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k =k
o Q=(Qy, Q,s,t) - finite quiver,
e d = (d)icq, - dimension vector,
o repo(d) = [oco, Ma,o xds. (k) - affine space,
o GL(d) = IT,cq, GLa(k)
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k =k
o Q= (Qy, Q,s,t) - finite quiver,
e d = (d)icq, - dimension vector,

o repo(d) = [oco, M xd.. (k) - affine space,
o GL(d) = [[;cq, GLa:(k) acts on repy(d) via

(gi)iEQo * (Ma)a€Q1 = (gta - M, - gs_al)ocEQl
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k =k
o Q= (Qy, Q,s,t) - finite quiver,
e d = (d)icq, - dimension vector,

o repo(d) = [oco, M xd.. (k) - affine space,
o GL(d) = [[;cq, GLa:(k) acts on repy(d) via

(gi)iEQo * (Ma)a€Q1 = (gta - M, - gs_al)ocEQl

o Oy = GL(d) * M.
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k =k
Q = (Qu, Q1, s, t) - finite quiver,
d = (d;)icq, - dimension vector,
repo(d) = HaeQ1 My, xa.. (k) - affine space,
GL(d) = [];cq, GLa;(k) acts on repqy(d) via

(gi)iEQo * (Moc)aeQ1 = (gta ' Ma : gs_al)ocEQl

Ow = GL(d) * M.
Oy is an (irreducible) affine variety, usually singular.
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k =k
Q = (Qu, Q1, s, t) - finite quiver,
d = (d;)icq, - dimension vector,
repo(d) = Ha€Q1 My, xd.., (k) - affine space,
GL(d) = [];cq, GLa;(k) acts on repqy(d) via

(gi)iEQo * (Moc)aeQ1 = (gta ' Ma : gs_al)oce(»h

On = GL(d) * M.
e Oy is an (irreducible) affine variety, usually singular.

Let N € Op (N is a degeneration of M).
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k =k
o Q= (Qy, Q,s,t) - finite quiver,
e d = (d;)icq, - dimension vector,

o repo(d) = J1,cq, Md:axd.. (k) - affine space,
o GL(d) = IT;cq, GLa (k) acts on repqy(d) via

(gi)iEQo * (Moc)aeQ1 = (gta ' Ma : gs_al)oce(»h

o Oy =GL(d) x M.
e Oy is an (irreducible) affine variety, usually singular.
Let N € Op (N is a degeneration of M).
Problem J

Describe the tangent space Ty 5,,-
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We know that -
dimk 7—/\/76M Z dim OM,

and the equality means O, is nonsingular at N.
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We know that -
dimk 7—/\/76M 2 dim O/w,

and the equality means Oy, is nonsingular at N. Here,
dim Op = dim Oy = dim GL(d) — dim Autg(M)
= 3 () - (M. M),

i€Qo
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We know that -
dimk 7—/\/76M 2 dim O/w,

and the equality means Oy, is nonsingular at N. Here,
dim Op = dim Oy = dim GL(d) — dim Autg(M)
= 3 () - (M. M),

i€Qo

where

[U, V] := dimy Homg(U, V) |
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Degenerations and A-R quivers
Let M, N € repgy(d). When N € Op?
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Degenerations and A-R quivers

Let M, N € repgy(d). When N € Op?
f0—7L— W — L — 0is an A-R sequence, then

[L,N] —[L,M] = [N,7L] — [M, L],
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Degenerations and A-R quivers

Let M, N € repgy(d). When N € Op?
f0—7L— W — L — 0is an A-R sequence, then

[L,N] —[L,M] = [N,7L] — [M, L],

and we attach this integer to the corresp. mesh in A-R quiver ['g:

et
d =Odmn : { mesh TL<>L inlg p — Z.
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Degenerations and A-R quivers

Let M, N € repgy(d). When N € Op?
f0—7L— W — L — 0is an A-R sequence, then

[L,N] —[L,M] = [N,7L] — [M, L],

and we attach this integer to the corresp. mesh in A-R quiver ['g:

et
d =Odmn : { mesh TL<>L inlg p — Z.

Lemma
NE@M:>5M,NZO. J

Grzegorz Zwara (Torun) Tangent spaces to orbit closures for represent: September 5, 2017 4 /15



Degenerations and A-R quivers
Let M, N € repgy(d). When N € Op?
If0O—7L— W — L — 0is an A-R sequence, then

[L,N] —[L,M] = [N,7L] — [M, L],

and we attach this integer to the corresp. mesh in A-R quiver ['g:

et
d =Odmn : { mesh TL\1>L inlg p — Z.

Lemma
NE@M — 5M,N20-

Theorem (Bongartz)
<= if Q is a Dynkin or an extended Dynkin quiver.
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Example
Q: 1~—2<—3, d=(1,1,1).
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Example

Q: 1~—2<—3, d=(1,1,1).

[0] (1]

For U= k<l g v = g% M,

./:\.
SN /N

5U,V .
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Example
Q: 1<—2<—3 d=(1,1,1).

For U= k<l g v = g% M,

./:\.

(SU,VZ
N -1\
O====0====0
For M= k<l k< g = k<0 g 4
Om,n

N,
VAN
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Example
Q: 1<—2<—3 d=(1,1,1).

For U= k<l g v = g% M,

./:\.

(SU,VZ
N -1\
O====0====0
For M= k<l k< g = k<0 g 4
Om.N

N,
VAN

Hence N is a degeneration of M.
September 5, 2017 5 / 15




Given a function
d:{meshin g} — Z,

we can recover the pair (M, N) of representations with § = dp n and
dim M = dim N, up to a common direct summand:
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Given a function
d:{meshin g} — Z,

we can recover the pair (M, N) of representations with § = dp n and
dim M = dim N, up to a common direct summand:

G

muItN(L) — muItM(L) =a— (b1 + b2 + b3) + c.
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Given a function
d:{meshin o} — Z,

we can recover the pair (M, N) of representations with 6 = dy n and
dim M = dim N, up to a common direct summand:

multy (L) — multy (L) = a— (by + bo + b3) + c.

e (U@ V) € Oy, for any short exact sequence

c: 0—-U—-W-—=V =0
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Given a function
d:{meshin o} — Z,

we can recover the pair (M, N) of representations with 6 = dy n and
dim M = dim N, up to a common direct summand:

multy (L) — multy (L) = a— (by + bo + b3) + c.

e (U@ V) € Oy, for any short exact sequence

c: 0—-U—->W-—=V =0
e we define 0, 1= dw ugv.
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Subscheme Cyy

Let M < repg(d). Given a representation L, the condition
[L7 X] 2> [La M]a X € repQ(d)a

can be expressed in terms of rank of a matrix with entries in
k[repo(d)].
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Subscheme Cyy

Let M < repg(d). Given a representation L, the condition
[L7 X] 2> [La M]a X € repQ(d)a

can be expressed in terms of rank of a matrix with entries in
k[repo(d)]. Thus minors of “correct” size are polynomial functions
vanishing on Oy.
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Subscheme Cyy

Let M € repp(d). Given a representation L, the condition
[L,X] > [L,M], X € repg(d),

can be expressed in terms of rank of a matrix with entries in
k[repo(d)]. Thus minors of “correct” size are polynomial functions
vanishing on Oy,. All such minors, taken for each indecomposable L,
define a closed GL(d)-subscheme

Oy CCy C repg(d).
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Subscheme Cyy
Let M € repp(d). Given a representation L, the condition
[L,X] > [L,M], X € repg(d),

can be expressed in terms of rank of a matrix with entries in
k[repo(d)]. Thus minors of “correct” size are polynomial functions
vanishing on Oy,. All such minors, taken for each indecomposable L,
define a closed GL(d)-subscheme

Oum C Cy C repg(d).

Reformulating Bongartz theorem:

Corollary
(Cm)red = O if Q is a Dynkin or an extended Dynkin quiver. J
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Tangent spaces

Assume N € Oy.
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Tangent spaces

Assume N € Op. Then

Tvow € Tno, S Thew S Threpg(d)s
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Tangent spaces
Assume N € Op. Then

Tvow € Tuo,, © Trew S Tirepg(d)s
and consequently,

(Tnvo,/ Tnow) € (Taew/ Th.ow) C Extg(N, N).
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Tangent spaces
Assume N € Op. Then

Tvow € Tuo,, © Trew S Tirepg(d)s
and consequently,

(Tnvo,/ Tnow) € (Taew/ Th.ow) C Extg(N, N).

Theorem (Riedtmann-Zwara)
Tnew/ oy = E(N, N), }

where £(—, —) is a k-subfunctor of Extg(—, —), defined by

[o]~ € E(V,U) <= supp(d,) C supp(dm.n)-
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Theorem (Bobiriski-Zwara)

Let Q be a Dynkin quiver. Then Ty, = Tncy-
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Theorem (Bobiriski-Zwara)
Let Q be a Dynkin quiver. Then Ty, = Tncy- }

Let N; 22 N, be indecomposable direct summands of N and
c: 0N —-W—=>N, —0

be a short exact sequence such that supp(d,) C supp(dum.n).
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Theorem (Bobiriski-Zwara)
Let Q be a Dynkin quiver. Then Ty, = Tncy- }

Let N; 22 N, be indecomposable direct summands of N and
c: 0N —-W—=>N, —0

be a short exact sequence such that supp(d,) C supp(dum.n).
We need to show that [0]. € (Tyo,,/Tn.0n)-
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Theorem (Bobiriski-Zwara)
Let Q be a Dynkin quiver. Then Ty, = Tncy- J

Let N; 22 N, be indecomposable direct summands of N and
c: 0N —-W—=>N, —0

be a short exact sequence such that supp(d,) C supp(dum.n).
We need to show that [0]. € (Tyo,,/Tn.0n)-

Lemma (1)
/fég < 5M,N then [0']N € (77V,6M/77V,(9N)- }
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Theorem (Bobiriski-Zwara)
Let Q be a Dynkin quiver. Then Ty, = Tncy-

Let N; 22 N, be indecomposable direct summands of N and
c: 0—-N—->W—=N,—0

be a short exact sequence such that supp(d,) C supp(dum.n).
We need to show that [o]. € (Tyo,,/Tn.on)-

Lemma (1)
If 8, < S then [0~ € (Tys,/Tnon)-

Proof.
W=[%%]and N="N@&N,® Ns.
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Theorem (Bobiriski-Zwara)
Let Q be a Dynkin quiver. Then Ty, = Tncy-

Let N; 22 N, be indecomposable direct summands of N and
c: 0—-N—->W—=N,—0

be a short exact sequence such that supp(d,) C supp(dum.n).
We need to show that [o]. € (Tyo,,/Tn.on)-

Lemma (1)
If 8, < S then [0~ € (Tys,/Tnon)-

Proof.
w=[" ,62} and N = N; & N, ® N;. Consider the map
J— Ny tZ 0
k— Oy, t— [o Ny o}
0 0 N3
Grzegorz Zwara (Torun) Tangent spaces to orbit closures for represent September 5, 2017
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Case A and Dy

Since N; and N, are indecomposable,
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Case A and Dy

Since N; and N, are indecomposable,

supp(d,) C supp(dp.n) = 9o < dmn,
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Case A and Dy

Since N; and N, are indecomposable,

Thus
supp(d,) C supp(dp.n) = 9o < dmn,

and we can apply Lemma (1). [
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Case A and Dy

Since N; and N, are indecomposable,

<

. MDD
0r < 1: O >N
0 ’

Thus
supp(d,) C supp(dp.n) = 9o < dmn,

and we can apply Lemma (1). [
In fact, we have more general result:

Theorem (Lakshmibai-Magyar; Riedtmann-Zwara)
If Q is a Dynkin quiver of type A, then Op =Cu. J
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Case D,, n>5

Assume supp(d,) < supp(dm,n) but 0, L Opm -
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Case D,, n>5

Assume supp(d,) < supp(dm,n) but 0, L Opm -
Hence §,(m’) =2, dp n(m') =1 for some mesh m’, and 6, =
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Case D,, n>5

Assume supp(d,) C supp(dp,n) but 65 £ dpn.
Hence §,(m’) =2, dp n(m') =1 for some mesh m’, and 6, =

N N1 AT A 17
L]

L5517




But if dim g(Nz, Nl) =1landd, =
new idea.

we need a
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But if dimy E(N,, Ny) =1 and 6, =
new idea.

Lemma (2)
LetN:N]_@N3@N2@N4 and

we need a

n: 0—>N1i>Y—>N3—>0

be a short exact sequence such that 6, < oy n, SO
On COn C Op,

where N' =Y ® N, @ N,. Then
f : [0-]"‘ 6 (77V’,6M/77VI,ON/> = [U]N 6 (77V,6M/77V70N)

for any short exact sequence o : 0 — Ny — W — N, — 0.

4
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Example for s
M= M, ® M, dM; D M,, N=N dN;D N, DN, &N
(o2 0—>N1—>M2@M4—>N2—>0,

OMN Oy -

Grzegorz Zwara (Torun) Tangent spaces to orbit closures for represent: September 5, 2017 13 /15



Example for s
M= M, ® M, dM; D M,, N=N dN;D N, DN, &N
(o2 0—>N1—>M2@M4—>N2—>0,

OMN Oy -

Let Y/ :=7N,, Y :=7N] and

(5

n:0—->N —=>Y oY = N; —0.
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AN

N=YaY"®&N® N, & N, and
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N=YaY"®&N® N, & N, and

Pushouts of o via f’ and f":
ANV
S0

N>

/0

v

AN
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N=YaY"®&N® N, & N, and

Since (Sf/.g S 5/\4,/\// and 5,(//.0 S 5M,N’:
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Since 5f/.g S 5M,N’ and (5f//.g S 5M,N’: by Lemma (1),

f'-[o]e, " [0]~ € (Ty o,/ Thon)
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Since 5f/.g < 5M,N’ and 6f//.0— < 5M,N’: by Lemma (1),

f/ . [O-]N7 f” . [0-]/\/ c (77\[,,5,\/’/77\//70[\/,) .
Thus f - [U]N € (77\//75,\/,/77\//,0,\/,).
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Since 5f/.g S 5/\4,/\// and 5{//.0 S 6M,N’: by Lemma (1),

f/ . [O-]N7 f” . [O']N c (77\[,,6,\/’/77\//70[\/,) .

Thus f - [O'],\, € (77V’,6M/77VI7ON’)'
By Lemma (2), [0]~ € (Tyo,/Thoy). LU
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Since 5{1.0— S 5M,N’ and 5,(//.0 S 6M,N’: by Lemma (1),

f/ . [O-]N7 f” . [O-]N c (77\[,,5,\/’/77\//70[\/,) .

Thus f - [O'],\, € (77V’,6M/77Vl70N’)'
By Lemma (2), [0]~ € (Tyo,/Thoy). LU

General case.
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Since df. < Oy and 0.y < Sy v, by Lemma (1),

f/ . [U]N7 f” . [O']N c (77\[,,6,\/’/77\//7(%\/,) .

Thus £ - [o]~ € (Ty.o,/Tw0y)-
By Lemma (2), [0]~ € (Tyo,,/Tnon). O

General case.
Given a Dynkin quiver @, we use Lemmas (1), (2), the fact that
Tno,, is a vector space, and the induction on codimension

dim Oy — dim Oy = [N, N] — [M, M].
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