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Introduction

The Coxeter spectrum spec(Coxp) C C of a finite-dimensional
algebra A reflects several properties of A, mod A and DP(A).

spec(Coxp) reveals/reflects the interplay between representation
theory of algebras and:

@ Lie theory,

@ group theory,

@ (spectral) graph theory,

@ algebraic geometry,

o (algebraic) number theory,

spec(Coxp) — simple object but still mysterious...



Introduction

The Coxeter spectrum spec(Coxp) C C of a finite-dimensional
algebra A reflects several properties of A, mod A and DP(A).

spec(Coxp) reveals/reflects the interplay between representation
theory of algebras and:

@ Lie theory,

@ group theory,

@ (spectral) graph theory,

@ algebraic geometry,

@ (algebraic) number theory,

spec(Coxp) — simple object but still mysterious...



Graph energies

A = (simple, undirected) graph with n > 1 vertices.
Ada € Mp(Z) — (symmetric) adjacency matrix of A.



Graph energies

A = (simple, undirected) graph with n > 1 vertices.
Ada € Mp(Z) — (symmetric) adjacency matrix of A.

e [Gutman, 1978]: Energy of A:

ga)y= Yl

w € spec(Ada)



Graph energies

A = (simple, undirected) graph with n > 1 vertices.
Ada € Mp(Z) — (symmetric) adjacency matrix of A.
e [Gutman, 1978]: Energy of A:
eay= Sl
w € spec(Ada)

Origins: chemistry (total 7-electron energy
in a hydrocarbon ~ &£(A) of the associated
“molecular” graph A;

via Schrodinger equation: H - W = EV).



Graph energies

A = (simple, undirected) graph with n > 1 vertices.
Ada € Mp(Z) — (symmetric) adjacency matrix of A.
e [Gutman, 1978]: Energy of A:
eay= Sl
w € spec(Ada)

Origins: chemistry (total 7-electron energy
in a hydrocarbon ~ &£(A) of the associated
“molecular” graph A;

via Schrodinger equation: H - W = EV).

@ [Gutman-Zhou, 2006]: Laplacian energy of A:
ey = Y -l
v €spec(La)

o La =diag(dy,...,d,) — Ada € M,(Z) — Laplacian matrix
of A, d; =deg(i), i € Ao,

o Euespec(LA)V _ tr(La)
- n - n

eU:
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spec(Coxg) C C is defined for each of the following objects G:
@ G = A — fin.-dim. k-algebra with gl.dim A < oo
[Coxp induced by 7 : DP(A) 5 DE(N)];
e G = Q - acyclic quiver [Coxq = Coxkq];
@ G = A — graph or Cox-regular bigraph (Kasjan-Simson, M.)
[Coxa:=Cx"- CR, for Ca=1, — Adal.

o Coxeter energy of G: CE(G) = > | Al
X € spec(Coxg)

o Normalized Coxeter energy of G: CE(G) =
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Coxeter energy

The Coxeter matrix Coxg € M,(Z) and the Coxeter spectrum
spec(Coxg) C C is defined for each of the following objects G:

@ G = A — fin.-dim. k-algebra with gl.dim A < oo
[Coxa induced by 7 : DE(A) S DP(A)];

e G = Q - acyclic quiver [Coxg := Coxkql;

e G = A — graph or Cox-regular bigraph (Kasjan-Simson, M.)
[Coxa:=C " CX, for Cao=1, — Ada].

o Coxeter energy of G: CE(G) = > |A]-
X € spec(Coxg)

o Normalized Coxeter energy of G: CE(G) =
> (Al +A) = > |A| + tr(Coxg).

X € spec(Coxg) A € spec(Coxg)

Note: CE and CE& for are invariant under derived equivalence
(resp. bilinear Gram congruence).
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Coxeter energy

Let Q = (Qo, Q1) be an acyclic quiver with n:= |Qo| > 1. Then
Q if Q is a tree then CE(Q) and CE(Q) do not depend on

orientation of arrows of @,
Q CE(Q) > n,
9 C&(Q) >0,
Q CE(Q) =0 ifand only if @ =10,
Q ifQ=Q UQ" then
0 CE(Q) =CE(Q) +CE(Q),
@ CE(Q) =CE(Q) +Ce(Q"),

Q if Q is a tree then CE(Q) = CE(Q) — 1.

[Properties analogous to Gutman's £.]
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Trees

T — a tree with |To| = n > 1.
o [Gutman, 1977]: &(Sn) < E(T) < &E(A,) (non-trivial).

S,: e.-.-e maximal star :=
o—o o star of type [1,1,...,1]
o e

e Conjecture [Radenkovi¢-Gutman, 2007]:
LE(Ay) < LE(T) < LE(Sh).

e Partially confirmed by: Trevisan-Carvalho-Del
Vecchio-Vinagre, Fritscher-Hoppen-Rocha-Trevisan, ...

e Conjecture: CE(A,) < CE(T) < CE(Sn).

(Recall that for a tree T: CE(Q) =CE(Q) —1.)

Ex.
[ [2,2,7] [1,2,8] =Ep
£1] 14525 > 14.473
CE| 12223 > 12.054




(spherical, finite) Dynkin graphs
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Euclidean / extended Dynkin / affine Dynkin graphs
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over-extended Dynkin / hyperbolic Dynkin graphs
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very-extended Dynkin graphs
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very-extended Dynkin graphs

.\ /.7.7.
./.f....f.f.\.
|

Additionally we set: E, :=[1,2,n— 4], n > 6.

Fg Eg I
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T —tree, n=|Ty| > 6, {A1,..., s} = spec(Cox7)NR-; (as a
multiset) [\; = “spikes”, T = “s-spike tree"].
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Trees: CE(A,) < CE(T) < CE(S,)7

T —tree, n=|Ty| > 6, {A1,..., s} = spec(Cox7)NR-; (as a
multiset) [\; = “spikes”, T = “s-spike tree"].

QCEM) =N+ X +n—2s>n=CEA,) and
the equality holds < T is cyclotomic < T is Dynkin or
Euclidean tree < T is O-spike tree.

Q IfCE(T) > CE(Ay) then CE(T) > CE(X,), where
X, = ]1334,[5)5,1@6,[@7,[@8 =FEi9 or E,, n > 11, resp.
("="holds = T =X,).

@ If T is a I-spike tree (=: Salem tree), then
CE(T)<CESH)=2n—5 ("="holds< T =S5,).

Q Ifdeg(T) <3 thenCE(T) < CE(S).

© I/f T is a Salem tree and CE(T) < CE(Sp), then
CE(T) <CE(Sn) <CE(Sh) (=" holds & T =5,).
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Representation type

Applying Theorem + CE(A, 1) =n (+ some work):

Let A be a (basic) fin.-dim. hereditary algebra over a field k = k
having n > 1 pairwise non-isomorphic simple modules. Then

Q CEN)>n
@ CE(N) = n if and only if N\ is tame.

[Happel-Reiten-Smalg]: A is a piecewise hereditary algebra if
DP(mod A) = DP(H), for H — an abelian hereditary category.

Proposition

Let N\ be a piecewise hereditary algebra with n = rk(Ko(N)). Then
e CEN)<n—1 & AN X(p1,...,ps) & s> 3;

e CEMN)=n—-1 & (AN ¥er X(p1,-..,ps) & t =3) or
(A Zger kQ & Q is Dynkin or Euclidean tree);

@ CEN) >n—1& N4, kQ & Q ¢ (Dyn. or Euclid. tree).
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Tools / side-effects / related topics

Spike of a tree T = element A € spec(Cox71) N R>1.

Recall:

Theorem [Lenzing-de la Pefia]
Let T be a tree with s > 0 spikes and r > 0 ramifications. Then

s <r.

Remark. V,>1 Join,(Ss) is a 1-spike tree with > r ramifications.

Let T be a tree with s > 0 spikes and n:= |To| > 1. Then

Remark. 6 is maximal:
Vs>1 Joing(Se) has s spikes and n = 6s + 1 vertices.
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Salem tree := 1-spike tree [if p+p~ 1 & Z, for p = peox(T) € Rx1,
then p is a Salem number, cf. Lakatos, McKee-Smyth, de la Pefia].
Definition

T = DE-tree (= Dynkin-Euclidean-tree), if 3xc 7, s.t. each
component of the forest T \ {x} is a Dynkin or Euclidean tree.

Theorem

| A\

{non-cyclotomic

-trt tre { Wlth exact/y !
C S C trees
DE 665} - { a/em es}

~ non-cyc. irred. factor}

v

Ex. T with 2 spikes \; =~ 2.2369 and )\, ~ 3.4269
and 1 non-cyc. irred. factor f(t) =t® —5t> +4t* +4t3+4t> -5t +1
of the Coxeter polynomial coxr(t) = f(t) - (t + 1)°:

[ ] [
.7‘.7.7.7‘.7.
e (AN
[ [ [ [}
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Theorem

| A

{trees with exactly 1
non-cyc. irred. factor}

{non-cyclotomic

DE-trees} C {Salem trees}

=

Corollary

T — a non-cyclotomic tree with n = |To|. Then
@ ifn <11 [436 trees| or deg(T) > n—>5 then T is Salem;

A\




Salem tree := 1-spike tree [if p+p~1 & Z, for p = peox(T) € Rx1,
then p is a Salem number, cf. Lakatos, McKee-Smyth, de la Pefia].

Definition
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Theorem [Lakatos, 1999]
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Salem tree := 1-spike tree [if p+p~1 & Z, for p = peox(T) € Rx1,
then p is a Salem number, cf. Lakatos, McKee-Smyth, de la Pefia].

Definition
T = DE-tree (= Dynkin-Euclidean-tree), if 3yc 7, s.t. each
component of the forest T \ {x} is a Dynkin or Euclidean tree.

Theorem

| A\

{non-cyclotomic
DE-trees}

{trees with exactly 1

C {Salem trees :
¢ } non-cyc. irred. factor}

=

Corollary

T — a non-cyclotomic tree with n = |To|. Then
@ ifn <11 [436 trees| or deg(T) > n—>5 then T is Salem;

@ if T is a DE-tree then coxt(t) has exactly 2 real roots # +1
and exactly 1 irred. non-cyc. factor.

A\

Theorem [Lakatos, 1999]

coxt(t) of a wild star T has exactly 2 real roots and 1 irred. non-cyc. fac.

(Counter)ex. spec(Coxs,) = (p,1/p,—1,—-1,—-1,-1), p € Ryq.
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Coulson integral formula and other Coxeter energies

A = (simple, undirected) graph with n > 1 vertices.
Ada € Mj(Z) — symmetric adjacency matrix of A.
Energy of A:

ga)= > ul= % 7 <n— /t':((l’:))> dt,

1€ spec(Ada) oo

where f = chp(Ada) € Z[t] [« &(Sn) < E(T) < E(An)].

Proposition

G = (bi)graph (or quiver or k-algebra) with n > 1 vertices. Then

! 7 <n_ /t’;((;:))> dt= 3 [Re(N)| = CEwl0),

— o0 X € spec(Coxg)

where f = coxg := chp(Coxg) € Z][t].
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Coulson integral formula and other Coxeter energies

Proposition (ctd.)

G = (bi)graph (or quiver or k-algebra) with n > 1 vertices and
f = coxg := chp(Coxg) € Z[t]. Then

) PR S M)

— 59 A € spec(Coxg)

e, 5, s

—o A € spec(Coxg)
2 T In|f(it
CEre(G) = 7T/“'fg’”dt,
0
1 7 In|f(t
CE&m(G) = — / n|t2( )‘dt.

—_ )




Other Coxeter energies

G = (bi)graph or acyclic quiver or k-algebra with gl.dim G<oo.

S Cgre(g) = Z)\Espec(Coxg) |Re()‘)|'
real Coxeter energy of G [cf. Pefia-Rada, 2008];

° Cglm(g) = Z)\ESPEC(COXQ) ‘Im(/\)"
imaginary Coxeter energy of G.
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Other Coxeter energies

G = (bi)graph or acyclic quiver or k-algebra with gl.dim G<oo.

S Cgre(g) = Z)\Espec(Coxg) |Re()‘)|'
real Coxeter energy of G [cf. Pefia-Rada, 2008];

° Cglm(g) = Z)\espec(Con) ‘Im(/\)"
imaginary Coxeter energy of G.

v

@ CE,o(5:) =CE(Ss) =2n—5, CEm(Sa) =0 (Vnzs);
® CEre(An) = Yooy lcos(357), CEim(An) = 20, sin(357)]

= Maybe:

\

CEre(An)
0 = C&im(Sn)

CEwe(Sn) = 2n—5
CEim(An)

ININ

<
<

for any tree T with n = |Tg|?



Other Coxeter energies

G = (bi)graph or acyclic quiver or k-algebra with gl.dim G<oo.

S Cgre(g) = Z)\Espec(Coxg) |Re()‘)|'
real Coxeter energy of G [cf. Pefia-Rada, 2008];

° Cglm(g) = Z)\espec(Con) ‘Im(/\)"
imaginary Coxeter energy of G.

v

@ CE,o(5:) =CE(Ss) =2n—5, CEm(Sa) =0 (Vnzs);
® CEre(An) = Yooy lcos(357), CEim(An) = 20, sin(357)]

\

= Maybe:
[2,3,3]
CEre(An) £ C&re(T) < C&re(Sn) = 2n-5
0 = C&m(Sn) < CE&m(T) £ CEm(An)
[2,2,2,2,2,2,2]

for any tree T with n = |Tg|? Unfortunately, not true.



Number of vertices

20

2

o

Recall: CE(An) < CE(T) < --- < CE(Sn) < CE(Sn) [rhs: Salem trees, deg(T) < 3].

Coxeter energy of all trees with n <= 18

3-spike trees
2-spike trees

1-spike trees

Values of energies



CE(A,) < CE(T) < CE(S)) «~ “hierarchy of wildness” ?

First few lowest Coxeter energies of wild trees.

6 7 8 9 10 11 12 13 14 15 16 17 18
Dg ]];j)s Es E7 Eg E11 E12 Ei3 E1a E1s Ei6 Ei7 E1s

D, Ds Ds Dy 1,3,5 Do D1o D11 D12 D13 ﬁ)/” 15/15 ]]3’,16
D, Ds 22,4 1,44 13,6 1,3,7 1,38 1,3,9 1,3,10 Dy Dy, Dis

=~/ =~/ =~/

Ds Ds 23,3 Dg 1,45 1,46 1,47 Dy Dy, 1,3,11 1,3,12 1,3,1.

= = = =

$; Dy D  2,2,5 Dg 1,5,5 Dio D1 D12 D13 D1a D1s
~ ~7/ ~/

= =/ = = =/

S; D Dy D; 2,26 Dy D, 1,48 1,49 1,410 D;3 Dy,

N R
e—e.e—ele e—e . e—e
.
. . . .
o -
D,.: e e Dn: @ e—e—e—9s D,: e—e [
N ~ ~
e—e . e—e ee..a—e s e—s
, p



CE(A,) < CE(T) < CE(S)) «~ “hierarchy of wildness” ?

First few lowest Coxeter energies of wild trees.

6 7 8 9 10 11 12 13 14 15 16 17 18
Da4 @5 Es o g E11 E12 E13 E1a E1s E16 E17 E1s
=/ = = = = =~ = = = = = =
D, D;; De D7 1,3,5 Dy D10 D11 D12 D13 Dl14 D/15 D}e

D, Ds 22,4 1,44 13,6 1,3,7 1,38 1,3,9 1,3,10 Dy Dy, Dis

=/ =~/ ~/

Dy Dy 2,33 Ds 1,45 1,46 1,47 Dy; Dy, 1,311 1,3,12 1,3,1

= = = = = = = = =

S; Dy D  2,2,5 Dg 1,5,5 Dio D11 D12 D3 D14 Dis
= =/ =/

= =/ = = =/

S; D Dy D; 2,26 Dy D, 1,48 1,49 1,410 D;3 Dy,

SN N
o—eo. e—e-0 e—e e—e
e . - . . ., cf.:
D e e Br: o Le—ememe Dioe-e R Zh.e.mg, Xi,
Temeiieme PRETI TG PLECRRETN Briistle-
. e . . . .
o, de la Pefia-
=~/ = Skowronski, ...



