (P dg),
Ayx CTN, Ay CTN,

((4.$.p),dH (g, S.p)) € Day(q.5.p) 0-QxR

Francois Ga

((@5.5),dpL(a, 5,v)) € Day(4.5.p)

Formulation based on Q.o = —dOr-q = dg' A dp;
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INTERMEDIATE SUMMARY

Finite dimensional thermodynamical systems: simple and non-simple
systems;

Fundamental examples: piston problem, membrane transport,
chemical reactions;

Variational formulation for simple systems:
inclusion of matter transport & chemical reactions
~> thermodynamic displacements W and 1°.

Variational formulation for (non-simple) simple systems:
inclusion of heat conduction ~» thermal displacement .

Constraints set in thermodynamics: Cy ~» Ck (converse to Chetaev)

Underlying geometric objects: Dirac structures:
CvCTQ®T'Q ~ ApCTP ~ Dp, CTPOT'P

((x,)'(),dé’(x)) € Da,(x), x=(q,S,v,W,p,A) P
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4. Geometry of continuum systems

4.1 Geometry of continuum mechanics

- Configuration space: @ = Emb(B,S), B compact with smooth boundary;
dimS = dim B (often S =B or S = R").

- Motion: ¢(t) € Emb(B,S)
x = p(t, X), X*: material coordinates; x” spatial coordinates

- Reference fields: pref(X), Sret(X), Grer(X), and others
- Spatial fields: g(x), .....
- Lagrangian: L: T Emb(B,S) — R, general form

L(p,$) = /B (. 6. DP)jicn

1 .
= /B |:§pref|$0‘§,ufGrcf - E(D@y Pref Sref, Gref)l’LGrcf - Prer(SO) HGer
- Boundary conditions:

I) free boundary I1) fixed boundary: e.g., S = B - no slip: ¢|os = id ~ Q = Diffo(S)
- tangential: Q = Diff(S)
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4.2 Hamilton’s principle in reversible continuum mechanics

- Equations of motion: Hamilton's principle

2]
5 / Lip.¢)dt =0, 6p(0) = 6p(T) =0, Splos = ..

Jt

D¢ ons ons
~ prcfﬁf = DIV P 4 prCchons’

OE fle

P := | —— | : Piola-Kirchhoff stress tensor
oDy

B := —(dV o ¢)*: material body forces

-P(X): TxB x T;S — R a two-point tensor field;
-DIVP? = P s = PA, o+ PLT1, — PAAL,0" a, relative to Gyt and g
- D/Dt relative to g.

- Boundary conditions:

1) P™(N°¢,_) =0 on B I1) nothing or P™(N’¢, _)|795 =0 on OB
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- Spatial representation:
Assume right invariance w.r.t. isotropy subgroup of the reference fields.
Define the spatial fields

p = Y« pref Mass density

b:= ¢.(G’

ref

) Finger deformation tensor

s 1= p.«Srer spatial entropy

~> spatial Lagrangian

1
wopesit) = [ ol — o) = v s
s
- Equations of motion
p(Ov + v - Vv) = div o™ 4 pb®™s, balance of momenta

Oip +div(pv) =0, 0Ois+div(sv) =0, 9:b+ L,b=0, continuity equations
o — _ ﬂ+a_cons —c— ﬁ_s& ogons — 2 % b s
= —pg el p= Pap 857 el - ab
Variational principles:

Free boundary & nonlinear elasticity:
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5. Viscous and heat conducting multicomponent reacting

fluid

A fluid of K chemical components subject to the irreversible processes of:
@ Viscosity
@ Heat conduction
@ Diffusion
@ Chemical reactions

~+ Extend the approach developed for matter transport and chemical reactions:

Membrane
—
Reservoir 1 [7]  m  [] Reservoir 2
One chemical ag)
component ° a a
. . ‘ / Jhire "
\ o 70 and ZAZ/ AA — E Ay AA

.
.
.
L

(2

~» Define the thermodynamic displacements:

WA(t, X) with WA = pA and  v7(t, X) with &2

<
I
=
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- Lagrangian: L: T Emb(B,S) x F(B)" x F(B) — R, general form

, 1. .
L(§07 @, 0A, 5) = / |:2Q|¢|2/'[/Grcf - E(D§07 0A, S)N'Gmf:| , QA mass denSIty Of A
B

- Variational principle:

tr . )
5/ (L(%¢, 04, S) +/ oaW g, +/(5 - Z)Fucmf> dt =0
t1 B B

Phenomenological constraint: analogy with the discrete case:

%i/\ = <Ffr(A), c']> friction /viscosity g—?): =—-PF": vy

N

+ Z (Sl heat conduction +Js- VI
B=1
N

+> (JN)sWE  diffusion +J4- VWA
B=1

+ J8 chemical reactions + J8

—oR — pr

Variational constraint: O ~ 60
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Theorem (Variational formulation for multicomponent reacting fluids)

The variational formulation
t . .
6/ |:L(SD7 Sbv QAv S) +/ QA WA/‘I‘Grcf + / (S - Z)r/"‘Grof:| dt = 07
t1 B B

with no-slip boundary conditions |op = id,

%t: —(P™) : VEG + s - VI + Ja- VWA + 1" — pretR,
%52: —(P™)’ : V&S + Js - VoI + Ja- VWA + L6017,

and ol s =0, 6WA|33 = 0 yields the multicomponent reacting fluid equations

DV L
pret 5, = DIV(P™™ + P™) 4 pretB™, V=¢, ¥ =5+DIVIs

QA + DIV oA = _/al/f\
(5 + DIV Is) = (PF)’e : V8V — J5 - VE — Ja- VT2 + LA + pretR,
Moreover: 6T |os, 5WA\85 free = Js - Nbc\as =0,Ja- NbG|aB:o.

If in addition pret R = 0, then the fluid is adiabatically closed.
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- spatial (Eulerian) representation:
reduction by symmetry of the variational formulation.

Eulerian variables:
v=pop l, pa=oaop Ut s=Sop lU}
Eulerian thermodynamic displacements:
UZ):ogp_ngl, ¥ = rocp_l, wh = WAogp_l7 vi=v'op .
Eulerian thermodynamic fluxes:
ot = "(c,o*lz’fr)"J;l7 js = (ng*Js)J;l7 ja = (cp*JA)ngl7 Jja:=Jao gpflJ;:l
Eulerian phenomenological constraint:

0L

gi =—P":Vy viscosity 5D =— o Vu
+Js- VI heat conduction +js - VDyy
+J4-VW?*  diffusion +ja- VDw*
+ .8 chemical reactions + jaDsv?
—oR — pr, r::Rogo*1
Variational constraint: DO ~ DsOl
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Theorem (Eulerian version)

The variational formulation
o
5/ {é(v,pA,S) + / paDew” g + /(s - G)Drwg] dt =0,
ty S S

with no-slip boundary conditions v|ss = 0, and with phenomenological and variational
constraints

ov = 0:¢ + [¢,v],
O Beor = —(o™ )% : V8w + js - VDey + ja - VDew? + jo Do
Ps o =—(0")%: Vv +js - ey + A W + JaDev” — pr,
ol = i . . . g
@DW = (o)’ : V¢ +js - VDsvy +ja- VDsw” + joDs1?,

and 67|as = 0, w?|ss = 0 yields the multicomponent reacting fluid equations
p(Bv+v-Vv) = —gradp +dive™, p= aaTEApA + s —e,

Orpa + div(pav) + divja = java,

T(0:s + div(sv) + divjs) = (™)’ : Defv — js - VT —ja- Vi + joA* + pr,
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- Thermodynamic phenomenology: Linear case:
thermodynamic affinities ~ thermodynamic fluxes
Positive quadratic forms & Onsager’s reciprocal relations & Curie's principle.

@ Vectorial processes of heat conduction (Fourier law), diffusion (Fick law) and their cross
effects (Soret (Las) and Dufour (Lsp) effects):

_|is| _|£ss Lsg| | VT
ia Las Lagl| |VuB

Mass conservation MAjs = 0 imposes MAL s = MAL g = 0.

@ Scalar processes of bulk viscosity and chemistry and their possible cross-phenomena.
Tr O'fr _ ,Coo 'C'Ob % divv
Ja Lao  Lap Ab

(0)©) = 24(Def vie)(©

@ Tensorial process:

The associated friction stress reads
1 2 1
o™ =2, Defv + (aﬁoo — 5”) (divv)gh + gﬁot,Abgﬁ,

> 0 first coefficient of viscosity (shear viscosity);

¢ := 1Lgo > 0 second coeff. of viscosity (bulk viscosity, notoriously difficult to measurel)
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Conclusion |

@ We established a variational derivation of the nonequilibrium
thermodynamics of discrete and continuum systems.
(Macroscopic description!!!)
@ Extension of Hamilton's principle to incorporate irreversible processes
(viscosity, heat conduction, diffusion, chemical reaction, phase changes, ...)
@ For continuum systems: analogy with discrete systems ~+» work in
Lagrangian description
Eulerian formulation is obtained by reduction by symmetry
@ How does it work?
given thermodynamic fluxes J, and thermodynamic affinities X
1) Define the thermodynamic displacements: A%, with A% = X<
2) Compute the critical points w.r.t. constraints (Cx and Cy)

a—éi = ;Ja/\a + Pt —52 Z Jo 6N

3) Get the complete set of evolution equations (mechanical equations,
reaction-diffusion, thermal equations, ...)
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Conclusion Il

Can we use temperature as the independent variable in the variational
formulation?
~» Yes: Free energy Lagrangian formulation ( )

Is there a geometric object underlying this variational formulation?
~> Yes: Dirac structures (based on the "mechanical” or "thermodynamical’
symplectic form)

Does it allow for the development of a reduction theory in thermodynamics?
~» Yes: such reduction extends the various Lagrangian reduction processes
used in classical mechanics

Does it allow for the development of a variational numerical integrators in
thermodynamics?
~> Yes: in development ( ).

Useful for modelling?
~+ Yes: e.g., meteorological applications: consistent inclusion of irreversible
processes in the various approximations of atmospheric dynamics

( )-
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Thank you
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6. Moist atmosphere thermodynamics

6.1 Atmospheric circulation dynamics

Atmosphere of Earth = 1) dry air (ideal gas)
2) water in three phases:
— vapor
— liquid: in suspension (clouds) & precipitating
— solid: in suspension (clouds) & precipitating
3) aerosols: solid and liquid particles in suspension
(other than water)
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Earth atmosphere = multicomponent and multiphase fluid with the irreversible processes
of:

@ Precipitation
@ Phase changes
@ Chemical reactions
@ Viscosity
@ Heat conduction
@ Diffusion
In absence of precipitation, ice phase, and aerosols

pa (dry air), pv (vapor), and p. (couds)
Continuity equations:

Oepd + div(pav +ja) =0, Oepv +div(pyv +jv) = ju,  Oepe + div(pev) = e,
with jo +j, =0 and j, +jc = 0

(jv + je # 0 if the precipitating component is considered).
v<0:v—oc, jy>0c—v)
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6.2 Variational formulation - Lagrangian description
Variational condition:
T . .
5/ / (£+ 3 oW +(572)r)u6‘,9f dt =0,
Jo JD k=d,v,c
subject to the phenomenological constraint

0Ly _ _ptr, Vo+ds-Vi+ Y (di- VWi + JWe)
95 k=d,v,c

and with respect to variations d¢p, dS, 0%, oI subject to the variational constraint

0
£5Z=—Pfr:V5QD+J5-V5r+ Z (Jk'V5Wk+Jk5Wk)
95 k=d,v,c

and with 5@(&) = 6F(t,) = 5Wk(t,') =0,i=12.
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6.3 Variational formulation - Eulerian description

Variational condition:

;
5/ / (¢ + paDewd + pyDew, + pcDewe + (s — o) Dyy) pg dt = 0,
0 D

subject to the phenomenological constraint

oL - ) . .
—Dio=—0" Vv +js- VDyy + Z (i - VDewy + ji Dewy)

0s
k=d,v,c

and variational constraint

oL - ) . . .
—-Dso = =" : V¢ +js- VDsy + Y (i - VDswi + jkDswi)

Js
k=d,v,c

Note: e specific internal energy of moist air:
U=qg4CudT+aq(L(T)—R,T)+ (g +q)CT
Pk

:quvdT+qv(vaT+L00)+ch/Tv qk:?

e specific latent heat of vaporization:
L(T)=L,(To)+(Cov — O)NT = To) =Loo + (Cov — )T

e specific heat capacities: Cyi, Cpok.
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6.4 Thermodynamic phenomenology
Internal entropy production:

1 ] . e . Mk
| = 7( fr . — e - T — VEE = )
S CARRA A SR Y > (i Vo ﬂkmk)
k=d,v,c
- vectorial and scalar processes:
vT Ldivv
¥ Lss Lsg v e Tr ‘Tfr Loo  Log 3 uI:/
~ ) = |Las Laa ? , —d Lao Lad ?
Jv v,,T‘: —Jv mi‘;
Jc V,’;‘ —Jc :TLTZ
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6.5 Explaining entropy production considered in meteorology
Vectorial processes usually expressed in terms of:
- sensible heat flux ji = T(js — > nkjk);

H vT 2]
- thermodynamic forces “+- and (V&)

o VT 3 e (V)

k=d,v,c
Define the positive definite matrix
T —Tng —Tn, —Tnc
0 1 0 0
A=MLM", for M=
e 0 0 1 0
0 0 0 1
Then
:h yvT
.!s Ass  Asd VZ"
— Ja| Ass  Agd ( E)T
iv (VE)T
Je (VES)r

S
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Assume j. =0, jg =0, and hence jg+j, =0and j, +j. =0

1 1 v . v Cc
'\»I:—(a'fr:vaj?—VTfjWV(ﬂ—fﬂ) *jv(uf*i))
T T m, myg/T m, mc

~» parameterization of the vectorial and scalar processes is of the form

]g Ass  Asv VT/T Trof Loo Loy %divv
] A Aw| V(BT | - Lo Lo |l —te |’

where Asv = Avs and Eov = —ﬁvo.

@ First phenomenological relation: processes of diffusion, heat conduction and
thermo-diffusion;

@ Second phenomenological relation: coupling of viscous processes and phase
changes.
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Case of moist air: we compute explicitly in terms of (p, T, g4, v, gc):

V(e By T(RVVPV ~ Ry V”d) and v le g T
m, my Pv Pd my me P (T)

where p*(T) is the saturation vapor pressure:
CPV_CI

T Ry Lo (1 1
* T) = L i
r=a(z) " w7 (5 7))
(pressure of the vapor at which it is in equilibrium with the liquid phase, at a
given temperature).

~+ for moist air, this form of entropy production recovers the one studied in
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Advantage of the variational derivation:

~» systematic way to derive and modelize atmospheric dynamics for arbitrary
state equations (non-perfect ideal gas, e.g. Venus)

~+ appropriate formulation for consistent parameterization of irreversible process
and their coupling (e.g., phase change + bulk viscosity + chemical reactions)

~» appropriate formulation for derivation of the effect of irreversible processes on
conservation laws, such as circulation theorems

d [ 10C 1 oL oL . .
E Ctpav'dx—fitp ;pkvaipk-i-st—‘rdIVU - dx.
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