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IDENTIFYING CODES IN GRAPHS

Let G = (V,E) be a graph and N/[i] be the closed neighborhood of i € V.
DEFINITION
Asubset CC Vis

e dominating if N[i] N C are non-empty sets for all i € V,

e identifying if N[i] N C are distinct sets for all i € V,

o an identifying code if it is dominating and identifying.

A A A A

REMARK

G is identifiable if and only if it has no true twins, i.e., two nodes i # j with
N[i] = NJj] [Karpovsky et al. 1998].
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THE IDENTIFYING CODE PROBLEM

The identifying code problem is hard in general and even remains hard for:
@ bipartite graphs [Charon et al. 2003],
@ interval graphs [Foucaud 2013],
o split graphs [Foucaud 2013].
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The identifying code problem is hard in general and even remains hard for:
@ bipartite graphs [Charon et al. 2003],
e interval graphs [Foucaud 2013],
o split graphs [Foucaud 2013].

OUR AIM:
Study the identifying code problem of block graphs. J

A block graph is a graph in which every maximal 2-connected subgraph (block)
is a clique.

A block graph B (the black vertices form an identifying code of B).



OUTLINE

o THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

S. Bianchi (UNR) A linear-time algorithm for the identifying code



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM
FOR TREES

KNOWN RESULTS
o Atreeis a particular case of a block graph.

o Trees have been addressed in the context of the identifying code problem
[Auger 2014, Bertrand et al. 2005, Blidia et al. 2007, Karpovsky et al.
1998].

o There is a linear-time algorithm that solves the identifying code problem
on trees [Auger 2014].
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PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

Let G= (V,E)beagraphandve V.

C CVisa{v}-almost ID of G if the sets C N N[u] are nonempty and pairwise
distinct for all u € V — {v}. [Auger 2014]
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PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

LetG=(V,E)beagraphandve V.

C CVisa{v}-almost ID of G if the sets CN N|u] are nonempty and pairwise
distinct for all u € V — {v}. [Auger 2014]

C satisfies the property
o ID (for identifying) if C is an identifying code in G,
@ CO (for code) if v € C,
@ ADJ (for adjacent) if v has a neighbour in C,
o FN (for favoured neighbour) if v has a neighbour w with N[w] N C = {v}.

Let call P either any of the properties above or ID, CO, ADJ and FN.

S. Bianchi (UNR) LAGOS 2017 8/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:

S. Bianchi (UNR) A linear-time algorithm for the identifying code LAGOS 2017 9/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:

o If C satisfies FN then C satisfies CO.

S. Bianchi (UNR) A linear-time algorithm for the identifying code LAGOS 2017 9/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:

o If C satisfies FN then C satisfies CO.
o If C satisfies ID then C satisfies CO or ADJ.

S. Bianchi (UNR) A linear-time algorithm for the identifying code LAGOS 2017 9/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:

o If C satisfies FN then C satisfies CO.
o If C satisfies ID then C satisfies CO or ADJ.
o If C satisfies ID, CO and FN then C satisfies ADJ.

S. Bianchi (UNR) A linear-time algorithm for the identifying code LAGOS 2017 9/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:
o If C satisfies FN then C satisfies CO.
o If C satisfies ID then C satisfies CO or ADJ.
o If C satisfies ID, CO and FN then C satisfies ADJ.

Let I'p, . p, (v, G) the function that returns the minimum size of a {v}-almost
ID code in G satisfying P; with i = 1,...,k or oo if no such code exists.

S. Bianchi (UNR)

LAGOS 2017 9/25



PREVIOUS WORK ON THE IDENTIFYING CODE PROBLEM

There exist dependence relationships between the properties on a code C:
o If C satisfies FN then C satisfies CO.
o If C satisfies ID then C satisfies CO or ADJ.
o If C satisfies ID, CO and FN then C satisfies ADJ.

Let I'p, . p, (v, G) the function that returns the minimum size of a {v}-almost

ID code in G satisfying P; with i = 1,...,k or oo if no such code exists.
It can be proved that for any graph G and v € V(G) it holds:

I'ip,co,apgFn(v, G)
Tio(G) = min Lipcoapuen(v,G)

I'pcoans(v:G)

I'bco.A00 (v,G)
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

REMARK
o A block graph B is identifiable if and only if each maximal clique K of B
satisfies that all vertices in K, except at most one, have a neighbour that
is notin V(K).
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REMARK

o A block graph B is identifiable if and only if each maximal clique K of B
satisfies that all vertices in K, except at most one, have a neighbour that
is notin V(K).

o If Bis a block graph, v; € V(B) and K is a maximal clique with
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

THEOREM

Let B be a block graph and vy, v», ..., vy the vertices of the maximal clique K.
Let B1,B,,...,By be the block graphs, containing vi,v,, ..., v respectively,
obtained from B by deletion of the edges in K.

LetC beacodeinBandC;=CNV(B;) foralli € {1,2,...,k}.
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ie{l,2,...,k}.

e IfC satisfies ID then there exists at most onei € {1,2,...,k} such that C;
satisfies ADJ.

o IfC isavi-almost ID code in B then there exists at most one
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k

av;-almost ID code in B;, Vi € {1,2,...,k} and C = |J C;, then
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1
e Ifu,ve V' =V(B)—V(K), they are dominated and separated by C.

o Letve V' andv; € V(K) such thatd(v,v;) = 1. Thenv and v; are
dominated and separated by C if thereisi € {1,2,... k} i # j such that
Cl' is CO.

o Letve V' andv; € V(K) such thatd(v,v;) = 2. Thenv and v; are
dominated and separated by C if C; satisfies CO or there is
i€{1,2,...,k} i#jsuchthatC;is COandv ¢ V(B;).

o Ifvi,vj € V(K) with i # j then v; and v; are dominated and separated by
C if either C; is ADJ or C; is ADJ.
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Remind that given v € V(B),

I'ib,co,apd,en(v, B)

I'p(B) = min F|D,CO,ADJ’m(V,B)
I'pcoaps(v, B)
I'pcoaps(v:B)
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Remind that given v € V(B),

I'ip.co,apyFn (v, B)
[p(B) = min I'pcoapsn(vsB)

['ipcoans(vsB)

I'pcoaps(v:B)

How to compute I'ip.co,apsen(v, B)?
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Let C C V(B) be a v—almost ID code satisfying ID, CO, ADJ and FN.
Letv=v; € V(K) with K maximal clique in B.
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Let C C V(B) be a v—almost ID code satisfying ID, CO, ADJ and FN.
Let v=v; € V(K) with K maximal clique in B.
It holds that:

e C;isav;—almostIDcodeinB;Vie {1,2,...,k}.
e (C;is CO (since Cis CO).
@ There is w such that Njw] N C = {v;} (since C is FN).

If w ¢ V(B;) then Cy is FN and w = v; for some j # 1.
Moreover
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If w € V(By) then Cy is FN.
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

If w € V(By) then Cy is FN.

VK)NC = {vi} VK)nC|>2

/ /]\

AD.J,
IDCO e .. co C() v& C‘()AD.I \6/ C'UADI v (‘()
ARJ PN -/ ADJ, FN . o ADF
DL o Lo\ 7

/,/ l,//\

2 N .
o T g 2 < < _ > co < co
ADJ. ADJ D] ADJ ’ ADJ
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

If w € V(By) then Cy is FN.

Y
2
@
\~x>
\ N
o 1Ck .
.\
|

co
By ADJ, . By ADJ
Ipcol co co ... /aps oD}
J F AD.J, FN i, . EN ADJ,
DL D2 )
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co Z _ g m:———\ w0 o T — N T T o
et 4L e ol L g ADJ
-------------------- B Creaiaaent treaaaaent B
(v) (iv) (i) (iii)
,...,k} satisfying any of

Conversely, C; is a v;—almost ID of B; Vi € {1
(i), (ii), (iif), (iv), (v) then C satisfies the properties ID, CO, ADJ and FN

) ) , (), \V
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS
Hence, if C; is a v;i—almost ID of B; Vi € {1,...,k} satisfying (i), then

@ ( satisfies ID, CO, ADJ, FN,

@ 3je{2,3,...,k} such that C; Aﬂff;; X*:j Af;;
satisfies CO, ADJ, \

D
o Vic{2,3,....k},i#]j, C; A%’E»————OADJ

satisfies CO, ADJ.

''''
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Hence, if C; is a v;—almost ID of B; Vi € {1,...,k} satisfying (i), then

@ (| satisfies ID, CO, ADJ, FN,

@ Jje{2,3,....k} such that C; ;,fng K’y Affi
satisfies CO, ADJ, 5 -«
. . . /-
° VL§{2,37...7k},17é],Ci ACE)E____OAC;?]
satisfies CO, ADJ.

''''

In order to obtain I'ip co apJyFn (v, B) we need to compute:

°© I'pcoanurn(vi;Bi)
o T'ssa03(vj:By) for only one j € {1,... k}
° F@,ADJ(viaBi) for all l7é_]
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Hence, if C; is a v;—almost ID of B; Vi € {1,...,k} satisfying (i), then

@ (| satisfies ID, CO, ADJ, FN,

AD.J
@ J€{2,3,...,k} such that C; 4’1?,”;\ U 5;;
satisfies CO, ADJ, \

// -
o VIE{27377k},l7é],Cl /{,D(E____OAC];)]
satisfies CO,ADJ. =T L

In order to obtain I'ip co apJyFn (v, B) we need to compute:

® I'pcoansen(vi;Bi)
o T'ssa03(vj:By) for only one j € {1,... k}
© I'goapy(vi, Bi) for all i # j

And all functions corresponding to the cases (ii), (iii), (iv), (v)
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Name | Function Name | Function
bil I'p,co,ADyFN fe I'coapiEN
f 'p.coApyFN f L'coapfn
f rlD,CO,AT)J 1 FCO,ATDJ,W
Ja L ID,CO,ADJ fo Fﬁ,ADJ
S5 T'co,apy,FN Sio | Tsoang

List of main functions
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Name | Function Name | Function
h ['p,co,ADyFN Je I'coapiEN
f 'p.coApyFN f L'coapfn
f FID,CO,AT)J 1 Fco,ATJ,W
Ja F|D,®,ADJ fo F@,ADJ
fs T'co,ADdFN fio | Teoans

List of main functions

Name | Function Name | Function
fit | Teompg=minifr.fs} || fis | Tge =min{fo.fio}
fiz | Tcoapy =min{fs.f} || fie | Tapy=min{fs.fs.fo}
fis | Tcorn = min{fs.f1} fi7 | Tipcoaps = min{fi,fr}
Jia_ | Toopn = min{fe.fs}

List of auxiliary functions
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

fl(Vl,B) =

= min

I'p,coapd,n(vi,B) =

f(Vl Bl)"’ rgnn {fl()(v]7 )+ Zf9(vla 1)}

J=2ees
taéj

fs(vi,B1) + rr211n {11(Vh,3h)+ Y. fis(vi, z)}
..... t;éh

fs(vi,B1) + hmln {flO(ij ) +f12(vi, Br) + ZflG(Vu 1)}
..... I#J,

fis(vi,B1)+ H21111 fiz(vi,Bp) + Zf16(vl7 B;)
""" z;éh

k
\fl(vl,Bl)"‘ Y fo(vi,Bi)

i=2

S. Bianchi (UNR) A linear-time algorithm for the identifying code LAGOS 2017

18/25



THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Given v € V(B) and according to the given functions,
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Given v € V(B) and according to the given functions,

F|D(B) = min{fl (vaB)af2(v7B)=f3(vaB)7f4(v7B)}'
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Given v € V(B) and according to the given functions,

F|D(B) = min{fl (v,B),fz(V,B),fé(V,B),f4(v,B)}.

Algorithm ICB

Input: a connected block graph B and its list of maximal cliques.
Output: I'ip (B).

1: randomly select a vertex v; and call RICB(vy,B);

2: return 1—‘lD(vl >B) = mln{fl (Vl 7B)7f2(vl 7B)7f3 (Vl 7B)7f4(vl 73)}
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THE IDENTIFYING CODE PROBLEM ON BLOCK GRAPHS

Given v € V(B) and according to the given functions,

F|D(B) = min{ﬁ (v,B),fg(v,B),fg(v,B),f4(v,B)}.

Algorithm ICB

Input: a connected block graph B and its list of maximal cliques.
Output I'p(B).
1: randomly select a vertex v; and call FiICB(v]7 );

2: return Tip (v, B) = min{fi(v1,B),/2(v1,B) /3 (v1,B).f4(v1,B)}.

Algorithm ICB randomly selects a vertex v; in block graph B and calls Algorithm RICB(vy, B)
that computes the values of all 10 functions in a recursive manner in smaller and smaller block
graphs.
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING
CODE PROBLEM ON BLOCK GRAPHS

Initialization: List L when V(B) = {v}

Name | Function fi(v,{v}) || Name | Function fiv,{v})
f I'p,co,apd,FN 00 fe oo ADJEN 00
f2 ['p.coapFn o J7 CO,ADJ,FN o
13 FID,CO,TDJ 1 13 CO,ADJ,FN 1
Ja ID,CO,ADJ o fo CO,ADJ °°
fs I'coADJFN oo S1o I'soApd 0
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING

CODE PROBLEM ON BLOCK GRAPHS

Initialization: List L when V(B) = {v}

Name | Function fi(v,{v}) || Name | Function fiv,{v})
f I'p,co,apd,FN 00 fe L' coADJFN oo
2 ['p.coapFn o J7 CO,ADJ,FN o
L'p.coApy 1 CO,ADJ.FN 1
fa ID,CO,ADJ o fo CO,ADJ e
fs I'coADJFN oo J1o I5o.A00 0

Algorithm RICB

Input: a block graph B, its list of maximal cliques and v € V(B).
Output: the list L of the values of the ten functions f; on (v, B).
1:if v; has degree 0 in B then

2: initialize L;

3:else

5: let By,..., B be the remaining bloc
6: letL; = RICB(v;,B;) foralli € {1,.
7: compute the ten functions on (v17B) from L;forallie{1,..
8: end if

4: let K be a maximal clique with V(K & {v1,...,v} and delete its edges;
graphs resp containing vy,...,vg;

9: return the list L of the values of the ten functions f; on (v, B).

Jk}.
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING
CODE PROBLEM ON BLOCK GRAPHS

THEOREM

For each of the ten functions f;, we can compute fj(vi,B) from L;(v;, B;) for all
ie{l,...,k} intime O(k).
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING
CODE PROBLEM ON BLOCK GRAPHS

THEOREM

For each of the ten functions f;, we can compute fj(vi,B) from L;(v;, B;) for all
i€{l,...,k} intime O(k).

THEOREM

Algorithm ICB computes in linear time T'p(B) of an identifiable block graph B
(or returns o if no identifying code exists in B).
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING
CODE PROBLEM ON BLOCK GRAPHS

COROLLARY

If B is a vertex-weighted block graph, the ICB can be easily modified in order to
return the minimum weighted identifying code number.
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THE LINEAR-TIME ALGORITHM FOR THE IDENTIFYING
CODE PROBLEM ON BLOCK GRAPHS

COROLLARY

If B is a vertex-weighted block graph, the ICB can be easily modified in order to
return the minimum weighted identifying code number.

v

COROLLARY

Algorithm ICB could be modified in order to obtain an identifying code of
minimum size.
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FUTURE WORK

The Identifying code Problem (ICP):
e Find C C V of minimum size such that CNN/i] # @ and
CNNl[i] # CNNJjl,i,je V.
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FUTURE WORK

The Identifying code Problem (ICP):
e Find C C V of minimum size such that CNN/i] # @ and
CNNl[i] # CNNJjl,i,je V.

Problems related to the Identifying Code Problem in graphs:
@ Locating dominating Problem (LDP)
Find L C V of minimum size such that LNN/[i] # @ and
LNN(i) #A#LNN(j),i,j€V—L.

@ Open locating dominating Problem (OLDP)
Find O C V of minimum size such that ONN (i) # @ and
ONN(i) #ONN(j),i,je V.

Our future goals:
@ Adapt the linear-time algorithm for ICP to LDP and OLDP.
o Extend the results to graphs whose 2-connected components are cycles
or complete bipartite graphs.
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