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Introduction

• Assessing micro and nano structures in living cells,
• e.g. the cytoskeleton,
• consisting of actin-myosin bundles, intermediate

filements and microtubules.
• Statistical tasks

• feature extraction
• feature analysis

• leading to
1 a stochastic deconvolution model with asymptotics in

the sparsity for image enhancement and
2 the circular or Wrapped SiZer feature analysis with

application to stem cell diversifiction.
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Image Enhancement for the
Microtubles Skeleton

• Objective: fine in vivo structure resolution
• structural cell network
• in mitotic spindle
• cell division
• cancer treatment
• here: β-tubulin

• Method: flourescence imaging (visible light)
• Width ≈ 25 nm
• Challenge: Abbe (1873) diffraction barrier

d ≈ λ

2 numerical aperture
≥ 200 nm
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Overcoming Abbe’s Limit

• Several methods developed in the last decades, 4PI,
STED, SMS, etc., cf. Hell (2007)

• SMS = single marker switching (also known as PALM
by Betzig et al. (2006), STORM by Rust et al. (2006),
PALMIRA by Egner et al. (2007)):

1 One laserbeam provides energy for photon emission,
2 another low energy laserbeam excites (ideally) a single

molecule (switch on) which then emits photons for a
while (until it switches itself off),

3 confocally record photon origin,
4 estimate with high precision center of a Gaussian,
5 GoTo 2

• precision ∼ number of photons
• → waiting time
• → drift blur.
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Single Molecule Localization

Left: ≈ 140 nm resolution. Right ≈ 20 nm resolution
(individual protein ≈ 2 nm)

PALMIRA (Egner et al. (2007)): Photoactivated localization
microscopy with independently running acquistion:
• Acquistion time ≈ few minutes,
• to account for drift effects an always (over)shining bead

is introduced.
• Can we do without a bead?
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Challenge

• Classical drift (motion) estimation assumes to observe
the (noisy) entire image each time point

• Here: only noisy few image pixel observations per time
point
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Challenge and Plan

• Classical drift (motion) estimation assumes to observe
the (noisy) entire image each time point

• Here: only noisy few image pixel observations per time
point

• Geisler et al. (2012) introduced a general model free
practical method

• Here: Gaussian (approximation) model and statistical
features via Fourier methods

• linearly superimpose image in the Fourier domain
• linear drift becomes shift in the Fourier domain

• Novel asymptotics:
• ]{time points} ↗
• image sparsity↗
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A Few Observation’s Drift Model
The few oberservation’s regression model

yj tl ,t
= f

(
xj tl
− δt

)
+ σj tl ,t

εj tl ,t
, εj tl ,t

i.i.d∼ N (0,1), σj tl ,t
> 0

with
• f : unknown true image intensity,
• observed image intensities yj tl ,t

at

• time points t ∈ T :=
{

0, 1
T ,

2
T , . . . ,

T−1
T

}
(T > 0),

• for each t , at few xj tl
(l = 1, . . . ,nt ≈ constant, some

binning) locations of n uniform pixel locations ∈ [0,1]2

• δt : 2D pixel location valued drift,
has the discrete Fourier transform

Y t
k = f t

k +
σ√
nt

W t
k , k ∈ Z2

for each t with
• i.i.d. (standard) complex normals W t

k .
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Novel Asymptotics
The Fourier model:

Y t
k = f t

k +
σ√
nt

W t
k , k ∈ Z2, t = 0,

1
T
, . . . ,

T − 1
T

where
• n fixed (some binning s.t. nt fixed, constant and only

few single molecules),
• denoting σ/

√
nt by σ,

• exploiting the shift property:

f t
k = f (· − δt )k = e−2πi〈k ,δt 〉︸ ︷︷ ︸

=:hk (−δt )

fk

• T →∞,
motivates the sequence model

Y t
k = hk (−δt )fk + σW t

k , k ∈ Z2, t = 0,
1
T
, . . . ,

T − 1
T

.
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Semiparametric Estimation
Parametric drift model: δt = δϑt , ϑ ∈ Θ compact ⊂ Rd

(Sparse) sequence model: Y t
k = hk (−δϑt )fk + σW t

k
Contrast functionals (empirical, population):

MT (ϑ) :=
1
T

∑
|k |<ξT

∑
t∈T

∣∣∣∣∣hk (δϑt ) Y t
k −

1
T

∑
t ′∈T

hk (δϑt ) Y t ′
k

∣∣∣∣∣
2

=
∑
|k |<ξT

 1
T

∑
t∈T

∣∣∣hk (δϑt ) Y t
k

∣∣∣2 − ∣∣∣∣∣ 1T ∑
t ′∈T

hk (δϑt ′) Y t ′
k

∣∣∣∣∣
2


= M0
T + M̃T (ϑ)

M(ϑ) :=
∑
k∈Z2

∫ 1

0

∣∣∣∣∣hk (δϑt − δ
ϑ0
t ) fk −

∫ 1

0
hk (δϑt ′ − δ

ϑ0
t ′ ) fkdt ′

∣∣∣∣∣
2

dt

=
∑
k∈Z2

|fk |2
1−

∣∣∣∣∣
∫ 1

0
hk (δϑt − δ

ϑ0
t ) dt

∣∣∣∣∣
2
 = M0 + M̃(ϑ)
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Estimators and Assumptions
For given T > 0 and choice of ξT > 0,
• drift estimator: ϑ̂T ∈ arg minϑ∈Θ MT (ϑ)

• image estimator:
f̂T (x) :=

∑
|k |<ξT

1
T
∑

t∈T hk (δϑ̂T
t ) Y t

k e2πi〈k ,x〉 .

Assumptions:
• δϑt = polynomial of fixed degree in t with coefficients

determined by ϑ ∈ Θ.
• for ρ = 1

f ∈ Hρ([0,1]2) :=

f ∈ L1([0,1]2) :
∑
k∈Z2

(1 + |k |2)
ρ
2 |fk |2 <∞


• ∃k1, k2, k ′1, k

′
2, k
′′
1 , k

′′
2 , k

′′′
1 , k

′′′
2 ∈ Z such that k1k ′2 − k2k ′1

6= 0 6= k ′′1 k ′′′2 − k ′′2 k ′′′1 , have no common divisors and
|fk | 6= 0 ∀k ∈

{
(k1, k2), (k ′1, k

′
2), (k ′′1 , k

′′
2 ), (k ′′′1 , k

′′′
2 )
}

.
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Consistency
Theorem 1
Under the assumptions, if ξT

T→∞−→ ∞ and ξT = o(
√

T ) then

ϑ̂T
a.s.−→ ϑ0 (population minimizer),

∥∥∥f̂T − f
∥∥∥

2

p−→ 0 (T →∞) .

If even ξT = o(T 1/4) then
∥∥∥f̂T − f

∥∥∥
2

a.s.−→ 0.

Proof.
To see ϑ̂T

a.s.→ ϑ0 show
(1) uniqueness of the constrast minimizer ϑ0

(2) continuity of ϑ 7→ M̃(ϑ)

(3) M̃T (ϑ)
a.s.→ M̃(ϑ) uniformly in ϑ as T , ξT = o(

√
T )→∞

Finally show that the order of ‖f̂T − f‖2 is that of

‖ϑ̂T − ϑ0‖
1√
T

∑
|k |<ξT

|fk ||k ||GT
k |
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Asymptotic Normality

Theorem 2
Under T →∞, ξT = o(T 1/4)→∞, if ϑ̂T → ϑ0 a.s. and
• f ∈ Hρ([0,1]2) for ρ = 2
• ϑ 7→ δϑt is C2 with uniformly bounded derivatives
• Aϑt ,t ′ := gradϑ〈k , δϑt 〉(gradϑ〈k , δϑt ′〉)′

• Σ :=
∑

k∈Z2 |fk |2
(∫ 1

0 Aϑ0
t ,t dt −

∫∫
[0,1]2 Aϑ0

t ,t ′ dt dt ′
)

we have
√

T Σ(ϑ̂T − ϑ0)
D→ N

(
0,

σ2

4π2 Σ

)
.

Proof.

0 = gradϑM̃T (ϑ̂T ) = gradϑM̃T (ϑ0) + HessϑM̃T (ϑ0)(ϑ̂T − ϑ0) +(
HessϑM̃T (ϑ∗)− HessϑM̃T (ϑ0)

)
(ϑ̂T − ϑ0) with

(1)
√

T gradϑM̃T (ϑ0)
D→ N (0,16π2σ2Σ)

(2) HessϑM̃T (ϑ0)
a.s.→ 8π2Σ
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Simulations

Test image of about N = 65,000 pixels. For
T ∈ {20,50,100} select in every single frame randomly
nt = N/T pixels. Original noise level σ = 0.25.
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Simulations

Gauss noise, cubic drift.
White: true drift. Blue: estimated drift.
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Simulations

Student t2 noise, cubic drift.
White: true drift. Blue: estimated drift.
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Simulations

Linear changepoint drift with Poisson noise.
White: true drift. Blue: estimated drift.
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Applications to
Microtubules-Imaging

RHS-labeled β-tubulin network in a fixed PtK2-cell (male rat
kangaroo kidney epithel)

• area: 327× 327 nm2

• frame ]: 40,000
• binning: ≈ 100 frames
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Applications to
Microtubules-Imaging
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Applications in Nanomicroscopy

Raw image bead tracking sparse deconvolution
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Applications in Nanomicroscopy

Blue: fit to bead drift. Cyan: overall drift
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Bootstrap Confidence Bands

Under the hypothesis of a (low order) polynomial drift, very
narrow simultaneous confidence intervals (due to a much
larger number of pixel data than of bead data).
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Early Stem Cell Differentiation
• Varying elasticity (kPa),
• soft (neuron, fat, etc.): 1kPa
• medium (muscle) resonance; 11kPa
• hard (bone, scar, etc.): 34 kPa

From Zemel et al. (2010)
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Polarization of Stress Fibres

Actin-myosin
filament structure

linear filaments
extracted

orientation histogram smoothed histogram
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The Linear Scale Space / SiZer of
Chaudhuri and Marron (1999, 2000)

• Unknown density f : R→ R+,
• fn its empirical histogram,

• f̂ (h)
n := g(h) ∗ fn its kernel smoothed version,

• f̂ (h) := g(h) ∗ f the true kernel smoothed version,
• all with bandwidth h ∈ R+.

• We have confidence that f̂ (h)
n has a mode “around”

t ∈ R if ∃ε1, ε2 > 0 such that

∂t f̂
(h)
n (t + ε2) < 0 < ∂t f̂

(h)
n (t − ε1)

with significance.



Stats for Live
Cells

Huckemann

Image
Enhancement
Drift Model

Asymptotics

Simulations

Application

Stem Cells
Polarization

SiZer

WiZer

Biomechamics

Discussion

References

References

The Linear Scale Space / SiZer of
Chaudhuri and Marron (1999, 2000)

• Unknown density f : R→ R+,
• fn its empirical histogram,

• f̂ (h)
n := g(h) ∗ fn its kernel smoothed version,

• f̂ (h) := g(h) ∗ f the true kernel smoothed version,
• all with bandwidth h ∈ R+.
• We have confidence that f̂ (h)

n has a mode “around”
t ∈ R if ∃ε1, ε2 > 0 such that

∂t f̂
(h)
n (t + ε2) < 0 < ∂t f̂

(h)
n (t − ε1)

with significance.



Stats for Live
Cells

Huckemann

Image
Enhancement
Drift Model

Asymptotics

Simulations

Application

Stem Cells
Polarization

SiZer

WiZer

Biomechamics

Discussion

References

References

The Linear Scale Space / SiZer
(a) If

(
∂t f̂

(h)
n (t)

)
h,t → ∂t f (h) weakly

• obtain asymptotic confidence levels for the number
modes of f (h)(t).

(b) If causality holds, i.e.

] modes of f (h) ≤ ] modes of f (h′) ∀h ≥ h′ > 0

• obtain asymptotic confidence levels for a lower bound
for the number modes of f = f (0).

Theorem (Chaudhuri and Marron (1999, 2000))
If f is sufficiently regular and g(h) the Gaussian heat kernel
then causality holds and

√
n
(
∂t f̂

(h)
n (t)− ∂t f̂ (h)(t)

)
→ (Gh)t weakly

with a Gaussian process (Gh)t .
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for the number modes of f = f (0).

Theorem (Chaudhuri and Marron (1999, 2000))
If f is sufficiently regular and g(h) the Gaussian heat kernel
then causality holds and

√
n
(
∂t f̂

(h)
n (t)− ∂t f̂ (h)(t)

)
→ (Gh)t weakly

with a Gaussian process (Gh)t .
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The Circular SiZer
Which smoothing kernel on the circle [−π, π) gives

1 empirical scale space tube→ Gaussian process?
2 causality of the scale space tube?
⇒ confidence bounds from below for number of true modes.

1 Kernels with second moments, e.g. the von Mises
density, making the CircSiZer by Oliveira et al. (2013):

mκ(x) :=
1

2π I0(κ)
eκ cos(x) .

2 The CircSiZer is not causal (cf. also Munk (1999)):
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The Circular SiZer
Which smoothing kernel on the circle [−π, π) gives

1 empirical scale space tube→ Gaussian process?
2 causality of the scale space tube?
⇒ confidence bounds from below for number of true modes.

1 Kernels with second moments, e.g. the von Mises
density, making the CircSiZer by Oliveira et al. (2013):

mκ(x) :=
1

2π I0(κ)
eκ cos(x) .

2 Theorem 3 (The WiZer)
The solution of the circular heat equation: the
wrapped Gaussian

g(w)
h (x) :=

∞∑
m=−∞

1√
2π h

e−
(x+2πm)2

2h2 .

guarantees causality of the scale space tube.
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Circular Scale Space
Axiomatics

A family {Lh : h > 0} of convolution kernels (
∫

Lh = 1) is
• a semi-group if Lh+h′ = Lh ∗ Lh′ for all h,h′ > 0
• causal if S(Lh ∗ f ) ≤ S(f ) for all f
• strongly Lipschitz if ∃r > 0

∀ε > 0 ∃h0 = h0(ε) > 0 such that |(FLh)k − 1| < εh|k |r

for all k ∈ Z and all 0 < h ≤ h0.

Theorem 4
The only casual and strongly Lipschitz semi-group on the
circle is given by the wrapped Gaussians.
For Euclidean analogs, e.g. Weickert et al. (1999);
Lindeberg (2011).



Stats for Live
Cells

Huckemann

Image
Enhancement
Drift Model

Asymptotics

Simulations

Application

Stem Cells
Polarization

SiZer

WiZer

Biomechamics

Discussion

References

References

Circular Scale Space
Axiomatics

A family {Lh : h > 0} of convolution kernels (
∫

Lh = 1) is
• a semi-group if Lh+h′ = Lh ∗ Lh′ for all h,h′ > 0
• causal if S(Lh ∗ f ) ≤ S(f ) for all f
• strongly Lipschitz if ∃r > 0

∀ε > 0 ∃h0 = h0(ε) > 0 such that |(FLh)k − 1| < εh|k |r

for all k ∈ Z and all 0 < h ≤ h0.

Theorem 4
The only casual and strongly Lipschitz semi-group on the
circle is given by the wrapped Gaussians.
For Euclidean analogs, e.g. Weickert et al. (1999);
Lindeberg (2011).



Stats for Live
Cells

Huckemann

Image
Enhancement
Drift Model

Asymptotics

Simulations

Application

Stem Cells
Polarization

SiZer

WiZer

Biomechamics

Discussion

References

References

Persistence of Modes

• Scale spaces allow for definition of persistences:
• WiZer (SiZer) requires a smallest bandwidth

(Schmidt-Hieber et al. (2013) does not),
• coming from the other side (large to small bandwidth),
• at some bandwidth the first mode pops up
• persists until the second pops up
• persists until the third ...
• ...
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Log Persistences: Boxplots
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Discussion

• Stochastic switching gives arbitrary precision with
increased sparsity,

• WiZer (circular scale space theory) and persistence
diagrams,

• early environment’s elasticity links to biological function.
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