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Introduction

Bayesian statistics needs to evaluate posterior distribution (and

mean, mode) x19)(6)
_ p(x]0)p(60

@ observation: x = (xq,..., Xp)
@ likelihood: p(x|0)
@ prior distribution: p(6)
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With latent variables z, even more complex
@ joint posterior distribution

p(z, 6)x) = PX1Z: ;l(a)((;lﬁ) p(9)

@ marginal posterior distribution

p(6IX) = / p(z.0X)dz;  p(zlx) = / p(z,0/x)d6

@ evidence
:/p(x,z,e)dzde

— may not have close form; may be numerically intractable.
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Introduction

In these cases, approximations are needed:
@ Stochastic techniques

@ generate exact results given (infinite) computational resource
e computationally demanding

@ Deterministic analytical approximations of the posterior
distribution
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Introduction

In these cases, approximations are needed:
@ Stochastic techniques

@ generate exact results given (infinite) computational resource
e computationally demanding

@ Deterministic analytical approximations of the posterior
distribution

@ Laplace approximation: local Gaussian approximation to a mode of
the distribution

e Variational inference:
pick a family of distributions where the computation is easy, and
choose the best g*(#) as an approximation of the posterior
distribution p(6|x)

e Expectation Propagation

e ...



Variational Inference

Outline

9 Variational Inference



Variational Inference
000

Basic principle

Let g be a free distribution on 6. From p(8|x)p(x)
log p(x, #) — log p(0]x)
| (10p(x.6) ~tog p(é1x) a0}

log p(x)

Q)
——

functional

/9 q(0) log
F(

+

q(0)
KL(q,p)
N——

Kullback divergence

>

p(x,0), write:

p(x,6)> a6 — /aq(e) log (P(GIX)) do

q(0)

F(q)
~—~—

lower bound
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Variational Inference
000

Basic principle

Let g be a free distribution on 6. From p(8|x)p(x) = p(x, §), write:
logp(x) = logp(x,0) — logp(¢|x)
= | (1oap(x.0) ~ loa p(61)q()as

POO)Y p(oIx)
/9"(9)'°g a0) )‘” /a"(e)bg(q(o))de
F@q@) + KL(q, p) > F(q)
—— ——— ~——

functional Kullback divergence lower bound

» considering all distributions g (no approximation)
p([x) = argmin KL(q, p) = arg max 7 (q)
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Variational Inference
000

Basic principle

Let g be a free distribution on 6. From p(8|x)p(x) = p(x, §), write:
logp(x) = logp(x,0) — logp(¢|x)
= | (1oap(x.0) ~ loa p(61)q()as

p(x,0) B p(0]x)
 a@es (P53 )‘” /9"(9)'°9(q(9))d9
Fq) + KL(q,p) > F(q)
—— —— ——

functional Kullback divergence lower bound

» considering all distributions g (no approximation)
p(x) = argmin KL(q. p) = argmax F(q)
» considering only g € Q where the computation is easy
(approximation)
UX) ~ g*(.|x) = in KL =
p(-[x) ~ g*(.|x) = argmin KL(q, p) = arg max 7(q)

12/48
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Basic principle

For inference on the parameter ¢ and latent variables z

//q Iog< xze))dedz—//q ,Z)log <p(9 Z|))())d6d:
F(qoz) +  KL(Qoz, p) > F(Qs2)
N—— N——— N——

Functional Kullback divergence lower bound

log p(x)

p(.1x) =~ qp,(.|x) = arg in, KL(gsz, p) = arg max F(Qoz)

log p(x) ~> F(q5,)

— Replace an integration by an optimization over a set of functions
where the computation is easy.
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Basic principle

What kind of restrictions?

@ use a given parametric distribution q(.|w)
@ use factorized distributions:
e separate latent variables and parameter

qez = q9 qz

o factorize variational distribution for latent variables : mean field
approximation

%(2) = [[ 0z (2)
i=1

e — cycling optimization in turn along the different factorized
distributions

14/48
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lllustration: parametric distribution

Consider the approximation of p(z) with a Gaussian q(z; u, v)".

P(2) o exp(~22/2)(1 + e~ H) " = f(z2)

Variational approximation: Minimize KL(q, p) with respect to u, v:

KL(p.) = [ atzin.v)ton (FEE ) ax = k(v

Laplace approximation

qa(2) = \/Zexp <Z(z = mo)2>

; df(z d?log f(z
with mg = 242) z=m, @Nd H = — dgz( )lz:mo

1Bishop (2006), chap, 10
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Variational and Laplace approximations

3 A —p
o - - Laplace App.
1 \ -=+ VApp.
©
Q
2
2
s ©
°
N
R
o
e
T T T T T T T
-2 -1 0 1 2 3 4
X
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Mean field approximation

Define a factorized free distribution: q(z) = [[i_, 9i(z)
First: suppose q; fixed for j = ¢:

/ logp(x,2)] [[qidz—> / qilog q; az;

z i i Y

/ qe {/ log(p(x, 2) H q;dz;] dz, —/ qelog g, dz, + cst
F9) zZ_ Ze

e i#e

F(q)

log exp E_,(log(p(x,2))
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Mean field approximation

Define a factorized free distribution: q(z) = [[i_, 9i(z)
First: suppose q; fixed for j = ¢:

/ logp(x,2)] [[qidz—> / qilog q; az;

z i i Y

/ qe {/ log(p(x, 2) H q;dz;] dz, —/ qelog g, dz, + cst
F9) zZ_ Ze

e i#e

F(q)

log exp E_,(log(p(x,2))
—KL(q, Aexp E_,(log p(x, z))) + cst

Update of a given factor

exp E_,(log p(x,z)) 1)

g, = arg mq?.X f(q17 500y CIn) = ‘/‘ZZ exp |E7[(|Og p(x7 Z)) dzz
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Mean field approximation

@ the set of updates (qg;,i = 1,...n) defines a set of consistency
conditions for the maximum lower bound under factorized
distribution.

@ but each g depends on the computation of the expectation with
respect to the others factors
Then: iterate...
@ Initialize with some setof g%, i=1,...,n

@ Cycle through the factors and replace in turn with the
corresponding update

loggi™ = Eg._qlogp(x,2)+ cst
loggt™ = IEq1f+1 Gl log p(x,z) + cst
log q;,“ = IEq:+1 gt log p(x,z) + cst

@ Convergence is guaranted

19/48
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Factorized distribution: illustration

Approximate a 2D-Gaussian distribution p(z) = NV(u, A~") using a
factorized distribution g(z) = g1(21)g2(22)

A Ay A2 1
H (uz) ' </\21 /\22)
Using the update formula (1)
log g7 (z1)

Eg, log p(z) + cst

2 )2
= [Eg (—(12/“)/\11 — (21 — p1)M2(22 — /~L2)> + cst

1
= —§A11Z12 + Z1 N1 — 21 N\q2 (|Eq2(22) — /Jz) + cst

— _% [21 - (#1 — A7 Ma(Eg,(22) — /1,2)) r + cst

20/48
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Factorized distribution: illustration

Approximate a 2D-Gaussian distribution p(z) = NV(u, A~") using a
factorized distribution g(z) = g1(21)g2(22)

A Ay A2 1
H (uz) ' </\21 /\22)
Using the update formula (1)
log g7 (z1)

Eg, log p(z) + cst

2 )2
= [Eg (—(12/“)/\11 — (21 — p1)M2(22 — /~L2)> + cst

]
= —§A11212 + Z1p11M1 — 21M2 (Eg, (22) — p2) + cst

— _% [21 - (#1 — A7 Ma(Eg,(22) — /1,2)) r + cst

g; and g3 are Gaussian :

g = N(mi, Vi = A a5 = N(ms, Vs = Ay,)

21/48
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Factorized distribution: illustration

@ Approximate a 2D-Gaussian distribution p(z) = M (u, A=) using
a factorized q(z) = g1(z1)g2(22) leads to a product of Gaussian.

@ The updating equations are coupled:

Eq(a) =mi = p1— Ay Ma(m — piz)
Eq(X2) =M = p2 — Ny Ma(m; — )

» the mean is correctly captured: mjy = pqy and m3 = po

» however, the variance is underestimated and controlled by the
direction of smallest variance of p(z):

* —1 V. V122 VA —1 V. V122
Vi=NAy = 11—@and 2 =Ny = 227y

22/48
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Factorized distribution: illustration

—— distribution
= = Var. App

T T T

-5 0 5 23/48
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Reverse KL

If now we minimize the reverse KL instead: KL(p, q)

KL(p, q) = Ep(log(p/q)) /p Zlog qi(z))dz + cst

Using the factorized form of g, optimization leads to

q; ( Z,)f/p HdZ’* Z)

LA

— optimal solution in closed-form as the marginal distribution

24/48
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Reverse KL

Mean is successfully recovered, but approximation is too spread.

— distribution
EP

25/48
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Reverse KL

@ direct KL(q, p) is zero forcing for g :

mmm—/megg

— infinite if p(z) = 0 and g(z) > 0.

@ reverse KL(p, q) is zero avoiding for g :

mmmz/mmmﬁg

— infinite if g(z) = 0 and p(z) > 0.

26/48
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Reverse KL

Approximation of a bimodal distribution (blue contours) with a
unimodal distribution (red contours)?

=

()

Direct KL will tend to find a single mode (b, c), whereas inverse will
average across all of the modes (a)
Note: use of reverse divergence : Expectation Propagation

2Bishop (2006)

27/48
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You say variational?

@ Variational inference: approximate a distribution using the
optimisation of a given functional

@ Variational Bayes: variational inference for the posterior
distribution of a parameter 6: p(¢|x) ~ [T, g;(6;)

@ Variational Bayes EM: variational inference on both latent
variables z and parameter 6 : p(6,z|x) ~ q(0) [ ; 9i(zi)

@ Variational interpretation of the EM algorithm

28/48
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Variational Bayes
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Variational Bayes on an example

Compute a factorized variational approximation for the model of iid
univariate Gaussian observations

S A n/2 A n )
plcler =02 = (5) e 5> (- n)
with conjugate prior Normal-Gamma

P, A) = p(IA)P(A) = N (ulpo, (koA) ") Ga(A|ao, bo)

VB approximation with a factorized free distribution

Qi A) = qu(p)ga(N)

30/48



Variational Bayes
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Updating q,

log g,.(1) = Exlog p(X, i, A) + cst
= [Exlogp(x|u, ) + Exlog p(u|A) + cst
Ex()\ 1 Ex()\
= gEA(Iog A) — % Z(X,- —p)?+ EEA(IOQ A) — %mo(u — p10)? + cst

- B (Z(x,- 1+ o uo)z) + ost

i

= — |E>\2()\) <,u2(f<;0 +n)—2u (Z Xi + Mofio)) + cst

» optimal g}, = N (uin, k7 ")
> 1n = (poko + NX)/(ko + N)
» Kp= (K)O + n)|E,\(/\)

31/48
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Updating g,

Remind Ga distribution: p(\|ag, by) = ) —Abo |t follows:

log gx(A) = E,. log p(xX, i1, A) + cst
= Eulogp(x|u,A) + E, Iogp(ulA)+logp(A)+ cst
A 2 Ao 2
= flogA >E (Z(xf—u) )+ flogkf 5 Eu((p = o))

+(ao — 1)log X\ — bo + cst

= <n+1+a0—1>log/\—)\ + cst

2

bo + E, (Z (x _QM)Z + Ko (e _2M0)2>

» optimal g5 = Ga(an, bn)
> a,=a+ !
> by = b+ E, (0% — 11)? + o1t — io)?) /2

32/48
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Optimized (q;;, g3)

The optimal distribution for mean and precision depends on moments
evaluated with respect to the other distribution

— one option is to cycle through g, and g, in turn and update until
convergence

@ Updating g™ = argmaxg, F(qy, q4) = N (uh™,1/k5)

nx
bt = HORO Xt ) Es()
Ko+ N v
ah /b

@ Updating gi"" = argmaxgq, F(qt', gx) = Ga(an, bn)

n-+1
2

af,*‘ =ap +

1 _ 1
BT = bo+ (3 -+ rond)—(nX-+riopio) E (1) + 5 (n++0) E, (1)
; —— ——

Hn patny

33/48



Convergence
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Variational Bayes
0000e

Stepl-a: after updating g mu
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Dealing with latent variables

The frequentist approach uses the EM algorithm
logp(x;0) = logp(x,z;0)—logp(z|x;0)
E[log p(x, z; 0)|x; 6°)] — E[log p(z|x; 6)|x; 6]
Q(016')) — H(0]6?))
Let 4 € argmax, Q(0]6(9))
L(G) — L(69) = Q(A]69) — Q(8]6) + H(6©[6()) — H(8]6D) > 0

EM algorithm
Repeat:

@ E Step : compute Q(9|6(9), conditional expectation of the
complete likelihood
— need to compute p(z|x; #(9) or its moments

@ M Step : update § by maximization: °*' = arg max, Q(6/6°)
—» convergence to a local optimum

36/48
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Bayesian setting with latent variables: VBEM

Full Bayes: priors on parameter 6 and latent z ; take a variational distribution
that factorizes between latent variables and model parameter

p(6,2|x) ~ 90(0)3:(2) =aq0) J[a(z)
N—_—— i
crucial approximation ——

follows for iid var.

p(x) = Eq(log(p(x,2,0)/qeaz)) + Eq(log(p(2,01X)/q0 )
= F(Gz Qo) + KL(QzQv, P)

Variational Bayes EM

@ VBE Step : update q(z|x), VB posterior of the latent variables :

t+1

G = argmax F(gs, )

@ VBM Step : update q(0|x), VB posterior of the parameter

t+1

G = argmaxF (", qo)
(]

< convergence to a local optimum 37/48



Variational Bayes EM
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Back to EM

From log p(x; 8) = log p(x, z; 8) — log p(z, |x0):

£, [log 2220 4 ki@l ptzixio)

= F(z.0) + KL(q:|p(2]x; 0))

log p(x; )

EM (revisited as a Variational algorithm)

E Update p(z|x; 0) as
G =argmax F(qz,0'); Q(06"") = F(¢",0)

M Maximize

9" = arg mgx]—'(qé*‘,&) = argmax = Q(6|6™")

38/48
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Mixture of Gaussians

Remember
@ iid sample of a convex combination of K distributions of a given

family (here, Np(y, _1)

X,|9) Zﬂk./\/ X1|Mk7/\k ), Zﬂk=1

k=1 k=1

=

@ Parameter
0 = (7 = (Tk)k=1,...k> = (pk)k=1,....k, N = (MK )k=1,....k)
@ Latent variables z = (z1,. .., 2,) where z; is a 1-of-K binary

vector with element zy: p(zix = 1) = m

N K
ptaim) = [[ [ 2" plxiz.s A) = TTTT [V Oaliee A

i=1 k=1 i=1 k=1

Zik

@ Log-likelihood

p(x|0) = Z|OQZN Xil s N
i=1

39/48
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Bayesian Mixture of Gaussians

@ Introduce priors over parameter 6
< Dirichlet for the mixing coefficients

K
p(m) = D(rlag) oc [[ me~"
k=1

— Independent Gaussian-Wishart prior for the modes and precisions
p(,N) = p(plN)p(N)

K
TV (ulmo, (BoA) ™ YW(Ak| Wo, 15)

k=1

1 _
W(Ak| Wi, v) o [A|0=P=1/2 exp (—2 Tr(W, 1/\k))

We choose mg = 0 and W, = Id

40/48
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Variational distribution

@ Joint distribution

p(x,z,0) = p(x|z, p, A)p(z|m)p(m)p(p|A)p(A)

@ Exact posterior p(z,0|x) : K" terms

@ Variational distribution: factorization between the latent variables
and model parameter

CI(Z, 0) = qZ(Z)qH(ﬂ'a K, A)

< only assumption for a tractable solution
— the functional form will be automatically determined by the
optimization of g

41/48
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Sequential update for g,

@ Using the general update scheme (1)

log g; (2)

with

log tx = Ex

= Expunlogp(x,z,m, @, N) + cst
= Ex pa(log(p(x|z, u, A)p(z|m)p(m)p(p|N)p(N)) + cst
= Ex (logp(z|m)) + ELa (log p(X|z, 1, N)) + cst

n n
= Z Z {ZiklEﬂ-(IOg k) + ZikEp, a, 109N (Xil s A ))} + cst
i—1 k=1

n n
= > zklog(tk) + cst

i=1 k=1

1 D 1 ,
(10g 7+ E(10g [Ak])—5 109(2m)— 5 Eym (06 — 1) s = 12¢))

42/48
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Updating g,

@ From

@ Exponentiating

@ Normalizing

tzlk

n K

_ Zik

— H H T2k with 7 = S z,/
i1 k=1 =11

@ @ is factorized, has the same function form as the prior p(z|)
and depends on moments evaluated with respect to the other
distribution — cycling

o |EZ(.(Z,‘k) = Tik

43/48
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Updating gy

@ Using the general update scheme (1)

logqy(z) = Expalogp(x,z,m,p,A)+ cst
= [E;log(p(x|z, u, N)p(z|m)p (ﬂ)p(u\/\)P(/\))Jrcst

= ZIEz zic)log (N Ol Ac 1)) + 3 log Plezi Av)
k

+ Z log(7x)E_ (zi) + log(p(m)) + cst
ik
— factorization:

K
a5 (w1, A) = g () [T @ (s i) = H q* (1l Ae) g™ (k)

k=1 k=1

44/48



Variational Bayes EM
0O00000000e000

Updating g-

@ Remind p(r) o [, 7~ and E(zi) = Tix

logqi(r) = > Z log(m)E (Zi) + (a0 — 1) > _ log(mk) + cst

k i k
= Z <a01 +Zrik> log 7k + cst
k i

@ the optimized variational posterior g, is also a Dirichlet
distribution D(ag + nk), with nx = Z,- Tik

@ need to compute T

45/48
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Updating q,,.a

@ derive some useful statistics:
@ nk =, Tik: taille du composant
@ Xk = Y ; TikXi/ Nk : moyenne du composant
o Sk =Y, 7i(xi — Xx)?/nk : variance du composant
@ the optimized variational posterior g, a is also a
Gaussian-Wishart distribution

q* (s, N) = N (k| mic, (b))~ YW (M| Wi, vk)
where
@ by = by + nk
@ My = (bomo + nk)'(k)/bk
@ vk =1+ Nk
o W' = W; " + meSk+ (X — mo)(Xk — mo) bork/bx
@ need to compute 7 where moments of gy are needed

.= D
Tik X 7Tk/\,1(/2 exp (_Zbk — %(X,’ — mk)’Wk(x,- — mk)>
where log 7k 2 E(log mx) = (k) — (X, axr) and log Ax £ E(log |Ax|)

46/48
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Some more on Bayesian Gaussian Mixtures

@ The variational posterior distribution has the same functional
form as the corresponding factor in the joint distribution : choice
of conjugate distribution

@ Computation of variational lower bound F is straightfoward

e direct maximization is an alternative approach to the re-estimation
equations

@ can be used for model selection. But as is tends to approximate the
distribution on the neighborhood of a mode, add a log K'! term.

@ Model selection can also be performed with a spiky prior on the
corners of © (small )

@ Predictive density is straightforward using the VB distribution
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Thank you for your attention!
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