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—Fit i | Partially observed Markov models

Definition

A partially observed Markov model is a pairwise homogeneous
Markov chain (Z, = (Xn, Yn), Fn)n>0 With kernel K generally described
as

Xi1|Fk ~ Q(Xk, Yii-)

(1)
Vi1 [ Frs Xk ~ G( Xk, Yie, Xkg1: )

» and such that only the { Y, }'s are observed.

******* P e
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—Fit i | Two important examples

fffff X2 Xt oo | X X o
e S
\;k Yk \;k Ykt
Hidden Markov models (HMM ) | Obs.-Driv. models ( ODM )

® An ODM moreover requires that

Q(Xka Yk; ) = 5fYk(Xk)(.)
G( Xk, Xkr15 Yiei 1) = G(Xir1: )
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ﬁﬁml Markov latent variables

As for HMM’s, { X\ } is Markov with a transition kernel

R(x0: A) = / G(x0: dY0) 14 (fy,(x0) 3)

» Parametric models are obtained by setting Q = Q? (or for ODMs:
fy(x) = f9(x)) and, sometimes, G = G’, 0 € ©

O(y- .
de(VX’)(y) =d’(x;y)

» Fully-dominated model : K@(Zo, dZ1) = kg(Zo, Z1) n& I/(dZ1 )

» Partially dominated models :
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—Fit i | Examples of ODM
B GARCH(1,1) by [Bollerslev(1986)]:

G(x;-) =N(0,x) and fy(x)=w+ ax + by?

B In-GARCH, see [Davis et al.(2003)]:
G(x;-) =Poi(x) and f,(x)=w+ax+ by
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—Fit i | Examples of ODM
B GARCH(1,1) by [Bollerslev(1986)]:

G(x;-) =N(0,x) and fy(x)=w+ ax + by?
B In-GARCH, see [Davis et al.(2003)]:

G(x;-) =Poi(x) and f,(x)=w+ax+ by
B | og-In-GARCH, see [Fokianos and Tjgstheim (2011)]:

G(x;-) = Poi(expx) and fy(x) =w+ ax + blog(1 + y)

m NBINGARCH(1, 1) by [Zhu(2011)]:

1
G(x;")=NB <r,1+x> and fy(x) =w+ ax+ by

B NM(d)-GARCH(1,1), etc.
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—Fit i | Basic assumption and definitions

Ergodicity assumption
We assume that Ky is ergodic for all § € ©, and denote by =¥ the
unique stationary distribution.

For all initial distribution 7,
m let PY be the probability on ((X x Y)¥, (¥ ® ¥)®N) induced by Ky
starting from (Xo, Yo) ~ 7

m P is PY, extended to the negative time indices

m P? is P restricted to YZ components

Page 9/37
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i 28 T Maximum likelihood inference

® Maximum Likelihood Estimator (MLE) 6, , is defined as

Oy,n € argmaxgcg {pz(n:”)} (4)

for some arbitrary initial dist. .

B |n well-specified models, a standard consistency result consists in
showing that
My o0 On = 0, PPr-as. (5)
where P« is the stationary distribution of Y;....
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ﬁﬁm‘l Posterior distribution

Consider the posterior distribution:

A(do
an(4) = NS
[@ /\(de)p&n
where
1. po.n = po(Ys,..., Yn) Where Y, ..., Y, are the observations

2. \is a (possibly infinite) measure, called the prior.

» p;, denote the real density of the observations Yi.p.
» the parameter set (©, d) is a metric space and denote by 7 its Borel
o-field.
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ﬁﬁm‘l The true value of the parameter

Definition
p; and py, » merge with probability 1 if and only if

Po*

n

lim —Iog =0 P-as.

n—oo N

0, is called the “true value” of the parameter.
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ﬁﬁml The true value of the parameter

Definition
p; and py, » merge with probability 1 if and only if

Pa*

n

lim —Iog =0 P-as.

n—oo N

0, is called the “true value” of the parameter.

We are interested in finding conditions under which the posterior
consistency property holds, i.e.

)\n — (59* P-a.s.
n—oo
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ﬁﬁm‘l Posterior consistency condition

By the Portmanteau Lemma, it is equivalent to show that P-a.s.,

limsup Ap(C) < 6y, (C), Cclosedsetin®©
n

ie.forall A, ={0c© : d6,0.) >1/p}

limsup An(Ap) =0, P-as.
n

TELECOM
ParisTech

Page 14 /37 =
_ =23 i |




ﬁﬁm‘l Posterior consistency condition

By the Portmanteau Lemma, it is equivalent to show that P-a.s.,

limsup Ap(C) < 6y, (C), Cclosedsetin®©
n

i.e.forall A, ={0c© : d6,0,) >1/p}

limsup Ap(Ap) =0, P-as.
n

Note that

An(A .
n() f@ dep@n
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ﬁﬁml Posterior consistency condition

By the Portmanteau Lemma, it is equivalent to show that P-a.s.,
Iim;sup An(C) <8y, (C), Cclosedsetin®©
i.e.forall A, ={0 0O : d,6,) >1/p}
Iimr?up An(Ap) =0, P-as.
Note that

JaNd0)po.n/ Py,
Jo Md8)po.n/p5

An(A) =
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ﬁﬁml Remoteness

/’ A(d6)9 0/ %
A

fe d¢9 p&n/pn'

Definition
We say that a set A € T is P-remote if and only if

limsupn~'log </ pg;”
A Pn

n—oo

)> <0 P-as.
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ﬁﬁml Approximate remoteness

(d0)Po.n/Pp
A (A) /,;\ _ A de)p&n

JaN
Jo Md0)pon/Ph | Jo MdO)pon |

Definition
Moreover, we say that a set A is approximately P-remote if and only if
for all € > 0 there exists a set K. € T such that

(i) AN K is P-remote;

(i) limsup Ap(KS) <e P-as.

n—oo

Typically, K. is a compact set.
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—Fit i | Main assumption

JRCOLE:

Assumption (A1)

For all § > 0, there exists a set ©; € 7 such that A\(©5) > 0 and for all

96@5, P
0,n

n

liminf n~"log ==
n—oo

> —0 P-as. (6)

» This can be seen as an asymptotic merging property since (6)
implies

Po.n

> liminf n~'log =22 p9 1> _§ Pas.

n— o0 n n

0 > limsupn~'log
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ﬁﬁﬁ’el Immediate consequence

Theorem ([Barron et al.(1999)], adapted)
Assume (A1) . Then all approximately P-remote sets A satisfy

im An(A) =0, P-as. (7)

n— oo

Fage 16137 _

=23 i |



ﬁﬁml Immediate consequence

Theorem ([Barron et al.(1999)], adapted)
Assume (A1) . Then all approximately P-remote sets A satisfy

lim A\p(A)=0, P-as. (7)
n—oo
Objectives:

1. Give sufficient and handy conditions for getting the posterior
consistency for partially observed Markov models.
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ﬁﬁml Immediate consequence

Theorem ([Barron et al.(1999)], adapted)

Assume (A1) . Then all approximately P-remote sets A satisfy
lim A\p(A)=0, P-as. (7)
n—oo

Objectives:

1. Give sufficient and handy conditions for getting the posterior
consistency for partially observed Markov models.

2. Treat the case of non compact parameter spaces
3. Treat the case of non stationary observations
4. Give explicit ©5 such that Assumption €& can be easily

checked.
M
T
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Fully dominated partially observed Markov

ﬁﬁml chains

Assumption

The Markov kernel Ky, is Fully-dominated model with ky(z,Zz') > 0
and has a unique stationary distribution .

In this case, we set
» The true distribution is P = P%-;
» The true density p} is the corresponding density applied to Yj.p,
Pr = Po*,w*(ytn);
» The target density py , with parameter 6 is given by
Po,n = Pa,n(Y1:n) for some arbitrary initial distribution 7.
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N Checking the P-remoteness property: a
—Fit i | necessary and sufficient condition

Proposition (A necessary and sufficient condition)

The set A € T is P-remote if and only if there exists a sequence
(Bn)nen Of sets in F such that B, € F, for alln € N and

limsup n™’ Iog/ A(dO)Py n(Bn) < 0,
A

n—oo

P (Iiminf Bn> 1.

n— o0

Page 23 /37

=23 i |



—5. 1|

The Necessary and Sufficient condition is obtained with

B, = {/A(de)p@;” < @”} ,
A Pn
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—5. 1|

The Necessary and Sufficient condition is obtained with

B, = {/ Ad9)P2n < g"} :
A Pn

while, in concrete examples, the condition is used with

B,,:{

1
n—m

n—m
> 1c(Yiksem) = Po, n(Youm € C)
k=1

2
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N Checking the P-remoteness property: Ap-
—Fit i | proximate MLE

Definition

Let K be a compact subset of ©. We say that a random sequence
(0n)nen adapted to the filtration (Fp)nen are

Approximate Maximum Likelihood Estimators (AMLE) on K if it is
valued in K and, for all n € N,

nllogpy, ,>nllogp; +en with  lim e, =0 P-as.
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N Checking the P-remoteness property: Ap-
—Fit i | proximate MLE

Definition

Let K be a compact subset of ©. We say that a random sequence
(0n)nen adapted to the filtration (Fp)nen are

Approximate Maximum Likelihood Estimators (AMLE) on K if it is
valued in K and, for all n € N,

nllogpy, ,>nllogp; +en with  lim e, =0 P-as.

Proposition
Let K be a compact subset of © such that \(K) < oco. If
» All sequences (An)nen of AMLE on K are strongly consistent,

then, for all closed set A not containing 0., the set AN K is P-remote .
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Main results

Checking the approximate merging property: complete MC.
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Checking the approximate merging prop-

—5:4 Ll RN
»How to prove @&ND ?

For all § € ©5, we write

M > liminf n*.l |og M

liminfn~"lo
n—o0 g pﬁ*,ﬂ'*( Y1 :n) n—o0 pG*,ﬂ'* (Z1 :n)

P-a.s. ,

» By the Birkhoff ergodic theorem, the right-hand side converges to
m(0.,0) := E:; [KL (K, (2. ")[IKo(Zo, -))]-
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Checking the approximate merging prop-

—5.7 11 [N

»How to prove @&ND ?
For all 8 € ©5, we write

M > liminf n*1 |og M

liminfn~"lo
n—o0 g pﬂ*ﬂr*( Y1 :n) n—o0 pG*,Tr* (21 :n)

> —0 P-as.,

» By the Birkhoff ergodic theorem, the right-hand side converges to
m(0.,0) := E:; [KL (K, (2. ")[IKo(Zo, -))]-

Then it suffices to check that, for all § > 0,

A (©5) > 0 where \ ©5;:={0c© : mb,,0) <d} ‘
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ﬁﬁml Where the bound fails

If Xy = 1o(Xk_1) + Uk and Yyx = ¢p(Xx) + Vi, where

1. Uy 1d fy where fy is a density with respect to v with a
bounded support .

2. Vi Lid gy Where gy is a positive density with respect to .
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ﬁﬁml Where the bound fails

If Xy = 1o(Xk_1) + Uk and Yyx = ¢p(Xx) + Vi, where

1. Uy 1d fy where fy is a density with respect to v with a
bounded support .

2. Vi Lid gy Where gy is a positive density with respect to .
More generally, assume that

| Ky(20,d21) = Qu(x0, dx1)go(x1, y1)p(dyr) , |

with g5 >0.

Page 31/37

=23 i |



Extension of the approximate merging

i %25 property

- Yin)
liminfn~"lo Pon(Yen)
e 0 py o (Vi)
n XY
> liminfn~" log H,’f1 9o(X;. Yi) >_§ P-as.,
n=0e0 Hi:1 9o, (va YI)
where

(%) (Xi, X{)ien is @ Markov kernel coupling of (Qq, , Q) starting with an
initial distribution  of marginals 7, and n, and Y; ~ go, (Xi, ).
In that case, we have used that § € ©; satisfies

n(0,.,0) = B2 [KL (g0, (X0, )90 (X,-))] = 6.
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Some extensions

Toward non-stationarity
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Toward non-stationary observation pro-

i H A cesses

Many arguments rely on the fact that the observation process is
stationary and ergodic under P.
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Toward non-stationary observation pro-

ﬁgm' cesses

Many arguments rely on the fact that the observation process is
stationary and ergodic under P.

What can be said if P = P/; instead of PZ: ?

Proposition

Ifkg, > 0, then for all A € o(Z1.») and all initial distribution n*,

0. av _ o, J 1 (d20)ko, (20, Z1)
() = 5 (LA )

As a consequence, (IP’f;i(An —neo 0p, ) = 1) if and only if
(P% (An =100 0p,) = 1).
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Conclusion, summary and remaining questions...
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1. The posterior consistency relies on two main properties:

P-remoteness of closed sets avoiding 6, and approximate
merging.
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-ﬁim‘l

. The posterior consistency relies on two main properties:
P-remoteness of closed sets avoiding 6, and approximate
merging.

2. Fairly general sufficient conditions can be derived using explicit
contrast functions.

3. Geometric rates of convergence or known results on MLE can be
directly applied to prove remoteness of (closed/compact) sets.

4. Approximate remoteness for a more general parameter space can
be derived (not mentioned here).

5. The class of observation driven models need a specific treatment
(not fully dominated).
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