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Background: analytical inverse problem

Consider (F, (-,-)), (G, (-,-)) and T : F — G linear
f |—>g
Lo
——(\j0));

special case T permits a singular value decomposition

® Singular values \ := (1),

® Eigenfunctions {u;}; and {v;}; ONB of F and G, resp.
Representation

B feFer0e0:=(?viab;=(f uj)

B QOperator T <> Multiplication with A
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Framework: Gaussian sequence space models

indirect GSSM direct GSSM
Y=\ + Ve, y=1
iid
* {Z;}; ~ N(0,1),

° )\ = ()‘j)j — 0.

indirect Gaussian regression direct Gaussian regression

dY = Tf +/edW T =id
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> Measure the performance — risk
Ege [ 6™ —6°)1%]
> Complexity — lower bound

6™ = 0°1%] 2 R2(0°)

Igf ]E@o [

over a family {5’"} of estimators
> 6 € {6™} is called an oracle if
Eo- [ 16 - 0°11%] S R2(6%)
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v

Measure the performance — maximal risk

sup Ege [ ]| — 6°[]
0°€cO,

over a class ©, of paramters

v

Complexity — lower bound

|nf sup EQ@[H@ o ] 2 Ri(a)

0 0°€O,

0 is called minimax rate optimal if

v

sup By [ 16— 0°|°] S RE(a)

0°€0,

Parameter of interest ~ and adaptive if 9 does not depend on a.
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A glimpse to the essential: Bayesian perspective

v

6 outcome of ©-valued r.v. ¥

v

likelihood: Py |y with density py|y

v

prior distribution: Py on © with density py

v

posterior distribution Py |y with density:

po 1y (0ly) = Py|5(¥10)ps(9)
v Jo Py1o(y10)ps(0)d0

> “posterior is proportional to likelihood times prior”
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> posterior density: py|y(fly) = ¢(
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> prior ¥ ~ U]a, b]

> posterior density: py|y(fly) = ¢(
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A glimpse to the essential: exact posterior concentration

Given prior Py find R. — 0 as € — 0 such
that for Py = Py|19:90

Py

> Pyy(l9—0°| SR:) = 1
Pe()

> Pyy(l9—0°| 2 R:) — 1

Remarks:
» R. depends on the prior
» R. might be arbitrarily slow

» consistency could fail
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Objective: exact posterior concentration

® Construct a family {Pgm},, of prior distributions with

exact posterior concentration R’ := RT=(0°) for §° € ©, i.e.,

lim Eyo %mg ‘Y<R"€"75 S Hﬁmg _90”2 S Rgﬂs) =1
e—0

» Consider for a given (° € © the oracle rate
R2 :=R2(07) :=inf RI'(0).
» Consider for a given ©, C © the minimax rate

RE:=R:(a) :=inf sup RI(0).
m goco,
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Objective: optimal prior choice

¥ A sub-family {%mg }me with exact posterior concentration R2,
ie.

lim By B | (RE S 197 —07[2 S RE) =1,

is called oracle prior and adaptive if it does not depend on 6°.

® A sub-family {%m; }ms with exact posterior concentration R,
ie.

lim inf By P, (R*< 9™ —¢° 2<R*) —1.
EI—%Q(’IQGH () ,0 e Iy E ~ ” || ~ €

is called minimax prior and adaptive if it depends not on ©,.
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Projection estimator reviewed: oracle optimality

Observations Yj = \j07 +/eZ;, j > 1
mm = (§J'.")J>1 =(Y1/M,..., Ym/ m,0,...) projection estimator

B A=A A=A and b2 = 02(07) =3 (0))?

> Risk: [emAm V2] < Epol|0™ — 6°2 < [emip, V b2)] = R™(6°)

® oracle cut-off me := mz(0°) := arg min,~; {R7(0")}

B oracle rate R := R2(0°) := [emeA e V bfng] = miny>1 RT(0°)

. ame - me
B oracle estimator 8¢, i.e., o ||0™ — 0°]]2 < RS
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lllustration: typical smoothness condition
Consider a non-increasing weight sequence a = (a;);>1 and let
o
O,:=40€0:> 07/0; =02 <r
j=1

[[lustration

> (uj); trigonometric basis
»aq =1 , 02j = (2_]) 2p ,02j4+1 = (2j)_2p, p > 0

® Sobolev ellipsoid of p-times differentiable, abso-
lutely continuous, periodic functions

> a; =exp(l—[j|?P), p> 3

® analytical functions
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Projection estimator reviewed: minimax optimality
Observations Y; = \jf.; +eZ;, j > 1
By = (Yi/M,--., Ym/Am,0,...) projection estimator

w0 =A% A= 5 20 A and b2, = 02,(67) = 30 0 (0))?

m

> Maximal risk: supj.cg, Eo- 0™ — 6°12 < [emAm V am]

® minimax cut-off m: := mz(a) := arg min, > {[em\n V ap]}
B minimax rate R := RE(a) := [em:Aps V ame]

.. . Y . ~m*
B minimax estimator ™, i.e., supyoco, Eo- |6 — 07|12 S RE

(JJ & Schwarz, 2013)
Lo o 2 .
> Lower bound: infgsupy.cq E[l0 — 0°[|< 2 RE, if

infelem:Ams A ams]/[emiAm: Vam:] >0
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BN =A% A= 20T A and b2, = 02,(0°) == 3 0 (6))?

m

» Select m by using a penalised minimum contrast criterion

m := arg min { — H@mH + 10em/\m}

NUUSS

M = max{l <m< Ls_lj cemM\, < /\1}

B minimax optimal data-driven estimator, if 1< /\(m)/ﬂm < L.

6™ — 0°|> S R2(a) = [em: A V ame]

sup Ego
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Outline

@ Posterior concentration



Objective: optimal prior choice

¥ A sub-family {%mg }me with exact posterior concentration R2,
ie.

lim By B | (RE S 197 —07[2 S RE) =1,

is called oracle prior and adaptive if it does not depend on 6°.

® A sub-family {%m; }ms with exact posterior concentration R,
ie.

lim inf By P, (R*< 9™ —¢° 2<R*) —1.
EI—%Q(’IQGH () ,0 e Iy E ~ ” || ~ €

is called minimax prior and adaptive if it depends not on ©,.



Sieve family of prior distributions

® Gaussian prior distribution for ¥ = (9;);>1
» {¥}};>1 are independent, normally distributed
» prior means 0 and prior variances ¢ = (gj)j>1:

L 19_[ NN(Oagj)) independent' '/ €N.



Sieve family of prior distributions

® Gaussian prior distribution for ¥ = (9;);>1
» {¥}};>1 are independent, normally distributed
» prior means 0 and prior variances ¢ = (gj)j>1:

L ’19_1 NN(Oagj)a independent' '/ €N.

® Sieve family of prior distributions {Pym},, depending on a hyper
parameter m:

> first m random parameters {;} ; non-degenerate

> independent random variables {9;"};>1 with marginals:
° 97 ~ N(0,¢;) for 1 < j < m and
® 9/ ~ o for j > m.



Posterior distribution

® posterior distribution of ¥ = (9;);>1 given Y = (Y});>1
» {¥;};>1 are conditionally independent, normally distributed
® posterior variance oj := Var[9; |Y] = (/\J?zs*l + gj_l)*l
® posterior mean 6 :=E[9;|Y] = 0; (\je 1Y)



Posterior distribution

® posterior distribution of ¥ = (9;);>1 given Y = (Y});>1
» {¥;};>1 are conditionally independent, normally distributed
® posterior variance o; := Var[9; |Y] = (\7e ™t + gj—l)*l

® posterior mean 6 :=E[9;|Y] = 0; (\je 1Y)

W posterior distribution of 9™ = (9]");>1 given Y
> {9;"};>1 are conditionally independent, normally distributed
® posterior mean ij and variance gj for 1 <j < m

® degenerate on 0 for j > m



Exact posterior concentration

> Let Aji=\7% A = z/\ Ny = max A\ Ajand b7, == 37 (07)?.
j>m

AssumpTION A1l. (Prior variances)
Let G, :=max{l < m < [e7] 1 eA(m) < A1}
There exists d > 0 such that ¢; > d[(s/\j)l/2 Velj] forall 1 <j<G..



Exact posterior concentration

> Let Aji=\7% A = z/\ Ny = max A\ Ajand b7, == 37 (07)?.
j>m

AssumpTION A1l. (Prior variances)
Let G. :=max{l < m< |7} : eN(m) < A1}
There exists d > 0 such that ¢; > d[(e/\;)}/2 vV e/\j] for all 1 <j < G..

AssumPTION A2. (Regular sub-family {Pgme }.)

sup(emeA(m))lemeAm, V b2 17! <



Exact posterior concentration

ProproOSITION. Under Assumption Al. and A.2 holds

Ey Bme v (R (0°) S 197 =0°[[2 S RE=(0°)) > 1 = ce™em
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Exact posterior concentration and oracle prior

ProprosITION. Under Assumption Al. and A.2 holds

Eo- By (RP(0°) S 197 =02 S RE=(0°)) > 1 = ce™em

® oracle cut-off me := me(0°) := arg min,,»; {RI(0°)}

B oracle rate R := R2(0°) := [em2/\ e V b%ng] = minm,>1 RT(0°)

THEOREM. Under Al., A2. and in addition m2 — oo then

iMoo Bo: Boe | (R2 S 97 072 S Re) =1



Exact posterior concentration and minimax prior

® minimax cut-off m: := mz(a) := arg min, o {[em\p V ap]}

B minimax rate RY := RE(a) := [em Ay V am:]
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® minimax cut-off m: := mz(a) := arg min, o {[em\p V ap]}

B minimax rate RY := RE(a) := [em Ay V am:]

AssumMPTION A3. (Regular parameter space)

infelemiAms A amsllemENms V ams] ™1 >0



Exact posterior concentration and minimax prior

® minimax cut-off mz := mz(a) := arg min,,o1{[em/\p V apn]}

B minimax rate RY := RE(a) := [emz s V ap]

AssumMPTION A3. (Regular parameter space)

infelemiAms A amsllemENms V ams] ™1 >0

THEOREM. Under Al, A2 and A3 holds

lim inf EsP,. |Y(R§ S 87 %2 S RZ) =4

£—00 (0°€0, 9
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Remark:

. , . o
B oracle prior sub-family {%mg }me attains oracle rate RZ as
exact posterior concentration rate

® minimax prior sub-family {F: } attains minimax rate R}
as exact posterior concentration rate

B choice of m2 and m: depends, respectively, on ¢° and O,

Objective:

B put prior on hyperparameter m as outcome of a rv. M
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Hierarchical Prior

Suppose A\(x) < Ciminjsi/\j and let G, :=max{l < m< [e7t] 1 e/\(m) < A1}

® random parameter M taking its values in {1,..., G.}
» prior distribution Py given for 1 < m < G, by

m

pm(m) = Pu(M = m) o exp(—3Cm/2) [ [ (sj/e)"/
j=1

» and pm(m) = 0 otherwise

® random variables Y = (Y;);>1 and 9" = (19J'V')J>1 determined by

> Yi=9M+eZ and 9V = GV 1{1<j<M}

where {Z;, V;};>1 are iid. standard normally distributed and
independent of M.



Posterior distribution

W posterior distribution Py |y of M given Y

> given for 1 < m < G, by
pm|y(m) = Py |y(M = m) o exp < {20—1(9\/)2 3C, m}>

> and py|y(m) = 0 otherwise



Posterior distribution

W posterior distribution Py |y of M given Y

> given for 1 < m < G, by
1 —1/9Y 2
pmiy(m) = Pyy(M = m) o exp <2{Zaj 0;") —3CAm}>

> and py|y(m) = 0 otherwise

® posterior distribution Pgu y of M = (19}/')1-21 given Y

» weighted mixture of posterior distributions of {19’"},%:1, ie.,

Ge
Pouiy = Y pujy(m) Pom |y
m=1
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Adaptive oracle posterior concentration

ASSUMPTION A4.

There exists L, > 1 such that 1 < k)//\k L and Ay < NoyAy-

LEMMA. Under Al and A4 there exist 1 < G- < m2 < G < G s.t.

Epo Pmiv(G: S MK GF) > 1 —4exp(—Cime/5 + log G).

LEMMA. Under Al and A4 there exist 1 < G/~ < m: < G < G s.t.

infpocor Eoo Pmy (G2~ <MK GI) > 1—4exp(—Came /5 + log G.).
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Adaptive oracle posterior concentration

AssumMPTION A5. (Regular parameter)
infelemeAme A bpe]/RS >0

LEMMA. Under Al, A4 and A5 holds
G+

€

5 EpBmpy(RE S 197 —0°|2 S RE) <1 cemeCr
m=G;

THeEOREM. Under Al, A4, A5 and (log G.)/m? = o(1) holds

lim By B |Y<R 1M —6° |12 < Rg) 1

E—OO



Adaptive minimax posterior concentration

AssumMPTION A3. (Regular parameter space)

infa[emzﬂm; A am;][smzﬂm; V a,,,;]_1 >0



Adaptive minimax posterior concentration

AssumMPTION A3. (Regular parameter space)

infelemiAms A amsllemENms V ams] ™1 >0

LEMMA. Under Al, A3 and A4 holds for all 6° € ©,

*
Gt

Eoo@m,y@w —°|2 < Rg) >1-—ce <G .
G~

m=G¢



Adaptive minimax posterior concentration

AssumMPTION A3. (Regular parameter space)

infe[emsAms A ams][emEAm: V ams] L >0

LEMMA. Under Al, A3 and A4 holds for all 6° € ©,

*
Gt

. By |y<||q9m P < 72;) >1— ce—<G
G*7

m=Gg

THEOREM. Under A1, A3, A4 and (log G.)/m: = o(1) holds

> lim - By |Y(y|0M |2 < Rg) — 1 for all 0° € O,



Adaptive minimax posterior concentration

AssumMPTION A3. (Regular parameter space)

infe[emsAms A ams][emEAm: V ams] L >0

LEMMA. Under Al, A3 and A4 holds for all 6° € ©,

*
Gt

Ego By ,y<||q9m |2 < R;) >1-— ce G
G.™

m=Gg

THEOREM. Under A1, A3, A4 and (log G.)/m: = o(1) holds
> lim - By |Y(y|0M |2 < Rg) — 1 for all 0° € O,

> aligoinf()aeea Ego B |Y<|]19M —0°|2 < KERQ) = 1for any K. — oc;
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Adaptive data-driven Bayes estimator

Common Bayes estimator § = (é\j)j)l = E[9M | Y] given by

gj — QJ.YPM‘Y(J' <M<G)L{1<j<6)

THEOREM. Under Al, A4, A5 and log(G./R2)/m2 = o(1) holds
Boe 6= 0°]7 S Re(0°) = minms1 RE(0°).



Adaptive data-driven Bayes estimator

Common Bayes estimator § = (é\j)j}l = E[9M | Y] given by

gj — QJ.YPM‘Y(J' <M<G)L{1<j<6)

THEOREM. Under Al, A4, A5 and log(G./R2)/m2 = o(1) holds
Boe 6= 0°]7 S Re(0°) = minms1 RE(0°).

THEOREM. Under A1, A3, A4 and log(G./R%)/m: = o(1) holds

6 — 0°|)2 < RE = minms1 supyeco, RI(0°)

Supge €O, ]E()c



Diffuse hierarchical prior

The posterior weights under a diffuse prior for 19 satisfy

oxp (3 Sa(e) (/2 -3¢}

pm|y(m) =

S (A 15/ - 30



Diffuse hierarchical prior

The posterior weights under a diffuse prior for 19 satisfy
oxp (= 10/ )12, + 360}

$26 e (- IV, +364})

pm|y(m) =

where [|0]|2, := Zj>1(5/\j)_1(9j)2 and (Y/\)k:= (Y;/)\1{1 <j < k})jen.



Diffuse hierarchical prior

The posterior weights under a diffuse prior for 19 satisfy

oxp (= 10/ )12, + 360}
$26 e (- IV, +364})

pm|y(m) =

where [[9]12, := Y2 () 71(6;)2 and (Y/2)< := (Yj/ 10 < < )jers.

The adaptive Bayes estimator § = (51)1-21 = E[9M|Y] is given by

j-1

~ Y;

0; = (1— E pM|y(m))XTJ'X]1{1<j<GE}.
k=1 &



Data-driven shrinked projection estimator

Consider weights

exp < - i - ||(Y//\)m\|2 + 3C/\€m/\m}>

w,, ‘=

% | exp ( SR+ 3C/\£k/\k}>



Data-driven shrinked projection estimator

Consider weights

exp < — i - ||(Y//\)’"H2 + 3C/\6m/\m}>

e (= £{ = 10r/0412 30 k)
and the data-driven shrinked projection estimator H= (é\j)J;l given by

@z(l—ZWJ)XﬁX]l{lgnge}.



Data-driven shrinked projection estimator

Consider weights

exp < — i - ||(Y//\)’"H2 + 3C/\6m/\m}>

Y .
W, =

e (= £{ = 10r/0412 30 k)
and the data-driven shrinked projection estimator H= (é\j)J;l given by

@z(l—ZWJ)XﬁX]l{lgnge}.
K

Open question: oracle/minimax optimality up to a constant?
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Conclusion

B Summary
® oracle and minimax optimal concentration rates in an
indirect sequence space model

® hierarchical prior leading to oracle and minimax optimal
concentration rates and a fully-data driven Bayes estimate
that is oracle and minimax optimal in an indirect sequence
space model

B Perspectives

® additional noise: Xj = \; + noise

® non-diagonal inverse problems with noise in the operator
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Thank you for your attention.
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