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Edge Cuts

Definitions

o Let G = (V, E) be a connected simple graph with an edge coloring
c: E—{1,2,--- p}.

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs

September 11, 2017

3/14



Edge Cuts

Definitions

o Let G = (V, E) be a connected simple graph with an edge coloring
c: E—={1,2,--- p}

@ Let S C V be a proper subset of V. The edge cut 0S is the set of edges with one
endpoint in S and the other in V'\ S.
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Edge Cuts

Definitions
o Let G = (V, E) be a connected simple graph with an edge coloring
c: E—={1,2,--- p}
@ Let S C V be a proper subset of V. The edge cut 0S is the set of edges with one
endpoint in S and the other in V' \ S.
@ (SIMPLE MAXCUT): Given a graph G = (V, E), find S C V such that |05| > |07
forall T C V.

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs September 11, 2017 3/14




Colored Edge Cuts

Definitions
o We denote ¢(9S) = {c(e)|e € DS} (the set of colors that are in 9.5).

c(08) = {1,3}
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Colored Edge Cuts

Definitions
o We denote ¢(9S) = {c(e)|e € 9S} (the set of colors that are in 9.5).

@ Optimization Problem (MAX-COLORED-CUT): Find S C V such that
|c(8S)] > |e(0T)| for all T C V.
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Colored Edge Cuts

Definitions

@ We denote ¢(9S) = {c(e)|e € DS} (the set of colors that are in 9.5).

@ Optimization Problem (MAX-COLORED-CUT): Find S C V such that
|c(0S)] > |c(0T)]| for all T C V.
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MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form
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MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form

@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ;p} and an
integer k > 0.

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs September 11, 2017 5/ 14



MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form
@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ;p} and an
integer k > 0.
@ QUESTION: s there a proper subset S C V(G) such that |¢(9S)| > k?
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MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form

@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p} and an
integer k > 0.
® QUESTION: Is there a proper subset S C V(G) such that |¢(9S)| > k7
v
Observations
v
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MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form

@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p} and an
integer k > 0.

® QUESTION: Is there a proper subset S C V(G) such that |¢(9S)| > k7

Observations

o If ¢: E — N is injective, then MAX-COLORED-CUT is exactly SIMPLE MAXCUT, that
is, MAX-COLORED-CUT is NP-hard.
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MAX-COLORED-CUT

MAX-COLORED-CUT: Decision Form

@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p} and an
integer k > 0.

® QUESTION: Is there a proper subset S C V(G) such that |¢(9S)| > k7

Observations

o If ¢: E — N is injective, then MAX-COLORED-CUT is exactly SIMPLE MAXCUT, that
is, MAX-COLORED-CUT is NP-hard.

@ Our goal is to analyze the complexity of MAX-COLORED-CUT on graph classes where
SIMPLE MAXCUT is solvable in polynomial time.
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COLORFUL CUT

COLORFUL CUT

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs September 11, 2017 6 /14



COLORFUL CUT

COLORFUL CUT

@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}.
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COLORFUL CUT

COLORFUL CUT
@ INSTANCE: A graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}.
® QUESTION: Is there a proper subset S C V(G) such that |c(0S)| = p?
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MAX-COLORED-CUT

Although SIMPLE MAXCUT is easily solvable on complete graphs, not necessarily the
same thing happens with MAX-COLORED-CUT.
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MAX-COLORED-CUT

Although SIMPLE MAXCUT is easily solvable on complete graphs, not necessarily the
same thing happens with MAX-COLORED-CUT.

Theorem

MAX-COLORED-CUT is NP-complete on complete graphs.

Proof.

@ Take an instance G = (V, E) of SIMPLE MAXCUT
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MAX-COLORED-CUT

Although SIMPLE MAXCUT is easily solvable on complete graphs, not necessarily the
same thing happens with MAX-COLORED-CUT.

Theorem

MAX-COLORED-CUT is NP-complete on complete graphs.

Proof.
@ Take an instance G = (V, E) of SIMPLE MAXCUT

o Consider G’ = (V U {v1}, E), such that v; is a new isolated vertex and create an
injective function c: E — {1,2,--- ,|E|}.

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs September 11, 2017 7/14



MAX-COLORED-CUT

Although SIMPLE MAXCUT is easily solvable on complete graphs, not necessarily the
same thing happens with MAX-COLORED-CUT.

Theorem

MAX-COLORED-CUT is NP-complete on complete graphs.

Proof.
@ Take an instance G = (V, E) of SIMPLE MAXCUT

o Consider G’ = (V U {v1}, E), such that v; is a new isolated vertex and create an
injective function c: E — {1,2,--- ,|E|}.

@ Construct the complete graph G’ connecting all pairwise nonadjacent vertices of G’
and give to all these new edges the color |E| + 1.
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MAX-COLORED-CUT

Although SIMPLE MAXCUT is easily solvable on complete graphs, not necessarily the
same thing happens with MAX-COLORED-CUT.

Theorem

MAX-COLORED-CUT is NP-complete on complete graphs.

Proof.
@ Take an instance G = (V, E) of SIMPLE MAXCUT

o Consider G’ = (V U {v1}, E), such that v; is a new isolated vertex and create an
injective function c: E — {1,2,--- ,|E|}.

@ Construct the complete graph G’ connecting all pairwise nonadjacent vertices of G’
and give to all these new edges the color |E| + 1.

o G" has a colored cut of size k + 1 if and only if G has a cut of size k (the color
|E| + 1is in all edge cut of G").
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COLORFUL CUT

Observations

COLORFUL CUT is a particular case of MAX-COLORED-CUT.
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COLORFUL CUT

Observations
COLORFUL CUT is a particular case of MAX-COLORED-CUT.

SIMPLE MAXCUT can be solved in polynomial time on planar graphs [Hadlock'75]
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COLORFUL CUT

Observations
COLORFUL CUT is a particular case of MAX-COLORED-CUT.
SIMPLE MAXCUT can be solved in polynomial time on planar graphs [Hadlock'75]

What can we say about the complexity of COLORFUL CUT and MAX-COLORED-CUT
on planar graphs?
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COLORFUL CUT

Theorem
COLORFUL CUT is NP-complete on planar graphs. J
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COLORFUL CUT

Theorem

COLORFUL CUT is NP-complete on planar graphs. J

Reduction from 3SAT

1t T12
1 —2
xl l’2 x2
2 3

Figure: Graph G corresponding to the instance
F=(x1 V& VI3) A(TT Va2 Vas)ATTVIzVz3).

@ Associate to each pair {z;/,Z;"} the color S;7*.
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COLORFUL CUT

Theorem

COLORFUL CUT is NP-complete on planar graphs.

Figure: Multigraph G corresponding to the graph G with colored edges.
F=(z1 V&R VT3) A(FTVae Vas)A(FTT VTV 23).

@ In each clause, choose a true literal x; and put the corresponding edge in the same
part of the partition.
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COLORFUL CUT

Theorem

COLORFUL CUT is NP-complete on planar graphs.

Figure: Colorful cut of the multigraph G.
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COLORFUL CUT

Theorem

COLORFUL CUT is NP-complete on planar graphs.

Figure: Simple graph H corresponding to the multigraph G.
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COLORFUL CUT

Theorem
COLORFUL CUT is NP-complete on planar graphs. J

—e
=

51

12 blz 11

Figure: Colorful cut of H.
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MAX-COLORED-CUT Classic Computational Complexity

COLORFUL CUT

Corollary

COLORFUL CUT is NP-complete, even on planar graphs with odd cycle transversal
number at most 1.

Figure: Graph obtained from H identifying three vertices into a single vertex.
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Theorem

COLORFUL CUT is NP-complete when each color class induces a clique of size at most
three.

Reduction from NAE3SAT

Figure: Graph corresponding to the instance F' = (u1 Vua Vu3z) A (U1 Vaz Vus) A (1 Vue Vus).
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Theorem

COLORFUL CUT is NP-complete when each color class induces a clique of size at most
three.

\V\S
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.

@ We look for a bipartite subgraph with the greatest number of colors
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
@ We look for a bipartite subgraph with the greatest number of colors

@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
@ We look for a bipartite subgraph with the greatest number of colors
@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors

@ There is at most ¢ — 1 vertices in each part of the partition, pairwise connected by
those edges with distinct colors
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
@ We look for a bipartite subgraph with the greatest number of colors
@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors
@ There is at most ¢ — 1 vertices in each part of the partition, pairwise connected by

those edges with distinct colors

@ If no other color can be added to the cut, then the edges with this color have both
endpoints in the same part of the partition

m)
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
@ We look for a bipartite subgraph with the greatest number of colors
@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors

@ There is at most ¢ — 1 vertices in each part of the partition, pairwise connected by
those edges with distinct colors

@ If no other color can be added to the cut, then the edges with this color have both
endpoints in the same part of the partition

o There is at most 2(°;') = (c — 1)(c — 2) edges with the color that is not in the cut

m)
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.
v

Proof.
@ We look for a bipartite subgraph with the greatest number of colors
@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors

@ There is at most ¢ — 1 vertices in each part of the partition, pairwise connected by
those edges with distinct colors

@ If no other color can be added to the cut, then the edges with this color have both
endpoints in the same part of the partition

o There is at most 2(°;') = (c — 1)(c — 2) edges with the color that is not in the cut

o Reduction rule: if some color class i satisfies |E;| > 2(“3"), then replace (G, p) by
(GIE\ Ei],p—1)

m)
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Theorem

MAX-COLORED-CUT admits a cubic kernel when parameterized by the number of colors.

Proof.
@ We look for a bipartite subgraph with the greatest number of colors
@ An edge cut with ¢ — 1 colors has at most ¢ — 1 edges with distinct colors

@ There is at most ¢ — 1 vertices in each part of the partition, pairwise connected by
those edges with distinct colors

@ If no other color can be added to the cut, then the edges with this color have both
endpoints in the same part of the partition

o There is at most 2(°;') = (c — 1)(c — 2) edges with the color that is not in the cut

o Reduction rule: if some color class i satisfies |E;| > 2(“3"), then replace (G, p) by
(GIE\ Ei],p—1)

o For c colors we obtain a kernel of size O(c?)

m)
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Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}
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Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}

o Take a subgraph G’ of G choosing one edge of each color class. Then G’ has p
edges colored with different colors
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Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}

o Take a subgraph G’ of G choosing one edge of each color class. Then G’ has p
edges colored with different colors

@ By Erdos result we can find a cut with size at least £, that is, G has a cut with at
least £ colors

Rubens Sucupira, Uéverton Souza , Sulamita Klein, Li Maximum Cuts in Edge Colored Graphs September 11, 2017 13 /14



Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}

o Take a subgraph G’ of G choosing one edge of each color class. Then G’ has p
edges colored with different colors

By Erdos result we can find a cut with size at least £, that is, G has a cut with at
least £ colors

o If p > 2k we have an YES instance
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Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}

o Take a subgraph G’ of G choosing one edge of each color class. Then G’ has p
edges colored with different colors

By Erdos result we can find a cut with size at least £, that is, G has a cut with at
least £ colors

If p > 2k we have an YES instance

Otherwise applying a Reduction Rule similar to the last one, we obtain a kernel of
size O(k®)
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Corollary

MAX-COLORED-CUT admits a cubic kernel when parameterized by the cost of the
solution.

o Consider a simple graph G = (V, E) with an edge coloring ¢: E — {1,2,--- ,p}

o Take a subgraph G’ of G choosing one edge of each color class. Then G’ has p
edges colored with different colors

o By Erdos result we can find a cut with size at least g that is, G has a cut with at
least £ colors

o If p > 2k we have an YES instance

@ Otherwise applying a Reduction Rule similar to the last one, we obtain a kernel of
size O(k%)
Corollary

MAX-COLORED-CUT can be solved in polynomial time on graphs G colored with a
constant number of colors.
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Parameterized Complexity

Thank You!
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