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Background: analytical inverse problem

Consider (F , 〈·, ·〉), (G, 〈·, ·〉) and T : F → G linear

f � T // g

(θj)j (λjθj)j

special case T permits a singular value decomposition

� Singular values λ := (λj)j

� Eigenfunctions {uj}j and {v j}j ONB of F and G, resp.

Representation

� f ∈ F

↔ θ ∈ Θ := `2 via θj = 〈f , uj〉

� Operator T ↔ Multiplication with λ
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Framework: Gaussian sequence space models

indirect GSSM

Yj = λjθ
◦
j +
√
εZj ,

• {Zj}j
iid∼ N (0, 1),

• λ := (λj)j → 0.

direct GSSM

λj = 1

• {Zj}j
iid∼ N (0, 1),

• λ := (λj)j → 0.

indirect Gaussian regression

dY = Tf +
√
εdW

direct Gaussian regression

T = id
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Frequentist point of view: statistical inverse problem

Θ

θ◦ λθ◦
λ

Y = (Yj)j

θ̂ = λ−1Y
λ−1 = (λ−1j )j
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Frequentist point of view: regularised estimation

Θ

θ◦ λθ◦
λ

Y

θ̂m = λ+mY
λ+m = (λ−1j 1{j≤m})j

Introduction 4/35

Parameter of interest Transformed parameter

ObservationProjection estimator Regularised inverse



Frequentist point of view: oracle optimality

Θ

θ◦

θ̂m

I Measure the performance – risk

E

θ◦

[
‖θ̂m − θ◦‖2

]
I Complexity – lower bound

inf
m

Eθ◦
[
‖θ̂m − θ◦‖2

]
& R◦ε(θ◦)

over a family {θ̂m} of estimators

I θ̂ ∈ {θ̂m} is called an oracle if

Eθ◦
[
‖θ̂ − θ◦‖2

]
. R◦ε(θ◦)

and adaptive if θ̂ does not depend on θ◦.
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Frequentist point of view: minimax optimality

Θ

θ̃

θ̃

θ̃

θ̃

θ̃

θ̃

θ̃

θ̃

I Measure the performance – maximal risk

sup
θ◦∈Θa

Eθ◦
[
‖θ̃ − θ◦‖2

]
over a class Θa of paramters

I Complexity – lower bound

inf
θ̃

sup
θ◦∈Θa

Eθ◦
[
‖θ̃ − θ◦‖2

]
& R?ε(a)

I θ̂ is called minimax rate optimal if

sup
θ◦∈Θa

Eθ◦
[
‖θ̂ − θ◦‖2

]
. R?ε(a)

and adaptive if θ̂ does not depend on a.
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A glimpse to the essential: Bayesian perspective

I θ outcome of Θ-valued r.v. ϑ

I likelihood: PY |ϑ with density pY |ϑ

I prior distribution: Pϑ on Θ with density pϑ

I posterior distribution Pϑ |Y with density:

pϑ |Y (θ|y)

I “posterior is proportional to likelihood times prior”
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Illustration

I likelihood Y |ϑ = θ ∼ N (θ, ε)
I prior ϑ ∼ U [a, b]

I posterior density: pϑ |Y (θ|y) =
ε−1/2φ

(
θ−y√
ε

)
Φ
(

b−y√
ε

)
−Φ
(

a−y√
ε

)1[a,b](θ)

0.
00

0.
05

0.
10

0.
15

0.
20

100 120

y

ε = 3
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A glimpse to the essential: exact posterior concentration

Given prior Pϑ find Rε → 0

as ε→ 0 such
that for Pθ◦ = PY |ϑ=θ◦

I Pϑ |Y (‖ϑ−θ◦‖ . Rε)
Pθ◦→ 1

I Pϑ |Y (‖ϑ−θ◦‖ & Rε)
Pθ◦→ 1

Remarks:

I Rε depends on the prior

I Rε might be arbitrarily slow

I consistency could fail

Θ

θo
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Objective: exact posterior concentration

� Construct a family {Pϑm}m of prior distributions with

exact posterior concentration Rmε
ε := Rmε

ε (θ◦) for θ◦ ∈ Θ, i.e.,

lim
ε→0

Eθ◦Pϑmε |Y

(
Rmε
ε . ‖ϑmε −θ◦‖2 . Rmε

ε

)
= 1;

I Consider for a given θ◦ ∈ Θ the oracle rate

R◦ε := R◦ε(θ◦) := inf
m
Rm
ε (θ◦).

I Consider for a given Θa ⊂ Θ the minimax rate

R?ε := R?ε(a) := inf
m

sup
θ◦∈Θa

Rm
ε (θ◦).
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Objective: optimal prior choice

� A sub-family {P
ϑ
m◦ε }m◦ε with exact posterior concentration R◦ε,

i.e.

lim
ε→0

Eθ◦Pϑm◦ε |Y

(
R◦ε . ‖ϑm◦ε −θ◦‖2 . R◦ε

)
= 1,

is called oracle prior and adaptive if it does not depend on θ◦.

� A sub-family {P
ϑ
m?ε }m?ε with exact posterior concentration R?ε,

i.e.

lim
ε→0

inf
θ◦∈Θa

Eθ◦Pϑm?ε |Y

(
R?ε . ‖ϑm?ε −θ◦‖2 . R?ε

)
= 1.

is called minimax prior and adaptive if it depends not on Θa.

Introduction 12/35



Objective: optimal prior choice

� A sub-family {P
ϑ
m◦ε }m◦ε with exact posterior concentration R◦ε,

i.e.

lim
ε→0

Eθ◦Pϑm◦ε |Y

(
R◦ε . ‖ϑm◦ε −θ◦‖2 . R◦ε

)
= 1,

is called oracle prior and adaptive if it does not depend on θ◦.

� A sub-family {P
ϑ
m?ε }m?ε with exact posterior concentration R?ε,

i.e.

lim
ε→0

inf
θ◦∈Θa

Eθ◦Pϑm?ε |Y

(
R?ε . ‖ϑm?ε −θ◦‖2 . R?ε

)
= 1.

is called minimax prior and adaptive if it depends not on Θa.

Introduction 12/35



Outline

Introduction

Frequentist perspective reviewed

Posterior concentration

Adaptive posterior concentration

Adaptive Bayes estimator



Projection estimator reviewed: oracle optimality

Observations Yj = λjθ
◦
j +
√
εZj , j > 1

� θ̂m = (θ̂mj )j>1 = (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j ,

Λm := 1
m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Risk: Eθ◦‖θ̂m − θ◦‖2
∑

j>m(θ◦j )2

� oracle cut-off m◦ε := m◦ε (θ◦) := arg minm>1 {Rm
ε (θ◦)}

� oracle rate R◦ε := R◦ε(θ◦) := [εm◦εΛm◦ε ∨ b2
m◦ε

] = minm>1Rm
ε (θ◦)

� oracle estimator θ̂m
◦
ε , i.e., Eθ◦‖θ̂m

◦
ε − θ◦‖2 . R◦ε
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m] 6 Eθ◦‖θ̂m − θ◦‖2. [εmΛm ∨ b2

m] =: Rm
ε (θ◦)

� oracle cut-off m◦ε := m◦ε (θ◦) := arg minm>1 {Rm
ε (θ◦)}

� oracle rate R◦ε := R◦ε(θ◦) := [εm◦εΛm◦ε ∨ b2
m◦ε

] = minm>1Rm
ε (θ◦)

� oracle estimator θ̂m
◦
ε , i.e., Eθ◦‖θ̂m

◦
ε − θ◦‖2 . R◦ε
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Illustration: typical smoothness condition

Consider a non-increasing weight sequence a = (aj)j>1 and let

Θa :=

θ ∈ Θ :
∞∑
j=1

θ2
j /aj =: ‖θ‖2

a 6 r



Illustration

I (uj)j trigonometric basis

I a1 = 1, a2j = (2j)−2p, a2j+1 = (2j)−2p, p > 0

• Sobolev ellipsoid of p-times differentiable, abso-
lutely continuous, periodic functions

I aj = exp(1− |j |2p), p > 1
2

• analytical functions
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Projection estimator reviewed: minimax optimality

Observations Yj = λjθ◦j +
√
εZj , j > 1

� θ̂
m

= (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j , Λm := 1

m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Risk: Eθ◦‖θ̂m − θ◦‖2. [εmΛm ∨ b2
m]

� minimax cut-off m?
ε := m?

ε (a) := arg minm>1{[εmΛm ∨ am]}
� minimax rate R?ε := R?ε(a) := [εm?

εΛm?ε ∨ am?ε ]

� minimax estimator θ̂m
?
ε , i.e., supθ◦∈Θa

Eθ◦‖θ̂m
?
ε − θ◦‖2 . R?ε

(JJ & Schwarz, 2013)

I Lower bound: inf
θ̂

supθ◦∈Θa
E‖θ̂ − θ◦‖2 & R?ε, if

infε[εm?
ε Λm?

ε
∧ am?

ε
]/[εm?

ε Λm?
ε
∨ am?

ε
] > 0
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Projection estimator reviewed: adaptation

Observations Yj = λjθ◦j +
√
εZj , j > 1

� θ̂
m

= (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j , Λm := 1

m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Select m by using a penalised minimum contrast criterion

m̂ := arg min
16m6M

{
− ‖θ̂

m
‖+ 10εmΛm

}
M := max

{
1 6 m 6 bε−1c : εmΛm 6 Λ1

}

� minimax optimal data-driven estimator, if 1 6 Λ(m)/Λm 6 Lλ.

sup
θ◦∈Θa

Eθ◦‖θ̂m̂ − θ◦‖2 . R?ε(a) = [εm?
ε Λm?

ε
∨ am?

ε
]

Frequentist perspective reviewed 16/35



Projection estimator reviewed: adaptation

Observations Yj = λjθ◦j +
√
εZj , j > 1

� θ̂
m

= (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j , Λm := 1

m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Select m̂ by using a penalised minimum contrast criterion

m̂ := arg min
16m6M

{
− ‖θ̂

m
‖+ 10εmΛm

}
M := max

{
1 6 m 6 bε−1c : εmΛm 6 Λ1

}

� minimax optimal data-driven estimator, if 1 6 Λ(m)/Λm 6 Lλ.

sup
θ◦∈Θa

Eθ◦‖θ̂m̂ − θ◦‖2 . R?ε(a) = [εm?
ε Λm?

ε
∨ am?

ε
]

Frequentist perspective reviewed 16/35



Projection estimator reviewed: adaptation

Observations Yj = λjθ◦j +
√
εZj , j > 1

� θ̂
m

= (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j , Λm := 1

m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Select m̂ by using a penalised minimum contrast criterion

m̂ := arg min
16m6M

{
− ‖θ̂

m
‖+ 10εmΛm

}
M := max

{
1 6 m 6 bε−1c : εmΛm 6 Λ1

}

� minimax optimal data-driven estimator, if 1 6 Λ(m)/Λm 6 Lλ.

sup
θ◦∈Θa

Eθ◦‖θ̂m̂ − θ◦‖2 . R?ε(a) = [εm?
ε Λm?

ε
∨ am?

ε
]

Frequentist perspective reviewed 16/35



Projection estimator reviewed: adaptation

Observations Yj = λjθ◦j +
√
εZj , j > 1

� θ̂
m

= (Y1/λ1, . . . ,Ym/λm, 0, . . .) projection estimator

� Λj := λ−2
j , Λm := 1

m

∑m
j=1 Λj and b2

m := b2
m(θ◦) :=

∑
j>m(θ◦j )2

I Select m̂ by using a penalised minimum contrast criterion

m̂ := arg min
16m6M

{
− ‖θ̂

m
‖+ 10εmΛm

}
M := max

{
1 6 m 6 bε−1c : εmΛm 6 Λ1

}

� minimax optimal data-driven estimator, if 1 6 Λ(m)/Λm 6 Lλ.

sup
θ◦∈Θa

Eθ◦‖θ̂m̂ − θ◦‖2 . R?ε(a) = [εm?
ε Λm?

ε
∨ am?

ε
]

Frequentist perspective reviewed 16/35



Outline

Introduction

Frequentist perspective reviewed

Posterior concentration

Adaptive posterior concentration

Adaptive Bayes estimator



Objective: optimal prior choice

� A sub-family {P
ϑ
m◦ε }m◦ε with exact posterior concentration R◦ε,

i.e.

lim
ε→0

Eθ◦Pϑm◦ε |Y

(
R◦ε . ‖ϑm◦ε −θ◦‖2 . R◦ε

)
= 1,

is called oracle prior and adaptive if it does not depend on θ◦.

� A sub-family {P
ϑ
m?ε }m?ε with exact posterior concentration R?ε,

i.e.

lim
ε→0

inf
θ◦∈Θa

Eθ◦Pϑm?ε |Y

(
R?ε . ‖ϑm?ε −θ◦‖2 . R?ε

)
= 1.

is called minimax prior and adaptive if it depends not on Θa.
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Sieve family of prior distributions

� Gaussian prior distribution for ϑ = (ϑj)j>1

I {ϑj}j>1 are independent, normally distributed

I prior means 0 and prior variances ς = (ςj)j>1:

• ϑj ∼ N (0, ςj), independent, j ∈ N.

� Sieve family of prior distributions {Pϑm}m depending on a hyper
parameter m:

I first m random parameters {ϑj}mj=1 non-degenerate

I independent random variables {ϑm
j }j>1 with marginals:

• ϑm
j ∼ N (0, ςj) for 1 6 j 6 m and

• ϑm
j ∼ δ0 for j > m.
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Posterior distribution

� posterior distribution of ϑ = (ϑj)j>1 given Y = (Yj)j>1

I {ϑj}j>1 are conditionally independent, normally distributed

• posterior variance σj := Var[ϑj |Y ] = (λ2
j ε
−1 + ς−1

j )−1

• posterior mean θYj := E[ϑj |Y ] = σj (λjε
−1Yj)

� posterior distribution of ϑm = (ϑm
j )j>1 given Y

I {ϑm
j }j>1 are conditionally independent, normally distributed

• posterior mean θYj and variance σj for 1 6 j 6 m

• degenerate on 0 for j > m
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Exact posterior concentration

I Let Λj := λ−2
j , Λm := 1

m

m∑
j=1

Λj , Λ(m) := max
16j6m

Λj and b2
m :=

∑
j>m

(θ◦j )2.

Assumption A1. (Prior variances)

Let Gε := max{1 6 m 6 bε−1c : εΛ(m) 6 Λ1}.

There exists d > 0 such that ςj > d [(εΛj)
1/2 ∨ εΛj ] for all 1 6 j 6 Gε.

Assumption A2. (Regular sub-family {Pϑmε}mε)

supε(εmεΛ(mε))[εmεΛmε ∨ b2
mε ]−1 <∞
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Exact posterior concentration

Proposition. Under Assumption A1. and A.2 holds

Eθ◦Pϑmε |Y

(
Rmε
ε (θ◦) . ‖ϑmε −θ◦‖2 . Rmε

ε (θ◦)
)
> 1− ce−cmε

� oracle cut-off m◦ε := m◦ε (θ◦) := arg minm>1 {Rm
ε (θ◦)}

� oracle rate R◦ε := R◦ε(θ◦) := [εm◦εΛm◦ε ∨ b2
m◦ε

] = minm>1Rm
ε (θ◦)

Theorem. Under A1., A2. and in addition m◦ε →∞ then

limε→∞ Eθ◦Pϑm◦ε |Y

(
R◦ε . ‖ϑm◦ε −θ◦‖2 . R◦ε

)
= 1
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Exact posterior concentration and minimax prior

� minimax cut-off m?
ε := m?

ε (a) := arg minm>1{[εmΛm ∨ am]}
� minimax rate R?ε := R?ε(a) := [εm?

εΛm?ε ∨ am?ε ]

Assumption A3. (Regular parameter space)

infε[εm?
εΛm?ε ∧ am?ε ][εm?

εΛm?ε ∨ am?ε ]−1 > 0

Theorem. Under A1, A2 and A3 holds

lim
ε→∞

inf
θ◦∈Θa

Eθ◦Pϑm?ε |Y

(
R?ε . ‖ϑm?ε −θ◦‖2 . R?ε

)
= 1
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ε := m?

ε (a) := arg minm>1{[εmΛm ∨ am]}
� minimax rate R?ε := R?ε(a) := [εm?

εΛm?ε ∨ am?ε ]
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Remark:

� oracle prior sub-family {P
ϑ
m◦ε }m◦ε attains oracle rate R◦ε as

exact posterior concentration rate

� minimax prior sub-family {P
ϑ
m?ε }m?ε attains minimax rate R?ε

as exact posterior concentration rate

� choice of m◦ε and m?
ε depends, respectively, on θ◦ and Θa

Objective:

� put prior on hyperparameter m as outcome of a r.v. M
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Hierarchical Prior

Suppose Λ(k) 6 Cλ minj>k Λj and let Gε := max{1 6 m 6 bε−1c : εΛ(m) 6 Λ1}.

� random parameter M taking its values in {1, . . . ,Gε}

I prior distribution PM given for 1 6 m 6 Gε by

pM(m) = PM(M = m) ∝ exp(−3Cλm/2)
m∏
j=1

(ςj/σj)
1/2

I and pM(m) = 0 otherwise

� random variables Y = (Yj)j>1 and ϑM = (ϑM
j )j>1 determined by

I Yj = ϑM
j +
√
εZj and ϑM

j =
√
ςj Vj 1{1 6 j 6 M}

where {Zj ,Vj}j>1 are iid. standard normally distributed and
independent of M.
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Posterior distribution

� posterior distribution PM |Y of M given Y

I given for 1 6 m 6 Gε by

pM |Y (m) = PM |Y (M = m) ∝ exp

(
1

2

{ m∑
j=1

σ−1
j (θYj )2 − 3Cλm

})
I and pM |Y (m) = 0 otherwise

� posterior distribution PϑM |Y of ϑM = (ϑM
j )j>1 given Y

I weighted mixture of posterior distributions of {ϑm}Gεm=1, i.e.,

PϑM |Y =
Gε∑

m=1

pM |Y (m)Pϑm |Y
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Adaptive oracle posterior concentration

Assumption A4.

There exists Lλ > 1 such that 1 6 Λ(k)/Λk 6 Lλ and Λ(kl) 6 Λ(k)Λ(l).

Lemma. Under A1 and A4 there exist 1 6 G−ε 6 m◦ε 6 G+
ε 6 Gε s.t.

Eθ◦PM |Y (G−ε 6 M 6 G+
ε ) > 1− 4 exp(−Cλm◦ε/5 + logGε).

Lemma. Under A1 and A4 there exist 1 6 G
?−
ε 6 m?

ε 6 G ?+
ε 6 Gε s.t.

infθ◦∈Θr
a
Eθ◦PM |Y (G

?−
ε 6 M 6 G ?+

ε ) > 1− 4 exp(−Cλm?
ε/5 + logGε).
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Adaptive oracle posterior concentration

Assumption A5. (Regular parameter)

infε[εm◦εΛm◦ε ∧ bm◦ε ]/R◦ε > 0

Lemma. Under A1, A4 and A5 holds

G+
ε∑

m=G−ε

Eθ◦Pϑm |Y

(
R◦ε . ‖ϑm−θ◦‖2 . R◦ε

)
6 1− ce−cG

−
ε .

Theorem. Under A1, A4, A5 and (logGε)/m◦ε = o(1) holds

lim
ε→∞

Eθ◦PϑM |Y

(
R◦ε . ‖ϑM−θ◦‖2 . R◦ε

)
= 1
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Adaptive minimax posterior concentration

Assumption A3. (Regular parameter space)

infε[εm?
εΛm?ε ∧ am?ε ][εm?

εΛm?ε ∨ am?ε ]−1 > 0

Lemma. Under A1, A3 and A4 holds for all θ◦ ∈ Θa

G
?+
ε∑

m=G
?−
ε

Eθ◦Pϑm |Y

(
‖ϑm−θ◦‖2 . R?ε

)
> 1− ce−cG

?−
ε .

Theorem. Under A1, A3, A4 and (logGε)/m?
ε = o(1) holds

I lim
ε→∞

Eθ◦PϑM |Y

(
‖ϑM−θ◦‖2 . R?ε

)
= 1 for all θ◦ ∈ Θa;

I lim
ε→∞

infθ◦∈Θa Eθ◦PϑM |Y

(
‖ϑM−θ◦‖2 . KεR?ε

)
= 1 for any Kε →∞;
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Adaptive data-driven Bayes estimator

Common Bayes estimator θ̂ = (θ̂j)j>1 = E[ϑM |Y ] given by

θ̂j = θYj PM |Y (j 6 M 6 Gε)1{1 6 j 6 Gε}

Theorem. Under A1, A4, A5 and log(Gε/R◦ε)/m◦ε = o(1) holds

Eθ◦‖θ̂ − θ◦‖2 . R◦ε(θ◦) = minm>1Rm
ε (θ◦).

Theorem. Under A1, A3, A4 and log(Gε/R?ε)/m?
ε = o(1) holds

supθ◦∈Θa
Eθ◦‖θ̂ − θ◦‖2 . R?ε = minm>1 supθ◦∈Θa

Rm
ε (θ◦)
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Diffuse hierarchical prior

The posterior weights under a diffuse prior for ϑ satisfy

pM |Y (m) =

exp

(
1
2

{∑m
j=1(εΛj)

−1(Yj/λj)
2 − 3Cλm

})
∑Gε

k=1 exp

(
1
2

{∑k
j=1(εΛj)−1(Yj/λj)2 − 3Cλk

})

where ‖θ‖2
εΛ :=

∑
j>1(εΛj)

−1(θj)
2 and (Y /λ)k := (Yj/λj1{1 6 j 6 k})j∈N.

The adaptive Bayes estimator θ̂ = (θ̂j)j>1 = E[ϑM |Y ] is given by

θ̂j =
(
1−

j−1∑
k=1

pM |Y (m)
)
×

Yj

λj
× 1{1 6 j 6 Gε}.
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Data-driven shrinked projection estimator

Consider weights

wY
m :=

exp

(
− 1

2ε

{
− ‖(Y /λ)m‖2 + 3CλεmΛm

})
∑Gε

k=1 exp

(
− 1

2ε

{
− ‖(Y /λ)k‖2 + 3CλεkΛk

})

and the data-driven shrinked projection estimator θ̂ = (θ̂j)j>1 given by

θ̂j =
(
1−

j−1∑
k=1

wY
m

)
×

Yj

λj
× 1{1 6 j 6 Gε}.

Open question: oracle/minimax optimality up to a constant?
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Conclusion

� Summary

• oracle and minimax optimal concentration rates in an
indirect sequence space model

• hierarchical prior leading to oracle and minimax optimal
concentration rates and a fully-data driven Bayes estimate
that is oracle and minimax optimal in an indirect sequence
space model

� Perspectives

• additional noise: Xj = λj + noise

• non-diagonal inverse problems with noise in the operator
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Thank you for your attention.

Adaptive Bayes estimator 34/35



Adaptive Bayesian estimation
in indirect Gaussian sequence space models

Jan Johannes

Ruprecht-Karls-Universität Heidelberg

”Mathematical statistics and inverse problems”

February 2016, CIRM, Marseille

joint work with Anna Simoni and Rudolf Schenk


	Introduction
	Frequentist perspective reviewed
	Posterior concentration
	Adaptive posterior concentration
	Adaptive Bayes estimator

