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INTRODUCTION




Characterization of graphs G, that maximize |K*(G)|.



Definition of clique

A clique is a maximal complete induced subgraph.
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g1 ={1,4}, g2=1{1,2,3}.



Definition of clique graph K(G)

The clique graph K(G) of a graph G is the intersection graph of
the set of all cliques.

G K(G)
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Second clique graph K?(G)

K%(G) = K(K(G)).
G K(G) K%(G)

4 g =11, 4}
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Graphs that maximize |K(G)|

The Moon-Moser graphs maximize |K(G)|.



Complement of Moon-Moser Graph, n = |G|

Ifn=0 (mod3)

G = /\ /\ e /\ " triangles
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Complement of Moon-Moser Graph, n = |G|
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Complement of Moon-Moser Graph, n = |G|

Ifn=0 (mod3)

n
/ \ — triangles
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Ifn=1 (mod3)

/ \ (n ;4) triangles
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Graphs that maximize |K?(G)|

It is unknown which graphs maximize |[K?*(G)|.



Our conjecture for |[K?(G)| (complement graph of G)

If |G| is even, d = %
Iz—Kz

G=DL+...+1I(d times).
G = 0Oy

G =

(O is the d-dimensional Octahedral graph).



Our conjecture for |[K?(G)| (complement graph of G)

If |G| is even, d = %
Iz—Kz
G=D5L+...+1(d times).
G = 0Oy

(O is the d-dimensional Octahedral graph).

If |G| is odd, d = %53
G=I3+ 0y



BICLIQUES




A new biclique definition

Let B ={(X,Y)€2°%x2% | x~y, foreveryx € Xand y € Y}.
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A new biclique definition
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A new biclique definition

Let B ={(X,Y)€2°%x2% | x~y, foreveryx € Xand y € Y}.

Define a partial order on % by
(X1, Y1) < (X2, Y2) © X1 € Xpand Y1 C Y.

A bicliqgue (X, Y) of G is a maximal element of %.

xxxxxxx



Bicliques (examples)

(1,2}, {1,2})
({2,3}, {2,3})
({2}, {1,2,3})
({1,2,3}, {2})
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Biclique graph

The biclique graph B(G) of G is a graph such that

O V(B(G)) = bicliques of G
O Two vertices (X1, Y1), (X2, Y2) € B(G) are adjacent if and
only if:
o X1NXy+#@,or
o Y1NY; # @.
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Suspensions

The suspension S(G) of a graph G is defined as

S(G) =L +G.

s
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Suspensions

The suspension S(G) of a graph G is defined as

S(G) =1L +G.

G S(G)

—
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Suspensions

The suspension S(G) of a graph G is defined as

S(G) =1L +G.

G S(G)

—
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Our conjecture for |[K?(G)| (suspensions)

]

]

If |G| > 5, then we have suspensions in our conjecture.

If |G| iseven, d = @

G=1ID+...+1(d times).

G =0y

If |G|lisodd, d = ”7_3
G=I3+0y
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Characterization of K*(S(G))

K?(S(G)) = B(K(G)).
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Characterization of K*(S(G))

K2(S(G)) = B(K(G)).

Sketch of the proof:
G S(G)
x ey
4 4
1 »
3 3
2 2

q=11,2,3} € K(G) g U {x} € K(G)
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Characterization of K*(S(G))

K2(S(G)) = B(K(G)).

Sketch of the proof:
G S(G)
X e y
4 4
1 »
3 3
2 2

q :{1/2/3}€K(G) qU{y} GK(G)
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Characterization of K*(S(G))

K*(S(G)) = B(K(G)).

Sketch of the proof:
Define 7 : K*(S(G)) — B(K(G)) by noting that

20



Characterization of K*(S(G))

K2(S(G)) = B(K(G)).

Sketch of the proof:

Define 7 : K*(S(G)) — B(K(G)) by noting that

if Q € K*(5(G)), then exists { q1,...,4-}U{q},...,q,} S K(G)
such that
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Characterization of K*(S(G))

K2(S(G)) = B(K(G)).

Sketch of the proof:

Define 7 : K*(S(G)) — B(K(G)) by noting that

if Q € K*(S(G)), then exists { g1, .. ., aru{ql ..., 7,} € K(G)
such that

Q={nu{x}, ..., u{x}U{g; Uiy} ..., gL U{y}}.
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Characterization of K*(S(G))

K2(S(G)) = B(K(G)).

Sketch of the proof:

Define 7 : K*(S(G)) — B(K(G)) by noting that

if Q € K*(S(G)), then exists { g1, .. ., aru{ql ..., 7,} € K(G)
such that

Q={qnu{x}, ..., g U U{g; Uiy}, -, gLV {y}}
Then

({q1,.-.ar}, {q},---,9,}) € BK(G))
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The closed neighborhood of a set

Let X C G, define N : 2¢ — 2€ as

21



The closed neighborhood of a set

Let X C G, define N : 2¢ — 2€ as

N[X] =

Neex Nolx] if X # @
V(G) ifX =0
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The closed neighborhood of a set

Let X C G, define N : 2¢ — 2C as

N[X] = {mxex Nglx] ifX #@
V(G) ifX=09

N[X] = set of vertices adyacent or equal to every v € X.

21



Bicliques and the closed neighborhood of a set

N[X] = set of vertices adyacent or equal to every v € X.

Biclique (X, Y)
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Bicliques and the closed neighborhood of a set

N[X] = set of vertices adyacent or equal to every v € X.

Biclique (X, Y)
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Bicliques and the closed neighborhood of a set

N[X] = set of vertices adyacent or equal to every v € X.

Biclique (X, Y) = (N[N[X]], N[X])
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The B function

Define 8 : 2¢ — B(G) by
B(X) = (N[N[X]], N[X]).

B is surjective, therefore |B(G)| < 2!,
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GRAPHS THAT MAXIMIZE |B(G)| IF |G|
IS EVEN




Graphs that maximize |B(G)| if |G| is even

B(X) = (N[N[X]], N[X])

The following statements are equivalent:

1. [3 is injective.
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Graphs that maximize |B(G)| if |G| is even
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B(X) = (N[N[X]], N[X])

The following statements are equivalent:

1. [3 is injective.
2. N[X] # N[X'] forall X, X" € G with X # X".
3. N[G —x] # N[G] forall x € G.
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Graphs that maximize |B(G)| if |G| is even

B(X) = (N[N[X]], N[X])

The following statements are equivalent:

1. [3 is injective.
2. N[X] # N[X'] forall X, X" € G with X # X".
3. N[G —x] # N[G] forall x € G.

4. Forall x € G, there is some y € G such that
x#yandy =zforallz € G- x.
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Graphs that maximize |B(G)| if |G| is even

B(X) = (N[N[X]], N[X])

The following statements are equivalent:

1

. B is injective.
. N[X] # N[X'] forall X, X" € G with X # X'.
. N[G —x] # N[G] forall x € G.

. Forall x € G, there is some y € G such that
x#yandy =zforallz € G- x.

N

~ W

5. n =|G|iseven and G = O, ford = 7.
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Graphs that maximize |B(G)| if |G| is even, (4) = (5)

For all x € G, there is some y € G such that
x#yandy=~zforallz e G-x.

26



Graphs that maximize |B(G)| if |G| is even, (4) = (5)

For all x € G, there is some y € G such that
x#yandy=~zforallz e G-x.

26



Graphs that maximize |B(G)| if |G| is even, (4) = (5)

For all x € G, there is some y € G such that
x#yandy=~zforallz e G-x.

26



Graphs that maximize |B(G)| if |G| is even, (4) = (5)

For all x € G, there is some y € G such that
x#yandy=~zforallz € G —x.

Gzh+(G-x-y)
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Graphs that maximize |B(G)| if |G| is even, (4) = (5)

For all x € G, there is some y € G such that
x#yandy =zforallz € G —x.

GEIZ+---+12(d:|2£|times)

GEOd
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Graphs that maximize |B(G)| if |G| is even, (5) = (1)

n=|Glisevenand G = O, ford = 7.
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Graphs that maximize |B(G)| if |G| is even, (5) = (1)

n=|Glisevenand G = O, ford = 7.

X1, X2 € V(G)

X1 # X>o
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Graphs that maximize |B(G)| if |G| is even, (5) = (1)

n=|Glisevenand G = O, ford = 7.

X1, X2 € V(G)
X1 # Xp

N[w]=G -z
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Graphs that maximize |B(G)| if |G| is even, (5) = (1)

n=|Glisevenand G = O, ford = 7.

X1, X2 € V(G)
X1 # Xp
N[w]=G -z

w € N[Xz],

w ¢ N[Xl]
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Graphs that maximize |B(G)| if |G| is even, (5) = (1)

n=|Glisevenand G = O, ford = 7.

X1, X2 € V(G)
X1 # Xz
N[w]=G -z
w € N[Xz],

w ¢ N[X1]

N[Xz] # N[X1]
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GRAPHS THAT MAXIMIZE |B(G)| IF |G|
IS ODD



The circle product

The circle product is defined as

GoH=GxH.

29



The circle product

The circle product is defined as

GoH=GxH.

Note that if (g1, /11), (g2, h2) € G o H, then:

(g1,h1) = (g2, ) © g1 = grinGorhy ~ hyin H
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Biclique graph of the circle product

For any graphs G and H, we have: B(G + H) = B(G) o B(H).

Sketch of the proof:
Define ¢ : B(G + H) — B(G) o B(H) by
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Biclique graph of the circle product

For any graphs G and H, we have: B(G + H) = B(G) o B(H).

Sketch of the proof:
Define ¢ : B(G + H) — B(G) o B(H) by
¢((G1 U H1, G2 U Hp)) = ((G1, G2), (Hi, Hp))
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Bicliques

Number of bicliques for some basic graph families:

O |B(Ky)| =1.

O |B(In)|=n+2, forn > 2.
O |B(Py)| =3n -3, forn > 4.
O |B(Cp)| =3n+2, forn >5.

Exceptional cases:
O [B(P3)| =4
O |B(C3)| =1
O |B(Cy)| =16
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Graphs that maximize |B(G)| if |G| is odd

Let n = 2d + 3 = |I3 + Oy, then |B(I3 + Oy4)| = 3 - 2"
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Graphs that maximize |B(G)| if |G| is odd

Let n = 2d + 3 = |I3 + Oy, then |B(I3 + Oy4)| = 3 - 2"

By Theorem 5,
B(I3 + O4) = B(I3) o B(Oy),
hence

|B(I3 + Og)| = [B(I3) o B(O4)| = |B(I3)] - |B(Og)l

5
=5.2% =_.o",
8
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Graphs that maximize |B(G)| if |G| is odd

Let G be a graph of order n > 1, maximizing |B(G)|. Then,

O if n = 2d, we have that G = Oy;
O otherwise, n =2d + 3 and G = Iz + O,.
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Graphs that maximize |B(G)| if |G| is odd

Sketch of the proof if |G| = n = 2d + 3.

G can not have twin vertices (i.e. N[x] # N[y] forall x,y € G)
nor universal vertices (i.e. N[x] # G forall x € G).

Lemma 4

If G has a vertex of degree r, then |B(G)| < 2”(% + %). Hence
A(G) < 3.
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IfE has a vertex of degree 3, then |B(G)| < % -2" —1. Hence
A(G) < 2 and G is the disjoint union of cycles and paths.

It follows that

The number of bicliques of the complements of paths satisfies:

1. |B(Py)| = 4 = 22
2. |B(P,)| < % 2" forn > 3.
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The number of bicliques of the complements of cycles satisfies:

1. |B(C3)|=5=13-2%
2. |B(Cy) < 22" forn > 4.

Sincel, =Py, I3=Csand Oy =L+ L +---+1 (d times), it
follows by the previous lemmas and by Theorem 5 that
G = I3 + Oy, as claimed in Theorem 6.
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Graphs that maximizes |B(G)|

If |G| iseven, d = @

E: G=ID+...+1(d times).
G =0y

_ If|G|isodd,d:”T_3

G: /\ T G=1I3+0y
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Graphs that maximizes |B(G)|

If |G| iseven, d = @

E: G=ID+...+1(d times).
G =0y

_ If|G|isodd,d:”T_3

G: /\ T G=1I3+0y

Remember that K2(S(G)) = B(K(G)).
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Questions?
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