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Order statistics

Xp1q ě . . . ě Xpnq order statistics of an i.i.d. sample X1, . . . ,Xn „ F .

Yp1q ě . . . ě Ypnq order statistics of an exponential sample.

Rényi representation (Rényi 1953)

`

Ypnq, . . . ,Ypiq, . . . ,Yp1q
˘ d
“

` En
n
, . . . ,

n
ÿ

k“i

Ek
k
, . . . ,

n
ÿ

k“1

Ek
k

˘

where E1, . . . ,En are independent exponentially distributed random variables.

E
“

Ypkq
‰

“
řn

i“k 1{i „ lnpn{kq and VarrYpkqs “
řn

i“k 1{i2 „ 1{k

Quantile and tail quantile functions

FÐppq “ inf tx : F pxq ě pu , p P p0, 1q and Uptq “ FÐp1´ 1{tq, t P p1,8q

Representation for order statistics

pXp1q, . . . ,Xpnqq
d
“

`

pU ˝ expqpYp1qq . . . pU ˝ expqpYpnqq
˘

.
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Concentration of measure phenomenon

Concentration of measure phenomenon

Any function of many independent random variables that does not
depend too much on any of them is concentrated around its mean value.

Markov inequality: X ą 0, P tX ą tu ď EX {t.

Chebyschev inequality: P t|X ´ EX | ą tu ď VarX {t2.

Gaussian vectors: X „ N p0, 1q and Z “ gpX q

Poincaré inequality: VarrZ s ď E
“

||∇g ||2
‰

Entropy

X positive v.a.
EntrX s “ E rX lnX s ´ EX lnEX

Gross log-Sobolev inequality: Ent
“

Z 2
‰

ď 2E||∇g ||2

Cirelson’s inequality: if ||∇g || ď L

P tZ ě EZ ` tu ď exp
`

´t2{p2L2q
˘
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Gaussian order statistics

gpX1, . . . ,Xnq “ Xpkq
the kth order statistic is a smooth function of independent variables.

||∇g || “ 1

If Xi „ N p0, 1q,
Poincaré inequality ñ Var

“

Xpkq
‰

ď 1
EVT ñ VarrXp1qs “ Op1{ ln nq
Classical statistics ñ VarrXpn{2qs “ Op1{nq

We do not understand (clearly) in which way the order statistics are
smooth functions of the sample.
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Variance bounds for order statistics

Poincaré inequality (Talagrand, 1991; Bobkov & Ledoux, 1997)

Let g be a differentiable function on Rn, and Z “ gpE1, . . . ,Enq where
E1, . . . ,En „i.i.d. Expp1q. Then

VarrZ s ď 4E
”

||∇g ||2
ı

.

Application to order statistics

VarrXpkqs ď 4
n
ÿ

i“k

1

i2
E
„

1

hpXpkqq2



ď
4

k

ˆ

1`
1

k

˙

E
„

1

hpXpkqq2



Hazard rate h: if F has a positive density f , h “ f {p1´ F q

Thanks to Efron-Stein’s inequality (Efron & Stein, 1981 ; Steele, 1986), the
factor 4 can be improved by a factor 2 if h is non-drecreasing (Boucheron & T.,
2012)

Tight variance bounds for Gaussian order statistics (Boucheron & T., (2012)).
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Bernstein-type inequality for order statistics

Bernstein-type inequality (Bobkov & Ledoux, 1997)

Assume maxi |Big | ă 8 and let v be the supremum of ||∇g ||2. Then, for
all 0 ă δ ă 1{2, with probability ě 1´ 2δ,

|Z ´ EZ | ď
a

8v lnp1{δq `max
i
|Big | lnp1{δq .

4v is the variance factor

maxi |Big | is the scale factor.

Application to order statistics

If h is non-decreasing,, with probability ě 1´ 2δ,

ˇ

ˇXpkq ´ EXpkq
ˇ

ˇ ď

g

f

f

e

8

k

ˆ

1`
1

k

˙

E

«

1

hpXpkqq2

ff

lnp1{δq `
lnp1{δq

k infx hpxq
.

Variance factor = variance bound

Can be also obtained from the modified log-Sobolev inequality (Massart, 2000 ;
Wu, 2000)
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Model

Fréchet domain: U is γ (ą 0)-regularly varying, i.e.

Uptq “ cptqtγ exp

ˆ
ż t

1

ηpsq

s
ds

˙

with limtÑ8 cptq “ c and limtÑ8 ηptq “ 0.

Model: von Mises condition

Uptq “ ctγ exp

ˆ
ż t

1

ηpsq

s
ds

˙

with c a constant and limtÑ8 ηptq “ 0.

Hill estimator (1975), γ ą 0

pγpkq “
1

k

k
ÿ

i“1

ln
Xpiq

Xpk`1q
“

1

k

k
ÿ

i“1

i ln
Xpiq
Xpi`1q

.
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Representations for Hill estimator

Under von Mises condition, Hill estimators ppγpkqq2ďkďn represented as
smooth functions of exponential variables.

Proposition (Boucheron & T., 2015)

pγpkq
d
“

1

k

k
ÿ

i“1

ż Ei

0

`

γ ` ηpeu`Ypk`1qq
˘

du .

pγpkq
d
“

1

k

k
ÿ

i“1

ż Ei

0

`

γ ` ηpe
u
i `Ypi`1qq

˘

du .

with

E1, . . . ,Ek independent exponentially distributed random variables

Ypi`1q and Ypk`1q the pi ` 1qth and the pk ` 1qth largest order
statistics of an exponential sample.

8 / 20



Order statistics Concentration Hill estimator Adaptive estimation

Hill Plot
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Figure: pγpkq as a function of k computed on a sample of size 107 from Cauchy
distribution (γ “ 1)
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Why an adaptive choice of k?
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Figure: Estimated standardised RMSE as a function of k for samples of size 104

from Student’s distributions with different degrees of freedom ν “ 1, 2, 4, 10.
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Bias-variance dilemma

Problem

How to choose the number k of order statistics in the computation of pγpkq?

Risk of pγpkq

E
”

pγ ´ pγpkqq2
ı

“ Var rpγpkqs ` pγ ´ E rpγpkqsq2 .

Bias

Epγpkq´γ “ E
„
ż 8

0

e´vη
`

eYpk`1qev
˘

dv



“ E
„
ż 8

1

ηpeYpk`1qvq

v2
dv



.

Optimal choice of k depends on η (unknown).

Conditional bias given exp
`

Ypk`1q

˘

“ t

bptq “ t

ż 8

t

ηpvq

v2
dv

is a smooth function of Ypk`1q.
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Variance bounds for pγpkq

?
kn ppγpknq ´ Epγpknqq

d
ÝÑ N p0, γ2q, if pknq intermediate.

Var rpγpknqs „ γ2{kn.

Define the non-increasing function ηptq “ supsět |ηpsq|.

Proposition (Boucheron & T. (2015))

If F belongs to the Fréchet domain and satisfies the von Mises condition then

´
2γ

k
E
“

η
`

eYpk`1q
˘‰

ď Varrpγpkqs ´
γ2

k
ď

2γ

k
E
“

η
`

eYpk`1q
˘‰

`
5

k
E
”

η
`

eYpk`1q
˘2
ı

.

Proposition (Boucheron & T. (2015))

Assume η is regularly varying with index ρ ď 0, then for all intermediate
sequence pknqn,

lim
nÑ8

kn Varppγpknqq ´ γ
2

ηpn{knq
“

2γ

p1´ ρq2
.
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Bernstein-type inequalities for pγpkq
a

ln log2 n ď ` ď J ď n.

0 ă δ ă 1{2.

T “ exp
`

YpJ`1q

˘

.

Proposition (Boucheron & T., 2015)

For ` ď i ď k ď J, with probability ě 1´ δ,

|pγpiq ´ E rpγpiq | T s| ď
pγ ` 3ηpT qq

?
i

ˆ

?
8s `

s
?
i

˙

Proposition (Boucheron & T., 2015)

If JηpT q ď 2γ2 ln ln n, the, for ` ď k ď J, with probability ě 1´ δ,

max
`ďiďn

?
i |pγpiq ´ E rpγpiq | T s| ď γ

ˆ

1` 3
b

p2 ln ln nq{J

˙

´

c1

a

2 ln log2 n ` c 11

¯

`

ˆ

1` 3
b

p2 ln ln nq{J

˙

b

8γ2 lnp2{δq

`γ

ˆ

1` 3
b

p2 ln ln nq{J

˙

lnp2{δq
?
`
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Adaptive estimation

Hall and Welsh (1985): under the following assumption

F pxq “ Cx´1{γ
´

1` Dxρ{γ ` opxρ{γq
¯

,

the optimal choice of k is equivalent to

KpC ,D, ρqn2|ρ|{p1`2|ρ|q

where C and D are constants ą 0 and ρ ă 0 unknown second order
parameter.

Drees et Kaufmann (1998)

Grama and Spokoiny (2008)

Carpentier and Kim (2014)

Minimax lower bound

For any pγ, there exists a distribution P such that P belongs the Fréchet
domain and ηptq ď γtρ, then, with large probability,

|pγ ´ γ| ě Cργ

ˆ

v ln ln n

n

˙|ρ|{p1`2|ρ|q

.
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Adaptive version of pγH

`n “ rc2 ln ns

kδ “ k `
a

2k lnp1{δq ` 2 lnp1{δq

rn “
?

2 ln ln n

rknprnq “ max
!

k P t`n, . . . , nu :
?
kηpn{kδq ď γrn

)

zδ,n “ c1

a

2 ln log2 n ` c 11 `
a

8 lnp2{δq ` lnp2{δq
?
`n

rnpδq “ 10
`

rn `
`

1` 3rn{
?
kn
˘

zδ,n
˘

Pivotal index

rknprnq “ max
!

k P t`n, . . . , nu :
?
kηpn{kδq ď γrn

)

Selected index (Boucheron & T., 2015)

pkn “ max
!

k : `n ď k ď n et @i P t`n, . . . , ku, |pγpiq ´ pγpkq| ď rnpδqpγpiq?
i

)
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Illustration
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Figure: Cauchy distribution(γ “ 1). Hill estimators as functions of k and
adaptive estimator for a sample of size 105 and δ “ 1{20.
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Analysis of pγppknq

Theorem (Boucheron & T., 2015)

With probability ě 1´ 3δ,

ˇ

ˇ

ˇ
γ ´ pγpknq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
γ ´ pγp rknq

ˇ

ˇ

ˇ

ˆ

1` rnpδq?
rkn

˙

`
rnpδqγ?

rkn

With probability ě 1´ 4δ,

|γ ´ pγpknq| ď
2rnpδqγ
b

rkn

p1` αpδ, nqq

where αpδ, nq Ñ 0 as nÑ8.
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Analysis of pγppknq

Corollary (Boucheron & T., 2015)

If there exist C ą 0 and ρ ă 0 such that for all n, k

|γ ´ Epγpkq| ď C
´n

k

¯ρ

then, with probability ě 1´ 4δ,

ˇ

ˇ

ˇ
γ ´ pγppknq

ˇ

ˇ

ˇ
ď κδ,ρ

ˆ

γ2 lnpp2{δq ln nq

n

˙|ρ|{p1`2|ρ|q

p1` αpδ, nqq
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A calibration problem for Cauchy distribution
(γ “ 1)

0

1

2

3

4

100 1000 10000

Selected index

d
e

n
s
ity

Distribution of the selected index with
rn “

a

3 ln lnpnq (black area) and with

rn “
a

lnplnpnqq (blue aera).

0

5

10

15

20

0.75 1.00 1.25 1.50

Estimate

d
e
n
s
ity

Distribution of pγppknq with
rn “

a

3 ln lnpnq (black area) and with

rn “
a

lnplnpnqq blue aera).

19 / 20



Order statistics Concentration Hill estimator Adaptive estimation

A calibration problem for Cauchy distribution
(γ “ 1)
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Thank you for your attention!
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