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Basic facts

A is finite dimensional algebra over an algebraically closed field k.
mod A
D’ (mod A)
‘H is a hereditary abelian
(k-linear) category with split idempotents, finite-dimensional Hom-spaces,

and with tilting objects.
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Generalization of quasitilted (or almost hereditary) algebras

Definition

A is said to be (m, n)-quasitilted algebra if there exists a sequence of triples
(Ai, T, Aiy1 = Endy,Ty) s.t

Ay is a quasitilted algebra of global dimension two; and A = A,,4+,—».

each T; is a stair splitting tilting or cotilting A;-module (in each step i, gl.dimA; <
gl.dimA; ;) where

n—1 (m—1)is the number of indexes i s.t, T; is tilting (cotilting).
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(m, 1)-almost hereditary

Lemma
Let d be a postive integer. Let A be an algebra with gl.dimA = d, T an
A-module and B = EndsT.

(i) If T is a stair splitting tilting module, then B is (d, 1)-almost hereditary.
(i) If T is a stair splitting cotilting module, then B is (1, d)-almost hereditary.

In particular, any (m, n)-quasitilted algebra is (m + n — 1, 1)-almost hereditary,

or else (1,m + n — 1)-almost hereditary.
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(m, 1)-almost hereditary

Lc denotes the class of X € ind A such that every predecessor of X in ind A

liesinC.

Proposition (-CMP)
Let n be a positive integer. Let C be a torsion-free class of mod A such that,

forall X € ind A,
X € C, orelse idsX < n.

Then ind A = Lc URY.
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(m, 1)-almost hereditary

Proposition
Let m be a positive integer. Let A be a finite dimensional k-algebra such that
A € add LY. Then

1. gl.dimA < m+ 1 and, for all X € ind A, then pd,X < m or else id,X < 1;

2. if, moreover, gl.dimA = m + 1, then A is (m, 1)-almost hereditary.
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t-structures

(W, W[1]): natural t-structure in D°(H)

(U, u*1]) induced t-structure: (7(T), F(T)) torsion pair in H
U ={zeDH)| H(Z) € T(T) and H'(Z) = 0, for i > 0}
heart of (U4, U~[1]) ~ mod Endy T
Endy(T)” = Ao

(v, VA[1]) induced t-structure: (7 (Ty), F(To)) torsion pair in mod Ay
V ={Z € D°(H)| H(Z') € T(To) and Hi,(Z') = 0, for i > 0} heart of
(V, V*1[1]) ~ mod Endy,To
End4, (7T0)” = B

E.R. Alvares, D. Castonguay, P. Le Meur, T.C. Pierin A generalization of quasitilted and almost hereditary algebras



Homological properties of a (1, 2)-quasitilted algebra

Extf(L,_)=0 A A A A
Al >2 > 1 >1 >0
A, 0,>3 >2 >1  >1
As 0,>3 0,>2 >2 >1
Ay 0,1,>4 0,>3 0,>2 >2
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Homological properties of a (1, 2)-quasitilted algebra

(add( Az U As),add(A; U Ay)) is a torsion pair in mod B
(add( A1 U Ay),add( A3 U A4)[—1]) is a torsion pair in mod Ao
0 AL @AL - Z = AS[-1]®AF[-1] =0
ZeF[l] 05A @A »Z 5 Af-1] =0

ZeT 0—Af - Z— Ai[-1]@Af[-1]1—=0
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Compatibility

Definition

(Keller-Vossieck)

Let (U, u*[1]) and (V, V1[1]) r-structures in a triangulated category C. We
say that I/ is compatible with V if I/ is stable under the truncation functors

", n € Z, thatis, 7;"t C U, for all n € Z.

Proposition
W is compatible with /.
U is compatible with V.
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Compatibility

Remark W is compatible with V if and only if, for each C € W, A; = 0, where
0— A ® A — Hy(C) — As[—1] @ Ay[—1] = 0

is the short exact sequence relatively to (7 (7o), F(T))-
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Compatibility

Corollary

Let B be a (1, 2)-quasitilted algebra, X € F(To)[1] and let
02A DA - X = Au[-1]—=0

be the canonical exact sequence for X relatively to (7 (7o), F(7o))-

Then W is compatible with V if and only if A; = 0.
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Compatibility - (1,2)-quasitilted algebra

Corollary
If W is compatible with V then:
H, either Homps g (A4[—1], A1[1]) = 0 or HoMps () (Aa[—1], A2[1]) = 0.

H, Ker (Az — A4) = PK; = K; ¢ A, and
Ker(A3 DAy — C4) =L = L; §Z A
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Compatibility

X = {Z € mod A,; A? =0 and A%[-1] = 0}
Y ={Z € mod A; A% = 0 and the directs summands of Z do not belongs to
As[-1]}.
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Compatibly

Lemma
SejaX = {Z € modA; A =0 eAs[—1] =0}. Entdoidy X < 1.

Lemma
Sejay = {Z € mod A; A% = 0 e Z ndo admite somando direto em As[—1]}.

Entédopd, Y < 1.

E.R. Alvares, D. Castonguay, P. Le Meur, T.C. Pierin A generalization of quasitilted and almost hereditary algebras



Lemma
Let B be an (1,2)-quasitilted algebra, w : Ay[—1] — Ai[1] a right minimal
add As[—1]-approximation of A [1] € add A,[1] andw’ : As[—1] — A{[1] a left
minimal add A, [1]-approximation of A4[—1] € add A4[—1].
(i) If~ : Bs[—1] — A1[1], with Bs[—1] € add A4[—1], is such that
cone()[—1] € Y(Ty), then a morphism § : Bs[—1] — A4[—1] that satisfies
wd = v is such that Hom(_, é) is injective in A4[—1].
(ii) Ify' : As[—1] — B1[1], with B, € add Ay, is a morphism such that
cone(v")[—1] € Y(Ty), then a morphism &' : A{[1] — Bi[1] that satisfies

&'w' =~ is such that Hom(&',_) is surjective in A, [2].

E.R. Alvares, D. Castonguay, P. Le Meur, T.C. Pierin A generalization of quasitilted and almost hereditary algebras



Torsion pair given by a tilting

T is a cogenerator for A
T =FacT
Ext'(T,X) =0forX € Tandi >0
If Z € T satisfies Ext'(Z,X) = 0 for all X € 7 and i > 0, then Z € addT
If Ext'(T,X) = 0fori>0andX € A, then X = 0.
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