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Let Q,.A, 1) be a probability space, Ti,..., Ty commuting measure
preserving transformations.
Fori=(i...,iq) we denote T, = T{'o---0 T/
(T:)icze is thus a Z9 action on Q, A, p).
In the spaces LP we denote
Uf =foT,.
For f measurable,
foT;icZ?
is thus a (strictly) stationary random field and any (strictly) stationary
random field can be represented in this way.

Suppose that there is a measurable function e on Q such that eo T; are
independent (hence iid) and generate A. Then we say that the action is
Bernoulliand fo T;, i € 74, is a Bernoulli random field.

Notice that for d =1 we get f = g(...,e_1,€,e1,...) where ¢ are iid and
g : RZ — R is measurable. M.Rosenblatt posed a question whether each
strictly stationary process can be represented in this way; the answer is no.
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Llet /; C A, i€ 74, be o-algebras such that

o FiC Fjifforall1<q<d,ig<jg,

° FL' N fl = ./_"1'/\_1',

° E(E(f|.7-l-) | ]-1) = E(f | Fin;j) for any integrable f.
Then we say that the filtration F;, i € 79, is completely commuting.
Observation.
If the random field is Bernoulli
and for every |, ]-1 is generated by eo T; with ig < jg, 1 <q<d,
then Fj, j € 79, is a completely commuting filtration.
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For random fields, unfortunately, martingale differences can be defined in
different ways (and we get different notions).

For a completely commuting filtration (F;), a natural way is the following.

By e; € Z we denote the vector (0, ...,1,...,0) having 1 on the i-th place
and 0 at all other places, 1 < i <d.

Then we say that f o T; are martingale differences if f is integrable and
Fo-measurable, E(f | F_g) =0forall 1 <i<d.

A substantial problem is that (unlike in the one dimensional case) for a
field of L? martingale differences the CLT might not take place.
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As noticed in a paper by Wang and Woodroofe, for a 2-dimensional
random field

Z;j = XiYj where X; and Y}, i,j € Z, are mutually independent A/(0, 1)
random variables,

we get a convergence towards a non normal law.

The random field of Z;; can be represented by an ergodic action of 72

In the case of a Bernoulli random field the CLT is true, however.

An idea of a proof:

Suppose that f o T; are martingale differences.

For m > 1, define G, =o{eo T; : - m< i3 <0, g=1,...,d} and
fm=E(f|Gm).

Then ||f — fm|l2 — 0 and f,, o T; are martingale differences.

Then f,, are m-dependent and their partial sums are close to the partial
sums of f.
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We can show a stronger result.

Theorem

Let f € L2, be such that (f o T;); is a field of martingale differences for a
completely commuting filtration F;. If at least one of the transformations
Te,, 1 < i < d, is ergodic then the central limit theorem holds, i.e. for
n,...,Nng — oo the distributions of

e T

Id].

weakly converge to N'(0,02) where 0® = ||f||3.

This result allows us to think of martingale approximations.
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An idea of a proof:

For simplicity, suppose that d = 2.

Denote
F,,= L ZV: U,.f, X L F,
uyv — —— ujh unv — —=luyv-

Vv = Vvn
Let us fix a positive integer m and for constants ay, ..., an, consider the
sums

m v

Za;ZU;Jf, vV — OQ.

i=1 j=1

Then (3, a;Uijf);, j=1,2,..., are martingale differences for the
filtration (]—"J.(Q)), .7-"1.(2) = o(U{ Fi i, : i <j}), and by the central limit
theorem of Billingsley and Ibragimov (we can also use the McLeish's
theorem)

1 m
ﬁj; (;a;U;,jf)

converge in law to A'(0, 37 a?).
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Notice that here we use the assumption of ergodicity of Tg 1 and that with

respect to the o-algebra (]_.j(z))j the convergence is quenched.

From this it follows that the random vectors (Fy,v,..., Fmy)
converge in law to a vector (W, ..., Wy,)

of m mutually independent and N/(0, 1) distributed random variables.

For a given € > 0, if m = m(e) is sufficiently big then we have

1= G/m Wil < o2

Using a truncation argument we can from the convergence in law of
(Fuy,--.,Fmy) towards (Wi, ..., W,,) deduce that for m = m(e)
sufficiently big and v bigger than some v(m,e),

-5 3 A

< €,
1

Fuw = 2 21 Uugf.
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From this we deduce that for v and N sufficiently large

fi- 537 = b
i=1

N v
= R s <2

i=1 j=1

We use McLeish's theorem again for

((1/VVv) Xjo Uisf),
and get the CLT.

The CLT is quenched with respect to Fg o hence we get a convergence to
a Brownian in finitely dimensional distributions.

Another proof of the finitely dimensional convergence has been recently
published by Cuny, Dedecker, and V. Tightness was proved by V. and
Wang.
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To get the conditions for martingale approximation let us define
orthonormal projections:

Denote by ]-",(q) the o-algebra generated by all F ;.. i,
with ig </ (j€Zfor1<j<d, j#4q), 1<q<d.

Similarly as in the one dimensional case we can define orthogonal
projection operators

P.ilJ2,-..,jd onto m LZ(‘F,.](lq)) fa L2(~F:](1q_)1)

1<q<d
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First efforts to get an approximation are due to Gordin in 2009 who,
however, did not have a CLT for martingale differences.

In dimension d = 1, useful approximation is given by the
martingale-coboundary decomposition

f=m+4+g—goT

where m,g € L2 and (mo T'); is a martingale difference sequence. This
was first used by Gordin in 1969.

For simplicity we'll deal with the causal case only. Then a NSC for the
martingale-coboundary decomposition is the convergence of

Z E( UJf|JT0
Jj=0

(in LP; both martingale differences and the cobounding function are then
in LP.)
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Gordin used a sufficient condition

e .
> _IE(VFIFo)]2 < oo

Jj=0

This condition was generalised to random fileds with completely
commuting filtration by EI Machkouri and Giraudo.

Dalibor Volny (UR) Random fields CIRM 2016

12 /27



For d > 2 the decomposition has the following form

f= Z H (/ - Ueq)gS

Sc{1,....d} qese

where gs ec S — ﬂLz(féq)) S Lz(]:(—ql))v

Sc{l,...,d},
[T4ep(! = Ue,) is defined as /.

For d = 2 we get

f=m+ (g1 — Uogi] + [g2 — Uo18] + [g — U108 — Uo,1(g — U1,08)]

where m, g € L2,

Po’om = m,

g€ P(F) & P(FY),
& € 2(FM) e 12(FY).
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Theorem
The martingale-coboundary decomposition takes place if and only if

Z ce Z H Z s Z PO,...,OUi1,---,ide§ < 0.

a=0  jg=0 n=p  ig=ja
For d = 1 the condition was found (as sufficient) by C.C.Heyde.

The decomposition can take place in LP spaces, p > 2. There we have

Theorem
Letp>2. If

Z Z 1 ’2 -fg\\Pil,iz,...,idei < o0

then the martinga/e—coboundary decomposition in LP takes place.
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As shown by Lesigne and Volny, for martingale differences one can prove
estimates of large deviations (S, > n) of ordre n=P/2 if S, is a partial
sum of uniformy LP bounded martingale difference (no stationarity is
needed).

Remark that the martingale-coboundary decomposition can be proved for
non stationary processes, too:
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Let (X;), i € Z, be a sequence of random variables, X; € LP, and (F;) a
filtration. Suppose that all X; are F,-measurable and E(X;|F_~) = 0.

Then it is equivalent:

(i) There exist a sequence of martingale differences Y; € LP with the
filtration (F;) and random variables U; € LP such that for all i € Z

(1) Xi=Yi+ U — U
and for all k € Z, i — oo,
(2)  E(UitilF) = 0, Ux—ij — E(Ux—i|Fx) = 0

in L1,
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(ii) For every k € Z the sums

(3) Vi =) E(XusilFic1), Wi =D [Xuei — E(Xi—il Fa—1)]
i=0 i=1

converge in L' and the limits belong to LP.
Moreover, if (1) and (3) take place then
Uk = Vie = W,
Yie = Xk — (Vie = Wie) + (Vigr — War1) = Y PiXicy
i€z
where for an integrable function X,

PiX = E(X|Fi) — E(X|Fi1), i€Z.
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A classical condition implying CLT and weak invariance principle is the
Hannan's condition. In dimension 1 it reads as

Z |Pif|l2 < oo.
i
If the process is regular, it implies both CLT and WIP.
For random fields with completely commuting filtration we get

Theorem
Let (f o T;) be a random field with completely commuting filtration,

fel?and E(F| F)=0,g=1,....d. If

> IIPifll2 < o0

iezd

then the WIP takes place.
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To prove the theorem, we show that f can be approximated by

fm = Zie{fm,...,m}d PLf
and to f,, the martingale-coboundary decomposition can be applied.

The limit theorems can be proved for a more general summation.
Nevertheless, some assumptions on the Z? action are needed (everything
goes well if it is Bernoulli).

For the CLT, we get e.g. the convergence for Sr, /|l |
(Klicnarova, Wang, V.).
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The invariance principle can be defined for a summation over more general
sets as well.

If A is a collection of Borel subsets of [0,1]¢, define the smoothed partial
sum process {S,(A); A € A} by

Sa(A)= > AnANR)X;
ie{1,...,.n}d

where R =]i1 — 1, i1] x ...x]ig — 1, i4] is the unit cube with upper corner
at i, A is the Lebesgue measure on RY.
We equip the collection A with the pseudo-metric p defined for any A, B

in A by

p(A, B) = /A(AAB).
To measure the size of A one considers the metric entropy: denote by
H(A, p,e) the logarithm of the smallest number N(.A, p, ) of open balls
of radius € with respect to p which form a covering of A. The function
H(A, p,.) is the entropy of the class A.
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Let C(.A) be the space of continuous real functions on A, equipped with
the norm ||.|| 4 defined by
1£1l4 = supaca | F(A)].
A standard Brownian motion indexed by A is a mean zero Gaussian
process W with sample paths in
C(A) and Cov(W(A), W(B)) = AM(AN B).
Such a process exists if

/()1\/H(A,,0,€)d€ < +00.

We say that the invariance principle or functional central limit theorem
(FCLT) holds if the sequence

{n=925,(A); Ac A}
converges in distribution to an A-indexed Brownian motion in the space

C(A).
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A key took in proving the theorems is the following inequality:

Denote Ap = 3"czd [|Pifllp, p > 2. Then for any set of a; € R

H Z aiU;f
iezd

<(p-1)"2( Y af)l/zA,,.
d

P i€z
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Another approach was used by EI Machkouri, V. and Wu.

In 2005 Wei Biao Wu introduced "physical dependence measure" for one

dimensional stationary processes in Bernoulli dynamical systems.
This means that he considered processes of
Xi=g(....6-1,6€€t1,--.)
where ¢; are iid and defined
)(;k = ( €1, e;‘, €i+1,y--- )
where e is an independent copy of e;.
We define
Sip = [|Xi = X7 llp and Dp = 37; b p.
The notion was generalized to Z9 Bernoulli random fields.
Then Ay < oo implies WIP.
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Theorem

Let (Xi);cza be the stationary centered random field and let A be a
collection of regular Borel subsets of [0,1]¢. Assume that one of the
following condition holds:

(i) The collection A is a Vapnik-Chervonenkis class with index V' and
there exists p > 2(V — 1) such that Xy belongs to LP and
Ap = Ziezd 5,',p < 0.

(ii) There exists § > 0 and 0 < q < 2 such that E[exp(#|Xo|*(9)] < oo

where B(q) =2q/(2 — q) and Ay, = 3 jczd Oy, < 00 and such
that the class A satisfies the condition

1
/ (H(A, p, )9 de < +oc.
0

Then the sequence of processes {n~9/25,(A); A € A} converges in
distribution in C(A) to oW where W is a standard Brownian motion
indexed by A and 0% = 3" cza E(XoXk).
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A, < oo implies Hannan's condition hence the V.-Wang's result is
stronger in LP spaces.

On the other hand, for variables with exponential moments and more
general summation the E-V-W method gives more.

For proving the invariance principles, a key inequality is
1/2
| uf, < (e o) 4
ier P ier

where a; € R and I C Z¢ finite.
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