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SUMMARY

Chromatic violation problem in a graph.

Pcv(G, E, F) chromatic violation polytope.

Limit cases: Coloring polytope Pgo (G, E) and k-partition polytope Px(G).

Polyhedral study of Pgy(G).

General Lifting Procedure for generating valid inequalities

Families of new facets without using Lifting Procedure
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DEFINITIONS

Vertex coloring
e k-coloring of G=(V,E):
partition of V into k stable
sets.
e vertex coloring problem (VCP):
smallest k needed to color the
nodes of G
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Vertex coloring
e k-coloring of G=(V,E):

partition of V into k stable

sets.

e vertex coloring problem (VCP):
smallest kK needed to color the

nodes of G
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k-partition
e k-partition of G=(V, E): partition
of V into at most k nonempty sets

e k-partition problem (k-P): G edge
weighted. Minimum weight
r-partition, r < k.
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DEFINITIONS

Vertex coloring k-partition
e k-coloring of G=(V,E): e k-partition of G=(V, E): partition
partition of V into k stable of V into at most k nonempty sets
sets. e k-partition problem (k-P): G edge
e vertex coloring problem (VCP): weighted. Minimum weight
smallest k needed to color the r-partition, r < k.
nodes of G
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DEFINITIONS

Our problem:
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Minimum chromatic violation problem (MCVP)

Find ¢-coloring of G’ = (V, E\ F) minimizing the weak edges with both
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DEFINITIONS

Our problem:

Given G=(V,E), % colors, F C E weak edges

Minimum chromatic violation problem (MCVP)

Find ¢-coloring of G’ = (V, E\ F) minimizing the weak edges with both

endpoints at the same color.
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INTEGER PROGRAMMING FORMULATION

Forie Vand ce % let For ij € F let

x.— ) 1 ificoloredbyc ~_J 1 ifiandjhave the same color
“7 1 0 otherwise 7| 0 otherwise
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INTEGER PROGRAMMING FORMULATION
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x.— ) 1 ificoloredbyc ~_J 1 ifiandjhave the same color
71 0 otherwise Y71 0 otherwise
The MCVP is
min Z Zjj
ijeF
subject to
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POLYHEDRAL STUDY OF MCVP

Chromatic violation polytope

Y Xic =1 ieV
ce?
Pcy(G, F,¢)=conv{ (x,z) € {0,1}°: Xie+Xe <1 e E\F,ce®

Xie+Xe <1+2z; jjeF,ce?

where s = |V||€| +|F]|.
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Y Xic =1 ieV
ce?
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POLYHEDRAL STUDY OF MCVP

Chromatic violation polytope

Pcv(G,F,%)=conv{ (x,z) € {0,1}*°

where s =|V||¢|+ |F|.

Observe that
o PCO/(Gv(g) = PCV(G,O,%)
o Pk(G) C Pcv(G, E,Cg) where

Px(G) =conv{ (x,z) € {0,1}°:
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Y Xic =1 ieV
. CE(g o
C X+ Xe <A je E\F,ce¥

Xic + Xjc ; 1+z; jjeF,ce?

Y xi =1 ieV
cev
Xig+Xe <1+z; [jeE,ce?
—XictXe <1-2 jeE,ce?
Xic—Xie <1-2z jeE,ce¥
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POLYHEDRAL STUDY OF MCVP

Chromatic violation polytope

Y Xic =1 ieV
ce?
Pcv(G,F,¢)=convy (x,z) € {0,1}°: X+ Xe <1 jcE\F.ce?

Xe+Xe <1+2z; jjeF,ce?

where s = | V||| + |F].

Observe that
° PCD/(Gfg) = PCV(G,@,%)
o PK(G)CPCV(GaEvg)
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If|€) > x(G— F) then
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POLYHEDRAL STUDY OF MCVP

Chromatic violation polytope

Y Xic =1 ieV
ce?
Pcv(G,F,¢)=convy (x,z) € {0,1}°: X+ Xe <1 jcE\F.ce?

Xe+Xe <1+2z; jjeF,ce?

where s = | V||| + |F].

Observe that
° PCD/(Gfg) = PCV(GaQa%)
o PK(G)CPCV(GaEvg)

LEMMA
If|€) > x(G— F) then

e Y Xxi=1, i€V minimal equation system for Pcy(G)
ce?

o dim(Pcy(G)) = [V|(|€]—1)+|F].
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POLYHEDRAL STUDY OF MCVP: GENERAL RESULTS

PROPOSITION
If|€¢| > x(G—F) then
@ x>0, icV,ce¥
e z;<1, JjeF
° z; >0, ijeF suchthat|?|> x(G—(F\{ij})),
® Xig+ X <1+z; Ij€F maximal clique in G— (F\ {ij})
Xic+Xjc <1, ij€ E\ F maximal clique in G—F
are facet defining inequalities for Pgy/( G).
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POLYHEDRAL STUDY OF MCVP: GENERAL RESULTS

PROPOSITION

If|€¢| > x(G—F) then

X >0, ieV,ce¥

Zjj < 1, jjeF

z; >0, ijeF suchthat|%|> x(G—(F\{i})),

Xic +Xje <1+2z;, ij € F maximal clique in G— (F\ {ij})
Xic+Xjc <1, ij€ E\ F maximal clique in G—F

are facet defining inequalities for Pgy/( G).

G- (F\{16})

o

5 4 O3 Xio+Xge < 1+ 246 facet Ve
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POLYHEDRAL STUDY OF MCVP: GENERAL RESULTS

PROPOSITION
If|€¢| > x(G—F) then
@ x>0, icV,ce¥
e z;<1, JjeF
° z; >0, ijeF suchthat|?|> x(G—(F\{ij})),
® Xi+Xc<1+z;, ijeF maximalcliquein G—(F\{jj})
Xic +Xjc <1, ij€ E\ F maximal clique in G—F
are facet defining inequalities for Pgy/( G).

G-F

o

> 4 O3 x5o+xpc < 1facet Ve
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POLYHEDRAL STUDY OF MCVP: GENERAL RESU_

LEMMA
If Ax + uz < A9 non-boolean facet of Pcy(G) then u <0. J
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POLYHEDRAL STUDY OF MCVP: GENERAL RESULTS

LEMMA
If Ax+ uz < A9 non-boolean facet of Pcy(G) then u <O0.

An instance (G, F1,%7) of MCVP is stronger than (Go, Fo,6>) if
G1 = Gg, %1 2%2 and F1 C F2.
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LEMMA
If Ax+ uz < A9 non-boolean facet of Pcy(G) then u <O0.

THEOREM
LetHCF.

AX+ ppzy < Ag facet of Poy(G, F) < Ax+ uyzy < Ag facet of Poy (G, H)
where G = G— (F\ H)

Note that: Ax < Aq facet of P, (G') < facet of Poy (G, F) where
G =(V,E\F).
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POLYHEDRAL STUDY OF MCVP: GENERAL RESULTS

LEMMA
If Ax + uz < A9 non-boolean facet of Pcy(G) then u <0.

THEOREM
LetHCF.

AXx+pyzy < Ag facet of Pey (G, F) < Ax+ uyzy < Ag facet of Poy (G, H)
where G = G— (F\ H)

Relationship with the k-partition problem.

Recall that Px(G) C Pcy(G, E).

LEMMA

Let Ax+uz < Ay valid for Pc(G).
e Facet for Px(G) and valid for Pcy (G, E) = facet for Pcy (G, E).
e u <0 = validfor Pcy(G,E).
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LIFTING PROCEDURE AND ITS CONSEQUENCES

LEMMA
F ={(x,2) € Poy(G,F\{ij}): Ax+uz = Ay} non-empty face. Then

Ax+uz <Ag+A1"zj,

with 2% = max{|Ave, — Ave,| : v € {i,j} and ¢, € €'} valid for Poy (G, F).

(1)
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LIFTING PROCEDURE AND ITS CONSEQUENCES

LEMMA
F ={(x,2) € Poy(G,F\{ij}): Ax+uz = Ay} non-empty face. Then

Ax+uz<Ay+ 7L*Z,'j,

with 2% = max{|Ave, — Ave,| : v € {i,j} and ¢, € €'} valid for Poy (G, F).
If 7 facetand 3(x,z)e %#,ve V andcy,c €€ such that

® Xy, =1 and Aye, — Ave, = A7,

® Xy, =0, VueTlg(v),

® Xy, =00rpyy=00rzy=1, Vuely(v)
then (1) defines facet of Py (G).

(1)
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LIFTING PROCEDURE AND ITS CONSEQUENCES _

COROLLARY
Let K C V clique in G. For c € €, the semi-clique inequality

vac§1+ Z Ze

vekK ecF(K)

is valid for Pcy(G).
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COROLLARY
Let K C V clique in G. For c € €, the semi-clique inequality

vac§1+ Z Ze

vek ecF(K)

is valid for Pcy(G).
If K maximal clique in G— (F\ F(K)) and |¢| > x(G— (F\ F(K))) then it
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LIFTING PROCEDURE AND ITS CONSEQUENCES

COROLLARY
Let K C V clique in G. For c € €, the semi-clique inequality

vac§1+ Z Ze

vek ecF(K)

is valid for Pcy(G).
If K maximal clique in G— (F\ F(K)) and |¢| > x(G— (F\ F(K))) then it
defines a facet of Pgy(G).

K={3,4,6} G- (F\F(K)) X3¢+ Xac + Xoc < 1+ 234 + Z36 + Zs6,
' €| >3
6 : facet of Pcy(G).
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Recursively applying the Lifting Lemma
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COROLLARY
G' Csg G and F(G') weak edges in G'. For T C ¢, the multirank inequality

YY i <a(@)Tl+ Y z

teTieV’ ecF(G)

is valid for Pcy(G).
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COROLLARY
G Csg G and F(G') weak edges in G'. For T C ¢, the multirank inequality

Y Y e <a(@)T|+ ) z

teTieV’ ecF(G)

is valid for Pcy(G).

For general G’ is not easy to analyze facetness.
Two particular structures: cliques and odd holes.

M. Escalante The minimum chromatic violation problem: a polyhedral approach



COROLLARY
G Csg G and F(G') weak edges in G'. For T C ¢, the multirank inequality

Y Y e <a(@)T|+ ) z

teTieV’ ecF(G)

is valid for Pcy(G).

PROPOSITION

LetK c V clique, T C¢. For|¢| > x(G— (F\ F(K)))+1 and
1 <|TI < |K| <|€|+|T|, the multicolor clique inequality (MKI)

Y Y a<ITl+ ) z

teTicV’ ecF(K)

valid for Pcy(G).
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COROLLARY
G Csg G and F(G') weak edges in G'. For T C ¢, the multirank inequality

Y Y e <a(@)T|+ ) z

teTieV’ ecF(G)

is valid for Pcy(G).

PROPOSITION

LetK c V clique, T C¢. For|¢| > x(G— (F\ F(K)))+1 and
1 <|T| < |K| < [€]+|T|, the multicolor clique inequality (MKI)

Z int§|TH‘ Z Ze

teTicV’ ecF(K)
valid for Pcy(G).
Facet of Pcy(G) <
o 1 <|T|I<|K|<|F|+]|T|
o dwe V\K with K CTs(w).
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PROPOSITION
LetHC V odd hole, T C €. For|¢| > x(G—(F\ F(H))) the multicolor odd

hole inequality
H
Lra<in?liy 2
teTieH ecF(H)

M. The mini) ic violation problem: a polyhedral approach



PROPOSITION

LetHC V odd hole, T C €. For|¢| > x(G—(F\ F(H))) the multicolor odd
hole inequality

Lra<in? iy 2
teTieH ecF(H)
facet of Pcy(G) &
° |¥|>2,
e 1<T|<2,

e Aw € V\ H such that T s(w) includes three consecutive vertices from H.

y
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PROPOSITION

Let K C V clique with F(K) = E(K), T C ¢ and q: € N foreach t € T, the
multicolor combinatorial clique inequality

Y Yan<y M. ¥ g

teTieK teT feF(K)

valid for Poy/(G).

ic violation problem: a polyhedral approach



PROPOSITION

Let K C V clique with F(K) = E(K), T C ¢ and q: € N foreach t € T, the
multicolor combinatorial clique inequality

Y Yax<y Mty g

teTieK teT jeF(K)
valid for Pgy(G).
If1€| > x(G—(F\ F(K)))+1, itis facet of Pcy(G)
o Fwe V\K with K CTs(w)
o 1<gs <|K|<|€|+Qs, where gs = Yic7Qt-
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PROPOSITION

Let K C V clique with F(K) = E(K), T C ¢ and q: € N foreach t € T, the
multicolor combinatorial clique inequality

Y Yan<y M, y g

teTieK teT jeF(K)
valid for Pgy(G).
If1€| > x(G—(F\ F(K)))+1, it is facet of Pcy(G) &
o Fwe V\K with K CTs(w)
o 1<gs <|K|<|€|+Qs, where gs = Yic7Qt-

Note that

e Not arising from the Lifting Lemma
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PROPOSITION

Let K C V clique with F(K) = E(K), T C ¢ and q: € N foreach t € T, the
multicolor combinatorial clique inequality

Y Yan<y M, y g

teTieK teT jeF(K)
valid for Pgy(G).
If1€| > x(G—(F\ F(K)))+1, it is facet of Pcy(G) &
o Fwe V\K with K CTs(w)
o 1<gs <|K|<|€|+Qs, where gs = Yic7Qt-

Note that
e Not arising from the Lifting Lemma
o Not a generalization of MKI: the complete graph has no strong edges
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CONCLUSIONS AND FUTURE WORK

In this paper:
o Polyhedral study of the minimum chromatic violation problem
e Analyzed its relationship with the two limit cases: coloring and k-partition
o Developed a lifting procedure for finding new valid inequalities and facets

o Not all of the facets can be obtained in this way: there are some
associated with weak subgraphs

To do:

e "Projecting procedure" starting from the k-partition facets?

e Implement Branch-and-cut algorithm for some of the inequalities defining
facets?

e Families of graphs for which the MCVP can be polynomial time solvable?
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Thanks for your attention!
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PROPOSITION

LetHC V odd hole, T C €. For|¢| > x(G—(F\ F(H))) the multicolor odd
hole inequality
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o 3w c V\ H such that T s(w) includes three consecutive vertices from H.
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