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k = k

Q = (Q0,Q1, s, t) - finite quiver,

d = (di)i∈Q0 - dimension vector,

repQ(d) =
∏

α∈Q1
Mdtα×dsα(k) - affine space,

GL(d) =
∏

i∈Q0
GLdi (k) acts on repQ(d) via

(gi)i∈Q0 ∗ (Mα)α∈Q1 = (gtα ·Mα · g−1
sα )α∈Q1

OM = GL(d) ∗M .

OM is an (irreducible) affine variety, usually singular.

Let N ∈ OM (N is a degeneration of M).

Problem
Describe the tangent space TN,OM

.
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Grzegorz Zwara (Toruń) Tangent spaces to orbit closures for representations of Dynkin quiversSeptember 5, 2017 2 / 15



k = k

Q = (Q0,Q1, s, t) - finite quiver,

d = (di)i∈Q0 - dimension vector,

repQ(d) =
∏

α∈Q1
Mdtα×dsα(k) - affine space,

GL(d) =
∏

i∈Q0
GLdi (k) acts on repQ(d) via

(gi)i∈Q0 ∗ (Mα)α∈Q1 = (gtα ·Mα · g−1
sα )α∈Q1

OM = GL(d) ∗M .

OM is an (irreducible) affine variety, usually singular.

Let N ∈ OM (N is a degeneration of M).

Problem
Describe the tangent space TN,OM

.
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We know that
dimk TN,OM

≥ dimOM ,

and the equality means OM is nonsingular at N .

Here,

dimOM = dimOM = dim GL(d)− dim AutQ(M)

=
∑
i∈Q0

(di)
2 − [M ,M],

where
[U ,V ] := dimk HomQ(U ,V ) .
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Degenerations and A-R quivers
Let M ,N ∈ repQ(d). When N ∈ OM?

If 0→ τL→ W → L→ 0 is an A-R sequence, then

[L,N]− [L,M] = [N , τL]− [M , τL],

and we attach this integer to the corresp. mesh in A-R quiver ΓQ :

δ = δM,N :

mesh

w1

%%
τL

88
//
&&

.

.

. // L

wn

99 in ΓQ

→ Z.

Lemma

N ∈ OM =⇒ δM,N ≥ 0.

Theorem (Bongartz)

⇐⇒ if Q is a Dynkin or an extended Dynkin quiver.
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Example

Q : 1 2oo 3oo , d = (1, 1, 1).

For U = k k
[1]oo k

[0]oo , V = k k
[0]oo k

[1]oo ,

δU,V :

•
��

•

??

��

0 •
��

•

??
1
•

??
−1

•

For M = k k
[1]oo k

[1]oo , N = k k
[0]oo k

[0]oo ,

δM,N :

•
��

•

??

��

1 •
��

•

??
1
•

??
1
•

Hence N is a degeneration of M .
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Given a function
δ : {mesh in ΓQ} → Z,

we can recover the pair (M ,N) of representations with δ = δM,N and
dimM = dimN , up to a common direct summand:

a c

b3

b1
b2

L

multN(L)−multM(L) = a − (b1 + b2 + b3) + c .

(U ⊕ V ) ∈ OW , for any short exact sequence

σ : 0→ U → W → V → 0;

we define δσ := δW ,U⊕V .
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Subscheme CM
Let M ∈ repQ(d). Given a representation L, the condition

[L,X ] ≥ [L,M], X ∈ repQ(d),

can be expressed in terms of rank of a matrix with entries in
k[repQ(d)].

Thus minors of “correct” size are polynomial functions
vanishing on OM . All such minors, taken for each indecomposable L,
define a closed GL(d)-subscheme

OM ⊆ CM ⊆ repQ(d).

Reformulating Bongartz theorem:

Corollary

(CM)red = OM if Q is a Dynkin or an extended Dynkin quiver.
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Tangent spaces
Assume N ∈ OM .

Then

TN,ON
⊆ TN,OM

⊆ TN,CM ⊆ TN,repQ(d),

and consequently,(
TN,OM

/TN,ON

)
⊆ (TN,CM/TN,ON

) ⊆ Ext1
Q(N ,N).

Theorem (Riedtmann-Zwara)

TN,CM/TN,ON
= E(N ,N),

where E(−,−) is a k-subfunctor of Ext1
Q(−,−), defined by

[σ]∼ ∈ E(V ,U) ⇐⇒ supp(δσ) ⊆ supp(δM,N).

Grzegorz Zwara (Toruń) Tangent spaces to orbit closures for representations of Dynkin quiversSeptember 5, 2017 8 / 15



Tangent spaces
Assume N ∈ OM . Then

TN,ON
⊆ TN,OM

⊆ TN,CM ⊆ TN,repQ(d),

and consequently,(
TN,OM

/TN,ON

)
⊆ (TN,CM/TN,ON

) ⊆ Ext1
Q(N ,N).

Theorem (Riedtmann-Zwara)

TN,CM/TN,ON
= E(N ,N),

where E(−,−) is a k-subfunctor of Ext1
Q(−,−), defined by

[σ]∼ ∈ E(V ,U) ⇐⇒ supp(δσ) ⊆ supp(δM,N).
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Theorem (Bobiński-Zwara)

Let Q be a Dynkin quiver. Then TN,OM
= TN,CM .

Let N1 6' N2 be indecomposable direct summands of N and

σ : 0→ N1 → W → N2 → 0

be a short exact sequence such that supp(δσ) ⊆ supp(δM,N).
We need to show that [σ]∼ ∈

(
TN,OM

/TN,ON

)
.

Lemma (1)

If δσ ≤ δM,N then [σ]∼ ∈
(
TN,OM

/TN,ON

)
.

Proof.

W =
[
N1 Z
0 N2

]
and N = N1 ⊕ N2 ⊕ N3. Consider the map

k → OM , t 7→
[
N1 t·Z 0
0 N2 0
0 0 N3

]
.
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σ : 0→ N1 → W → N2 → 0

be a short exact sequence such that supp(δσ) ⊆ supp(δM,N).
We need to show that [σ]∼ ∈

(
TN,OM

/TN,ON

)
.

Lemma (1)

If δσ ≤ δM,N then [σ]∼ ∈
(
TN,OM

/TN,ON

)
.

Proof.

W =
[
N1 Z
0 N2

]
and N = N1 ⊕ N2 ⊕ N3. Consider the map

k → OM , t 7→
[
N1 t·Z 0
0 N2 0
0 0 N3

]
.
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Case A and D4

Since N1 and N2 are indecomposable,

δσ ≤ 1 :
1

1
1

1

1
1

1
1

N1

N2

Thus
supp(δσ) ⊆ supp(δM,N) =⇒ δσ ≤ δM,N ,

and we can apply Lemma (1).
In fact, we have more general result:

Theorem (Lakshmibai-Magyar; Riedtmann-Zwara)

If Q is a Dynkin quiver of type A, then OM = CM .
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Case Dn, n ≥ 5

Assume supp(δσ) ⊆ supp(δM,N) but δσ 6≤ δM,N .
Hence δσ(m′) = 2, δM,N(m′) = 1 for some mesh m′, and δσ =

1 2 2 2 1
1 1 2 2 1 1

1 1 1 2 1 1
1 1 1 1 1

1 1 1 1
1 1 1

1 1
1

1 1 1 11 1 1 1

N1

N2

or

1 2 2 2 1
1 1 2 2 1 1

1 1 1 2 1 1
1 1 1 1 1

1 1 1
1

1 1 1 11 1 1 1

N1

N2

If dimk E(N2,N1) = 2, then [σ]∼ = [σ′]∼ + [σ′′]∼ ∈
(
TN,OM

/TN,ON

)

δσ′ :

1 1 1 1 1
1 1 1 1 1 1

1 1 1 1 1 1
1 1 1 1 1

1 1 1 1
1 1 1

1 1
1

0 1 0 11 0 1 0

N1

N2

δσ′′ :

1 1 1 1 1
1 1 1 1 1 1

1 1 1 1 1 1
1 1 1 1 1

1 1 1 1
1 1 1

1 1
1

1 0 1 00 1 0 1

N1

N2
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But if dimk E(N2,N1) = 1 and δσ =

1 2 2 2 1
1 1 2 2 1 1

1 1 1 2 1 1
1 1 1 1 1

1 1 1
1

1 1 1 11 1 1 1

N1
N2

we need a
new idea.

Lemma (2)

Let N = N1 ⊕ N3 ⊕ N2 ⊕ N4 and

η : 0→ N1
f−→ Y → N3 → 0

be a short exact sequence such that δη ≤ δM,N , so

ON ⊆ ON′ ⊆ OM ,

where N ′ = Y ⊕ N2 ⊕ N4. Then

f · [σ]∼ ∈
(
TN′,OM

/TN′,ON′

)
=⇒ [σ]∼ ∈

(
TN,OM

/TN,ON

)
for any short exact sequence σ : 0→ N1 → W → N2 → 0.
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Example for D5

M = M1 ⊕M2 ⊕M3 ⊕M4, N = N1 ⊕ N3 ⊕ N2 ⊕ N ′4 ⊕ N ′′4
σ : 0→ N1 → M2 ⊕M4 → N2 → 0,

δM,N : δσ :

1 1 1

1 1

0

1 1
1 1

N1 N2

N3

N′
4

N′′
4

M2 M4

M1 M3

1 2 1

1 1

0

1 1
1 1

N1 N2

M2 M4

Let Y ′ := τN ′4, Y ′′ := τN ′′4 and

η : 0→ N1

f =
(
f ′

f ′′

)
−−−−−→ Y ′ ⊕ Y ′′ → N3 → 0.
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N ′ = Y ′ ⊕ Y ′′ ⊕ N2 ⊕ N ′4 ⊕ N ′′5 and

δM,N′ =
0 1 1

1 1

0

0 1
1 1

Y ′

Y ′′

N2

N′
4

N′′
4

Pushouts of σ via f ′ and f ′′:

0 1 1

0 1

0

0 1
1 0

Y ′

N2 0 1 1

1 0

0

0 1
0 1

Y ′′

N2

Since δf ′·σ ≤ δM,N′ and δf ′′·σ ≤ δM,N′ ,
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Since δf ′·σ ≤ δM,N′ and δf ′′·σ ≤ δM,N′ , by Lemma (1),

f ′ · [σ]∼, f
′′ · [σ]∼ ∈

(
TN′,OM

/TN′,ON′

)
.

Thus f · [σ]∼ ∈
(
TN′,OM

/TN′,ON′

)
.

By Lemma (2), [σ]∼ ∈
(
TN,OM

/TN,ON

)
.

General case.
Given a Dynkin quiver Q, we use Lemmas (1), (2), the fact that
TN,OM

is a vector space, and the induction on codimension

dimOM − dimON = [N ,N]− [M ,M].
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