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Summary of the talk

e In the first part of the talk, we will look to some statistical inverse problems
for which the natural framework is no more an Euclidian one.

e In the second part we will try to give the initial construction of (not
orthogonal) wavelets -of the 80- by Frazier,Jawerth,Weiss, before the Yves
Meyer ORTHOGONAL wavelets theory.

e In the third part we will propose a construction of a geometric wavelet
theory. In the Euclidian case, Fourier transform plays a fundamental role.In
the geometric situation this role is given to some"Laplacian operator" with
some properties.

e In the last part we will show that the previous theory could help to revisit
the topic of regularity of Gaussian processes, and to give a criterium only
based on the regularity of the covariance operator.



PART I-Inverse Problem: Toy Model

Inverse problem in statistic could be described as the following simplified
(White noise ) model : We have two Hilbert spaces: A, Band K : A+ B a
continuous injective operator. Let

Y=Kf+eW
This equation has the following meaning : Vb € B we can observe
(Y,b) = (K f,b) + e(W,b)
where Wy, = ((W, b))pep is @ Gaussian centered process of covariance
E(W,Wy ) = (b, b')

The statistical challange is : how one recover f € A7 .



Inverse Problem:

A more realistic model would be : A, two function spaces
and we observe

Y, = K(f)(X;)+e, i=12.n K(f) €B

where X;..X,, are fixed or random design, ¢; are iid gaussian
noise.

The statistical challange is : how one recover f € A7 . This
has to be done as quickly as possible when the number n of
observation goes to oo.

We will focus on the toy model. It could be proved that the

two models are in some sens equivalent with € = L

/n



Projection estimator

The most popular estimator use Hilbertian technics : Let us
look to the simplest one :

If e,, is an orthornormal basis and f = ) «,e,. Is it possible
to build estimators «,,, at least for n < N such that

Ellf— Z O?nenH?él) = Z E(ay, — O?’n)z T Z O‘%
n<N n<N k>N

is as small as possible when ¢ — 07



The Singular Value Decomposition basis

Let us suppose K an injective, compact operator. So K*K
IS a positive compact operator and we have the classical
singular value decomposition : de,, an orthonormal basis of
A and h,, an orthonormal family of B, du,, > 0 u,, —> 0

such that :

KK (e,) = U?zena K(en) = pinhn, K*(hn) = pinen.

Yoh) = (KK () + (W, hy) —

Hn

i<f, K*K(ep)) + €W, hy) = un(f,en) + W, hy)

Lo,



So we have the following natural estimator of o, :

G = (Y hy) = (K By + (W hy)

[ [ I

So

62

p is a Gaussian Variable N(a;,, —)
My,

and the variance of the estimator o, is becoming bigger and

bigger.
Elf =) duealld) =

n<N

ZE(an—o?anrZoz,%:ezZinrZa%

n<N k>N n<N Hn k>N



Drawback of the SVD basis estimator.

The first problem is of course : How to choose N7

The second problem is that the SVD basis is too much
linked to the Hilbert space structure. In all the real situation
A = L*(X, 1), where X has a differentiable structure
(Riemann manifold,..), x4 is a natural measure and it is often
more important to have a good performance of

E|f - fIb,

for some 1 < p < o0, specially p = oo than the "energy”
risk.

In this framework, the REGULARITY class of f plays an
important role, but this is not suitably described by the SVD
basis. We need to build a "wavelet" type basis.



Some statistical examples in non euclidian
framework.

These last years, to solve some statistical problem , one has
to go from classical R? space to more intricate geometry :
1— Framework of Jacobi polynomials:

e Wicksell problem, and Jacobi polynomials.

Needlets algorithms for estimation in inverse problems. G.K.,

P. Petrushev, D. Picard. and T. Willer, Electronic Journal of
Statistics, Vol. 1 (2007)



2— Estimation on the sphere S*~! (or
compact homogeneous space)

"assymptotic for spherical needlet needlets."
P. Baldi, G.K. , D. Marinucci, D. Picard. Annals of Stat.
Study of the Cosmological Microwave Background.

"Adaptive density estimation for directional data using
needlets." P. Baldi G.K. , D. Marinucci, D. Picard. Annals
of Stat.



e Deconvolution on the sphere ( interraction of the geometry
of S~1 and SO(d)).

"L ocalized deconvolution on the sphere.”

G.K., T.M. Pham Ngoc, D. Picard.

e Concentration inequalities and confidence bands for

needlet density estimators on compact homogeneous
manifolds. K.G.; NICKL, R., PICARD, D., Probability

Theory and Related Field.



3— Radon transform on the ball.

e Tomography problem ( The framework is the ball with a
non euclidian distance.)

"Inversion of noisy Radon transform by SVD based needlets”.
G. K., G. Kyriazys, E. Le Pennec, P. Petrushev, D. Picard. -
ACHA .

"Radon needlet thresholding”.

G. K. , E. Le Pennec, D. Picard. Bernouilli .

In this first part we will mainly focus on the tomography
problem.



Statistic and Geometry :The sphere and the
deconvolution problem.
Let M a compact topological space and G a compact group
acting continuously and transitively on M :

Vge G, g:x € M :— gx €M is continuous

andVz,y € M, 3g € G, gr =y

Let us define:[v(g).f](z) = f(¢g 'z). Let u a Haar measure
on G. i.e

Vg € G. /G F(g~ h)dp(h) = /G F(hg)dp(h) = /G F(h)du(h)

There exists a measure v on the Borel sets of X such that :

Vg € G, /M A9~ w)dp(z) = /M o(x)dp(z)



Let Y a M —valued random variable with a density
f: Y ~ f(x)dv(x), which is the target function

Let U a G—valued random variable with value in GG
independant of X and U ~ F(g)du(g), where F' is known.

Let us suppose that we observe Y = UX

As: E(BUX)) / / uz) f (@) du (@) F(w)dp(u)



Let us look to a simpler problem:

y — / F(u) f(u"y)dp(u) + W = K(f) + W
G

Clearly, K*(6)() = / F(u)$(uz) dp(u):

/ / F(u~w)dp(u) f (w2 dpa(ao)
/ / F(u~ ) dp () o () dps(a0)



Let us suppose now that on (M, ) it exists a positive
self-adjoint operator L with dense domain D(L) C IL*(M, v)

such that:
L*(M) =My, Ha, = ker(A— )

Vg € G, 7. L(f)(x) = L(f)(g ') = L(y-f)(2)
Clearly if L commute with the v,,9 € G,

LK(f) = | /G F(w)y fdu(u)] = /G F () Ly f)]dpa(w)]

_ /G F(u)y LIf])dp(w)] = K(L(f))



This implies that :

K*K : My — Ha,

So, there is an orthonormal basis e of H,, (so
L(ey ) = Arey, ) which are eigenvectors of K™K
7y — J
KK (e, ) = vy, 56
(with some chance H,, is also an eigen space of K*K i.e.

U = Uar)



The sphere S? and SO(d + 1).

Let M = S% c R¥L. Clearly the group G = SO(d + 1) acts
continually and transitively on S%.

e The geodesic distance on S? is given by

d(z,y) = cos " ((z,y)), (z,y)= Zazy

e There is a natural measure v on S%, invariant by rotation.
e There is a natural Laplacian on S%, Aga, invariant by
rotation. We have the following spectral decomposition:



spherical harmonics of order £.

H,. is the restriction to S¢ of polynomials of degree k which
are homogeneous and harmonic.

o = Z anx”,

| =k
9P
‘Oz
=1 ¢
VP € H;,, AgP = —]C(k +d — 1)P

H;. : the space of spherical harmonics of order k.

e and harmonic AP = 0.



Projector on H,.

Let e}i any orthonormal basis of .

dimH;

Li(z,y) = ) ep(z)e(x)

J

Moreover Py, (f)(w) :/Lk(x,y)f(y)dV(y)

Lilo,y) = (1+ )G (o)), v=""

2
dim(Hy) = C/g+d - C/g—ler

G . Gegenbauer polynomials.



The Radon Transform in the White Noise
Model .

» Let BY be the unit ball of R and f € L2(BY, dx).
» Let # € ST 1 and t € [—1,1]. By definition

RF(6,1) = /<  ftayds

is the Radon transform of f

The statistical problem is to recover f from the noisy
observation :

dY (0, 1) = R(f)du(0,t) + edW (0, 1)

This is a typical inverse problem. (We have an Indirect
noisy observation of f.)



Some Previous Works

B.F. Logan and L.A.Shepp (1975)
Korostelev and A. Tsybakov (1991)

. Johnstone and B. Silverman (1991)
D. Donoho (1995)

L. Cavalier (2001)

E. Candés and D. Donoho (2000)

B. Lucier and N. Yong Lee (2001)
Yuan Xu



The Radon Transform in the White Noise
Model

» Let BY be the unit ball of R and f € L2(BY, dx).
» Let # € ST1 and t € [—1,1]. By definition

RF(0,1) = /w  fays

is the Radon transform of f

® ( dx is the d — 1 Lebesgue measure on the hyperplan

0, ) =1)



Continuity of the Radon Transform

o Let du(f,t) = do(0), %) on St x [-1,1].

» R:L*B% dx) — Rf(0,t) € LA(S" ' x[-1,1],du(6,t))
IS continuous

» and if g(0,t) € L2(S* x [—1,1],du(6,t))




o The statistical problem is to recover f from the noisy
observation :

dY (0,t) = R(f)du(0,t) + edW(0,1)

This is a typical inverse problem.



Geometry of the ball.

Let B? the unit ball of R?, equipped with the Lebesgue

measure
An operator: Let us define the following selfadjoint negative

operator:

Af — Af—d:z:.Vf—a:.V(az.Vf) =

Z T (9x (9:1;7 (d+1 Z xz (‘MZ

Let Hk(Bd) the space of polynomials of degree < k on the
unit ball of R% It is clear that

A(I1,(BY) c (B




If £ II.(BY) by stokes formula :

[ AO@T@r =~ [ (9@ ~ 9@ s

Bd

A is symmetric and negative operator on II(B%) . Let:

[x(B?) = Vi(B") €D -1 (BY);

L*(B") = ) Vi(BY)

V. (B%) is an eigenspace of A.
f eVi(BY) <= A(f) = —k(k+d)f.



Orthonormal basis of V;.(BY) .

grri(x) = V2k +d P}”“(z\xy? — 1)Y,(),

0<I<k k=2j+1,jeN v=2-1

P]Q’”H is the Jacobi Polynomial.

e Y,

is a basis of the spherical harmonics of degree {, H;(S*!)
on the sphere, taken as homogeneous polynomials of degree
[ on B,

( Y7, is an homogeneous polynomial of degree [ on

RY AY;; =0.)



The kernel projector on V. is given by

Li(x,y) = Z gk,z,i(w)gk,z,i(y)

1,0<I<k,k—I=0(mod2)

Qk_I—d v+1 T v+1 o
s [ e e . €doe)

— %l — 1, CZH is the Gegenbauer polynomial.

Lk(xa y) —




Singular Value Decomposition of the Radon

Transform
» Let I1;(B?) the space of polynomials of degree < k on

the unit ball of R.

[x(B?) = Vi(B") € i1 (BY)

L*(BY) =

0.0

k=0

Vi.(B%)

» V. (B%) is an eigenspace of R*R. So we have a Singular
Value Decomposition of R. The corresponding

eigenvalue is

7Td_12d

Hj, =

~ L (d=1)

(k+1)...(k +d)



» A "natural " basis of V;,(B?) is given by

Gri(x) = V2 +dP (22| — 1)V (),
k—1=27>0, v=24—1
I PJQ’”H is the Jacobi Polynomial.

® YV i=1.dim(H; (ST ) is a basis of the spherical
harmonics of degree [, H;(S!) on the sphere, taken as
homogeneous polynomials of degree [ on B?.

R(grii) = i feri, R (frii) = gk

C (1)

Jr1i(0,t) =
[erd]

(1 — )12y, ()




# The kernel projector on V. is given by

Li(x,y) = Z .gk,l,i(x)gk,l,z’(y)

2k +d

Lu(e.y) = s [, CEP (@ )CE (0, )dor(©)

o U= g — 1, C};H is the Gegenbauer polynomial.



Regularity classes in the previous framework.

P. Petrushev,Y. Xu, F.Narcowich, J. Ward and coauthors
have proposed a theory of regularity spaces and wavelet they
called "needlet" in the framework of the SPHERE, the

INTERVAL [—1, 1] (Jacobi polynomials) the BALL and the

SIMPLEX.
We present in the sequel this construction. The proofs use

heavily special functions theory.




Some references

P. Petrushev, Y. Xu Localized polynomial frames on the ball,
Constr. Approx. 27 (2008), 121-148.

P. Petrushev, Y. Xu, Localized polynomial frames on the
interval with Jacobi weights, J. Four. Anal. Appl. 11
(2005), 557-575.

F. Narcowich, P. Petrushev, and J. Ward, Decomposition of
Besov and Triebel-Lizorkin spaces on the sphere, J. Funct.

Anal. 238 (2006), 530-564.

G. Kyriazis, P. Petrushev, and Y. Xu, Decomposition of

weighted Triebel-Lizorkin and Besov spaces on the ball,
Proc. London Math. Soc. 97 (2008), 477-513.



Pesenson, Pesenson and Geller have a similar theory for

compact homogeneous manifold.
D. Geller, I. Z. Pesenson, Band-limited localized Parseval

frames and Besov spaces on compact homogeneous
manifolds, J. Geom. Anal. 21 (2011), 334-371. These works

were performed between 2000 and 2010.



Polynomials on compact subset of R’.

o) a compact subspace of R%.

Let: P(RY) : P the space of polynomials on RY, and
Pr.(RY) : Py, the polynomials of degree k.

P (M) the vector space of restriction of polynomials to M

e/, a finite measure on M

o[l (M) : The restriction of polynomials of degree less then k-
V(M) Tp(M) = Vi(M)ED 1 (M), Vo(M) = Hy(M).

So: Lo(M, p) = @) V(M)

k=0




L;. the orthogonal projection on V. . Then

Vie LoV, n), Lip(f)(x) Z/yf(y)Lk(af,y)dﬂ(y)

Ui

Li(z,y) = ) el (x)ef (y)

i=1
[ is the dimension of V. and (e%);,—1_;, an arbitrary
orthonormal basis of V.. We have :

/Lk(%y)Lm(y, 2)dp(z) = OkmLi(x, 2)



Example 1: Jacobi.

M = |-1,1};du(x) = w(x)dz;
w(z) =1 -2)*(1+2)" o, f>-1

() = L0 (1) o 240k B ta—B)F

W
is a symmetric second order differential operator.

/11 Dff(a)w(z)dr = — /11(1 —27)|f'(2)Fw(z)dz
The eigenvectors are the Jacobi polynomials.
D(PMy = —k(k+a+p+1)P"
Vk e N, dim(Hy) =1, Lp(z,y) = Pe(x)Pr(y)



Example 2: Sphere.

. Sd C Rd—l—l.

e There is a natural measure on S%, invariant by rotation.
e There is a natural Laplacian on S?, A, invariant by
rotation.

We have the following spectral decomposition: Hj is the
restriction to S of polynomials of degree k which are
homogeneous and harmonic on R?. (spherical harmonics of

order k.)

VP € Hy, AsuP = —k(k+d—1)P

k d—1

C7 : Gegenbauer polynomials.



Exemple 3:The ball

Let M = B ={||z|| <1} c RY, du(z) = W(x)dx,
W) = (1= 2 > =)

A(f) = sodin(1— 2 )WV(£) + 5 3 D2
Z#J

where (D@,]f(ﬁl?) — (.Cl?]a@ — :z:zc?])f(a:))
Af =AF =Y N w00, — (d+2u))x.V, f

i=1 j=1




Eigen spaces

- | Af@ W ()ds
1
| (= el v sPwda + > | 1D sPwas
So / Af(2) f(2)W (2)dz > 0.
M
One can easily verify that
A(I1,(BY) c 4 (BY
VP € Hyp(BY, AP = —k(k+2u+d—1)P



Approximation spaces for Jacobi, the sphere
and the ball .

l.for fel, 1<p<oo,

op(k, f) = if{P € Ily, |If = Pli,}

2. For 1 < ¢ < oo (with the usual modification for p = 00),

B, = I I+ (K ok, f))q%)yq < o0}

k>1

Byy: Af IS

Actually || f]

B~ I fllp+ (O (27%0,(27, £)))M < 0.

720

The polynomials (and their degrees) are the benchmark of
regularity.



How to check [ € B .

Let P; a sequence of operators verifying :
10 < o0, Vj € N[5 (f)ll, < Cll fll

V€L, Pi(f) € Ily

Vi eIy, P](f) = f.
Then f € B;  if and only if 27°||P;(f) — f|l, € I,

Remark:

Typically the family P; : orthogonal projector on IIy;,
NEVER verify the previous condition!



An important tool: Young Lemma.

Let (X, 0), (Y, 1) two measured spaces. Let K(z,y) a
mesurable function such that:

/ K (2,y)|do(y) < C. / K(z,y)|do(z) < C

/ny dp(y),

then: V1 <p < oo, | Kf|,<Clfl,



Minimax Estimation for the Radon
Transform with respect to B (B“).

o Let dY = R(f)du(0,t) +edW. Let 1 < p,w < o0. Is it
possible to find an estimator f such that

{ sup E[f -} ~inf{ sup Elh—f[2}

1flls ,<M h ||fllgs <M

T™,q T™,q

when e — 0 ?

# |s it possible to do it with NO knowledge of the
regularity class B} 7

» A priori restriction for B; ~C L” (Sobolev injection) :

s> @+ 1)~ )



Lower Bound

® letl <p<oo, and let
fe€B;, 1<m<o0, 0<s<oo. Let
s> (d+1)(%— ]l))+ (such that B CLF.)

s

inf{ sup  Efh— f|p} > Ce?
h | fllgg , <M

r,q

with
s—2( 1) s—(d+1)(2 -1
Oé:lnf{ ° 17 ( 2]7)7 ( )(;1 p)}
s+d—s5 s+d—= s+d— =
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Agenda

® Construct a new 'basis’ which is concentrated on the
space AND on the spectral domain...

# How this can be used in statistical estimation? Project
the process on it, and see...if some thresholding
algorithm works 7



A General Paradigm

# In the case of : Jacobi,sphere, the ball (and the
simplex), Narcowich, P. Petrushev, Ward , Y. Xu, ..
have constructed a basis (in fact a frame) spectrally
concentrated enough, but also well concentrated in the
space domain. This is done busing heavily estimation on
special functions, in 3 steps

s smoothing the projection operator
s splitting

» discretization



Step I : Smoothing of the Projection
Operator

» Littlewood-Paley trick

» Take ¢ > 0, even, infinitely differentiable, supported in
—1,1] and |z] < % = ¢(x) =1 and
b(z) = B(%) — b(x). So

V. +Zb ) = lim ¢( )



Good behavior of ¢;(z,y) and B;(z,y).

First main result: 4C' such that:

vjeN, /\ij(x,y)\du(x) <C

So
oVl <p< oo, Vfell ®;(f) € lly
o Vfelly,D;(f)=f
oVl <p<oo, Vf L’ [[®;(/)ll, < C|lflly
So :

fefreB,, & feli If = @5(f)ll, =27, e €,



Step 1II : The Spliting Procedure

® Di(x,y) = Z (;)Lk (z,y)

20—l <2 t1

» Due to [, Ly(z,u) Ly, (u,y)du = 6 mLi(z,y), we get

/D z,u)D;(u,y)du = Bj(z,y)

= > ) el w)

21— l<f<2i+1



Step III : Discretization

» We have a quadrature formula . : for Ilyj2 : J&; C M,
and V§ € X, Aj¢ > 0, such that

\V/ Hj+2, du = A
fe T [ fd 3 Xief©
So
Bj(.il?,y) = /]WD](Q?,U)D](U,?J)CZU — Z )\j,ij(xvg)Dj(gvy)

ek

_ Z VNieDi(x,€)D;(y, €)v/ e

ek




® So:

/ B(x.y) f)dy = 3 NjeDs(a, € / D;(5,)/ (y)dy

§EX;

= 3" VReDi(.8) [ VAD 8 Wy

§EX;

» Needlets frame.

wj,ﬁ(x) - \/mDJ(ajvf) — m Z b(z—k])Lk(gE,f),

27—l < <29+l




» Here is b(x):

\ \
1k

0.8

0.6

041

0.2
0 L !

200
150

100




Frame Properties of the Needlet

F=Y ) {ftie)e

JjeN feX

IF15=)_ ) [fwal”

JjeN gekX;
(In particular [[0; e[| > [[;¢ll* so [[¢yell* < 1.)

o But

DV Nietie= Y NieDj(x,6) = /MDj(fL’»U)dU =0

fEXj fEXj

» So the family (v;¢)jencex, is a tight frame, but is not
linearly independent (redundancy).



Concentration Properties of the Needlet

® As:

V= VD@ ) =V Y AJbo) e, ©

21 l<f<2it1

the spectral localisation of ;¢ is between 2/~1 and
2711,

# 30 < ¢ such that, ¢ < [[;¢]|5 < 1.

SPATIAL LOCALISATION: 3C' < oo such that
’ .
VieN, Y llvelhle(@)| <C

ek



Concentration and sparsity.

As a consequence of Young lemma:
THEOREM : Let [ a set of indexes . (X, ) and (Y, v) two
measured spaces.

Let ¢;(y), i€ l,byeY, hi(x)iel,xe X.

We suppose:

el

0 <C<oo, Y Noililhi(x)] < C; supllilloollhilli < C

30 < ¢ such that, Vi € I,c < ||¢;]|3. THEN:



ol L

oFor 1 < p < oo, Z\ g k) P93It )7 < Cllgll, ox

and for p = oo, sup !<Q,E>’H€szoo < OHQHLOO(X,M)

e Moreover, if Va; € C,1 € I,

V1< p < oo, cuza@ )|l <OZ\az\pHW ’3

(for p = 0, CHZCLZ H]L (X,u) <Csup’a2‘”¢2|‘oo



Consequence :characterization of 5

f= >: >:<f, bie)Vje € By =

7 §EX;
If 0 <q<o0:
O KL i) Pllwiel)? = w27, u el
§EX;
If g = o0 :

?Up (i lY)ell w277, u €l
€X



Thresholding strategy
Let us summarize: IL*(M) = @ 11,

e, i=1,2,..,dim(Il;) = d, orthonormal basis.

S = > >1Oél.c6k7 O‘k (f 6k>

1=1

— Z Bieie,  DBje = (f, ¢j75>

(7,£)7eNEex;

N\ k
VieNEEX;  vie=VNe) ([0 Li(x.€) =
k

~ [k
Ve 3 \blg) L ek(oei®




Bie = (i) = Ve 3\ (5) D akel(©

Let us suppose we are in the simplest case :II;. is an
eigenspace of R*R:

R(e}) = upht: R'R(e}) = el pn ~ k™", r = illposedness
Y =Rf + €W,
(Y, hi) = oy, + e(W, )
1

&b = —(Y,hi) = ol + —Z.; Zyiid N(0,1).
Ik o



Estimator of [, .

Bie = mgz,\/—z@zez
= Vg 2} \/@ 2 @m hi)er(€)
—ﬁ]§+\/AJ§L\/EE szek
B (Bie = 5ie)' = Miee’ 3 1 3 b(%)\ez@) :

1.k
L k




Thresholding strategy

R 1 1.k
E(Bic — Bie)? < €[ sup  —A Li(€.€
( VES ]f) [27 e Nk] jgzk:/‘k (2]) ( )

— 2 swp ]Iyl
k

2i-1<k<2i+1 [

< 29I

Y

So we have the threholding strategy: We keep Bj,f up to
some threshold ¢, ; = /f\/Zj"“EQ log *:

5;‘,5 — 59’,5 1|Bj,£|>te,j



Stopping rule strategy and thresholding
estimator.

We define now the thresholding estimator:

A

fe=2_2  Biclis por Vi

.]SJE fEXj

with the following stopping rule for J :
1

€27 #(x.) log(g) ~ 1



Part II Wavelet frame on R.

Wavelet, atomic decompositions, sparse representation of
functions spaces, appears in the eighties . Let us cite

oM. Frazier, B. Jawerth, Decomposition of Besov spaces,
Indiana Univ. Math. J. 34 (1985),

oM. Frazier, B. Jawerth, A discrete transform and
decomposition of distribution spaces, J. Funct. Anal. 93
(1990),

oM. Frazier, B. Jawerth, and G. Weiss, Littlewood-Paley
theory and the study of function spaces, CBMS No 79
(1991), AMS.

e and then of course all the works of Yves Meyer , Stephane
Mallat, Ingrid Daubechies, Ronald Coifman, Victor
Wickerhauser, ...

e In the geometric framework, 2000-2010, Petrushev, Ward,
Xu, Narcowich, Pesenson.



For application, wavelet is a tool which give a discrete
representation of mathematical object through a
denumerable family of coefficients(= scalar products), and
the sparsity of the representation is directly linked to the

regularity.

Let us observe that a scalar product is actually an
experiment in physics, and the aim is to obtain the more

economical family of experiment.



On the other side an object has

two representation:

The physical representation and the spectral world :
e [ he "real" world : functions, distributions...

e [ he "spectral " world : an object is the superposition of
waves : the Fourier world. The two world are equivalent but
some informations could be obtain more easily in one world
or in the other.

Moreover the Fourier transform is stable for IL? but not for
other 7.

Actually: irregularity is the consequence of too much high
frequencies.



Regularity on Euclidian spaces.

Simplest concept of regularity on metric space :
Lipschitz spaces.
Let (X, d) a metric space, one can define:

V0 <o <1, Lipa: {1 < ||/ lin, =

@)~ )
[l sup =

< 00}



Low frequency approximation.

Let X a Banach space : (here X =IL’(R), 1 <p < x0.)
and let X : {¥;,t € R, } a non decreasing family of "regular"
subspace.

here 32 {X} = {f € ", supp(F(f)) C {& |¢] < t}}

the space of "low frequencies" functions.)
Let us define :

ox(f,t,2) = gblng |f—&|lx (The "best" X; approximation)



Approximation spaces :Besov spaces.

And let us define: for 0 < s < o0, 0 < ¢ < oco. BJ(X,X):

Q=

d
(Fe X1 =

|

pey = 11l + / (tox(f.t, 9]} < o0}
and B2 (X,Y)) :

{feX, |f]

Bi(X) — Hf”X + sup tSO-X(fataz) < OO}

1<t<o0



Discrete characterization of B]‘j i

Q [

By discretization of [floo(tsax(f,t, Z))q%]

we get easily the
following characterization:

for 0 <g<oo, f€B(X,}Y)
Ifllx + 1> (270x(f, 27, %)% < oo
j=0
forq=o00, f € B (X,Y) <=

|f]lx + sup(2®ox(f, 27, %) < oo
>0



Operator characterization of B;(X, ).

Again let us recall: If:
Pye L(X) andVj >0, |[Pllgx) <C

PJ(X) C 223'
Pi|Soim = I
Then

feBy(X,%) <= feX, [[P(f)~ fllx =62 € €],



Littlewood-Paley decomposition

Let us recall the classical Littlewood-Paley functions :

b >0, even, d € DR), for |u| < % b(u) =1,



Littlewood-Paley characterization of B;jq

So, for all T' e S'(R), ®, ¥ € S(R)

T=Tx®+)Y TV, V;(z)=202z)

J

As :by YOUNG lemma || fW;|l, < [[W;l[1[[f]l, = [[W][[[ 1],
fe B, e Iy <00 If — fx®il, =27 €],
feB;, «—|fll, <oo, 2°||f — f* ], € L.

feB;, «—|flly<oo, 2| f x ¥, € L.




Interpolation spaces. (Lions-Peetre).

Let Y C X two Banach space. (Vf €Y, ||fllx < C|flly).

Let us define:
vfeX, Kt £, XY) = inf If = llx +tliollr)
One define the interpolation space between X and
Y: |X,Y]p, dependingon 0 <0 <1, 0<qg< o0
X, Yo,

* K X, Y) d
(€ X Wl = Wl [ (L2

The interpolations spaces have reiteration properties and
continuity properties.

Q=

< 00}



Link between interpolation and best
approximation.

let X, CY C X, teR_,>; non decreasing family of subsp
Let 0 < N < o0.
ANX, ) =[X,Y]py, s=ON
under the following properties :
Jackson: 3C < oo, Vf €Y, ox(f,t,%) < Ct | flly

Bernstein: 3D < oo, Vt > 0,Vf €%, ||flly < DtV fllx
Let us observe that A7(.X, ) does not depend on Y.



Typically if N € N the two previous properties are verified
for WY (R") and H,' (R"). So

Vo< qg<o0,1<p<oo,s=0N,

AL (LP(RY), ) = [L2, W, (RM)og = (L7, Hy' (R")]sq



The semi-group point of view.

If X is a Banach space and T; € L(X),t > 0, a contraction
semi group with generator A :

Vf = X7t > 0, HT't(f)HX < HfHXa V0 <1,0 <s, 130T :CZ—;H—S
L(f)—f

m exists }

D(A) = {f € X, A(f) = lim
vm € N, [[fllpam) = | fllx + A" ()l x

Moreover we suppose 1; is an holomorphic semi group:

vt > 0,Ti(X) € D(A), 3C, t|AL(f)l|x < C

Thenifme N 0<0<1,0<q<o0. [X,D(A™)]p, =

(f € X lx+ [ (™ IEA T )" < o0)



The Laplacian on the real line.

—A is a positive operator on L*(R

—/A( da;—/\v (z)]*d

The associated semi-group is given by :

—u? /4t
tA €
€ Xr) =— * x), u) =
f( ) gt f( ) gt( ) Qm
v —A is the generator of the subordinate semi-group :
t

e_tmf(@ = hx f(z), hi(u) =

T(£2 + u?)



The spectral resolution (dim 1)

Let P\(f) = sin A
on A

Sy = {f € L2, supp(]) C
VA, f) = / A(Erf, f) = / ENIF(©)Pde =

/ Ad(— / F(6)[2de) = /O AU(PA(f), f)

The spectral decomposition of Id associated to v/—A is
given by the P,.

The spectral decomposition of Id associated to —A is given
by the P .



Semi- group characterization of 5

Let m € N. One can prove that Bernstein and Jackson are
verified with N = 2m for A" and >; So for

0 < s <2m, 2mb = s we have : taking D,(A™) the
domain in L of A™,

Bg,q = |7, Dp(Am)]H,q

Q=

|

dt
— 1)

={fel”, HprH/O (L2 [ ()



Finite difference characterization.

A, f(x) = flz+y) — flz)
AYf(x) = Ay (A N f(m) =) CR(=DV fx + Iy)

V>0, w(ft) = sup | AL Fll
<t

feB,,~ fe€lfand IN €N N > s,
[ t
wy (¢, f)

and if ¢g= 400, sup < +00
0<t<1 °

— VjeN, 2w (27, f) € [,(N)

1
and if 0 < g < o0, [/( M < oo,
0




Second tool: Cubature formula.



Shannon Wavelet

]LQ — Zﬂ'@{@jENGZj?T}7 G2j7r — {f7 SUPp(]:(f)) C {2]7-‘- < ‘f‘ <

et 6(1) = ", F(6)(©) = 1i-n (O
Do(t) = 26(20)— (1) = STHECOSTEZ D) - ) = 12

7l
i(t) = 2¢0(27t), F(;)(€) = laireiej<aiein(€)



Then, by Shannon sampling theorem :

(Qr(t) = ¢(t — k))rez,  is an orthonormal basis of A,

k

{29/24)(20(t — g))}kez is an orthonormal basis of Gy;.

We obtain the Shannon "wavelet basis" which is perfectly
localized spectrally, but VERY BADLY localized in space and
unfortunatly CANNOT catch the I.? regularities .



Again: Littlewood-Paley decomposition

Let us recall the classical Littlewood-Paley functions :

A

b >0, even, d € D(R), mmmggﬁym:1,

A 18
supp(®) C {Ju] < 5}

—®(w); ¥>0,VeDR),
supp(¥ € {7 < Ju] < 7},

O =F(¢) = Flo*¢); U= (F)=F ),
¢wes<>

+Z\11295 +Z¢

Then: 1



fO) = fOd©) + 3 F©U(E)
= FOF© + 3 O
e f:f*q>+quj*f:¢*¢*f+Z¢j*¢j*f

i(z) = 2¢(2 )



Wavelet "a la" Frazier, Jawerth, Weiss.

Let us recall the Shannon sampling theorem:

W9 €A (f9) =3 7S (kz)g(kes)  (here T = 27r)

1 k
yxabi(z—y) /% r—u);(y—u)du =5 Z%(a?—g)%(y-
Wik f = pxipjrf = Z(f i) in(x); r(z) = 222 (2

Y € S(R), the ¥, i (x ) are LOCALIZED around 2 and
SPECTRALLY LOCALIZED:

supp(F () C{E, 2777 m < [¢] < 2/}



Space concentration.

Moreover

k |
I (M Zzw (213 — k)25 2y — k)
k
> Nsklhlve(@)] =
k

> / 250200 —k)|dz |28 (20 y—k)| = 0] Y [(27y—k)]
p YR k

< ||¢[lysup Y |2y — k)| < C
yeR 1
So the family ;. (which is a tight frame but not an
orthogonal basis ) could handle, by the discretization tool :
all the L, regularity:



For example using as previously the localization :
S
J€B,, =
If 1 <p < oo,

F el (S I b Pllesl)? = 277, e e,
k

If p = o0,

fel™; (Sl,ip (b [iklleo = €277°, € €1,

| llp = [[0]],27 %)



Summary

Main points :

e Regularized spectral decomposition : Littlewood-Paley
decomposition. = Concentration.

e Shannon formula = Discretization, and frame
construction.

This provides a frame

| | 3
in = 279 (2 (z — o))
which analyzes and represents regularity spaces in a sparse

way.
Qur aim is to mimick this |
BUT WITHOUT FOURIER TRANSFORM.



