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Problem

Yi =0+ o0& Y; =0+ 00&;

Heterogeneous Bump Detection :
Detect a simultaneous change in mean and variance
within an unknown interval I,
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Heterogeneous bump detection : Motivation

Analysis of financial stock data
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o Two features of financial asset prices :
o the volatility changes over time
o the trajectories can have large discontinuities

@ The price jumps are often associated with simultaneous
discontinuous changes in the level of volatility
[Jacod & Todorov '10; Todorov & Tauchen '10]
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Heterogeneous bump detection : Motivation

Fluctuations of ionic currents

A neurotransmitter, Neurotransmitter Neurotransmitter At W
the ligand, is required receptor site attaches to receptor ‘ 1

to open the ion channel

Channel closed

concentration gradient
o

L L

c | i
| [ i

Cytosol Chemical stimulus Ions move i response i
opens the channel to gradient w

@ Closed channel : no current (the signal mean is zero, some initial
noise is present)

@ Open channel : change in mean of the current and in increase in
variance of the noise [Sigworth, '85; Schrimer '98]
@ The noise is Gaussian

Image from https ://courses.candelalearning.com/ap2x1/chapter/the-action-potential /
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Heterogeneous Bump Detection : Model

Heterogeneous Bump Model (HBR)

Yi = pn (%)jt)\n(ﬁ)ﬁ;, i=1,...,n

o & are N(0,1) i.id.

@ Change in mean on the interval [, :

A, ifxel,,
pn (x) = ‘{

0 otherwise,
@ Simultaneous change in variance on [, :

N (x)=02+021{xcl,}, xec][0,1]
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Heterogeneous Bump Detection : Model
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Figure: The HBR model : A, =4, 03 =1, 02 =4 and n = 512.
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Problem Statement

o Observations Y, = (Y1,..., Yn) :

Yi = py (’)+An <’>5,-, i=1,...,n
n n

o Let |/,| be the length of I, C [0, 1].
@ Define the set of contiguous intervals

A, = {[(j— Dl jlll] s 1< < 1/|/n|}-

Testing problem

Ho: pn=0,\, =09, 0o > 0 fixed
against
HY 3, € Ay st pp = Aply,, N2 =03 +021;, 0,>0.

Detection boundary conditions w.r.t. (A, op)7
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Problem Statement

Testing problem

Ho: pun=0,A, =09, 0o > 0 fixed
against

HY 3 I, € Ay st pp = Aply,, N2 =03 +021;, o,>0.

For a test ®,: Y, — {0,1} define
o Test of level « : limsup ]P’HO{QD,,(Y,,) = 1} <a;

n—o0 o
o Type Il error :

PH’I’ {CD,,(Y,,) = 0} ‘= sup IP);L,,:A,,],,,, A=c2+021,, {q)n(Yn) = 0}

In€An

2
o The change of variance parameter : k2 = % > 0.
0

Remark : we consider only the situation of A, > 0 and increasing
variance : 03 changes to o8 + 02 := 03(1 + K2).
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Detection boundary

The goal is to find a set of detection boundary conditions on the
bump functions

Sn={pn= A0y, 22 =03 + 021, s.t. A, ||, K satisfy conditions }

such that

@ upper detection bound :
there exists a test which can differentiate between the null
hypothesis © = 0, A\, = g9 and the signals vanishing slower
than S, at level o with a power greater or equal 1 — a.

o lower detection bound :
no test at level « under the null-hypothesis = 0, A\, = o9
can differentiate between the signals vanishing faster than S,
with power strictly greater than a.
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Homogeneous case : 02 = 0

Observations :
i .
»/i:,un<;>+0'05i7 I:]-""7n
Testing problem :

Ho:pup=0 against HY:3 1, € A, st up= A1,

Detection boundary for A, known [Diimbgen, Spokoiny '01; Frick,

Munk, Siegel '14]
Let |/,| — 0 and €, > 0 be a sequence such that ¢, — 0 and

lim epy/—log|/p] — 0.
n—o0

Then the detection boundary set is given by

Sy = {u(t) = A1 (8) /0[] An = (V200 £ £n)y/— |og(|/,,|)}

v
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Homogeneous case

Likelihood ratio

Let /= [(/— 1)|/,,|,j|/n|] e A,. Then

A2l
log Lo ;(An: Yn) ZY— ”H

IGIJ

Under Hy we have

A2n|l A
log Lnj((An; Yn) = — 2J|2n| + a_(: Vnlhl|Z;,  Z; ~N(0,1)
0
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Homogeneous case : lower bound

For any test @, such that ®,(Y,) < a we have

inf E
1<j<1 /) nlYn) =

1/|ln

|
| Z Loi(Yn) — 1‘

1/\/,,

Euo

exp( "/l Z - Annlly ‘)-1‘.

o2
%0
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Homogeneous case : lower bound

Lemma (Lepski, Tsybakov '00; Diimbgen, Spokoiny '01)

Let Zy,...,Zy beiid N(0,1). If wym = v/2log m(1 — &) with

lim e, =0 and lim ey,+/logm = oo, then
m—00 m—00

E’—Zexpwm —w2/2)—1] =0, m— oo.
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Homogeneous case : lower bound

Lemma (Lepski, Tsybakov '00; Diimbgen, Spokoiny '01)

Let Zy,...,Zy beiid N(0,1). If wym = v/2log m(1 — &) with
lim €, =0 and lim eg,+/logm = oo, then
m—00 m—00
E’—Zexp WmZj — m/2)—1‘ — 0, m— 0.
Set

A
m=1/|l,l, wm= U—:\/n|l,,|.

Thus nll_}r’r;o 13jignlf/“ | 1 ®n(Yn) < aif

VI[85 = (V200 — £5)y/=log (n])

for £, — 0 such that
log(1/|l,]) — 0.
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Heterogeneous case, A, known

We observe

@ Under Hp :
un =0, N2 =o3

o Under H; : for A, >0, k, >0

(£) =l e () =+ obiaf] <)

Likelihood

nlln| 2
- A, n|l,| A7
Lo o i) = (1) P( 370+ ) ( +2) e )

In
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Lower Bound

Let A, >0, kn >0, and |I,| be known. If |I,| \, 0 and there exists a sequence
8, > 0, satisfying 8, < 1/k2 such that for n — oo,

n || A2 (1 + 8,) |/| ;
203 1—6nK3 = on Iog( )

n|I,,|

2
5" log (1 — 8,k% ) + 8 log (|1al) — —oo,

then sequence S, determining the asymptotic behavior of A,, K, and |I,| is
undetectable.

Proof is based on the inequality

i1 o B, @ (V)= < Buzonsor| 7 2 Lo (D, Iy kin, Y) = 1|0 (1)
o= " leA,

and on the modification of the Lemma for the heterogeneous case.
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o Likelihood

nlln| 2

- LA alh|A

L, AIHIIH n;Yn = ( %1 1) ’ 5
(Bt ¥0) = (1) exp| oar o p: 3) " 2022

n€

o Likelihood ratio test statistic :

1 2

n€An Oi:%el,,

The LR test of level « is defined by

1, if T,,A”’N"’“"| (Y)>ct
o,(Y) =

0, otherwise.
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Upper bound

Let |I,| \y 0, 0, > 0 and « € (0,1) be a given significance level. Set

1| A2 A2 1
Con = n|ln| + nlh| = —2log (al|l])+2¢/n|l| {142 log
o2Kh all|

Assume that A, |ln| and k, satisfy

A2 K220 |1,
nll| ( sp +7
o 7

1 A2 1
> 2k, ol (k4 + 252 )1
> 2f<¢,,log(a|ln|)+2\/n|/|<fi+ a§>0g< |I|)
A2 1
2 4 2 n =
+2(1+H,,)\/n|/n|<f<an+2(1+fin)Ug)log<a)

Then the LR test ®,(Y,) = 1{ TAnmalhl o ox ,,} satisfies

En,®n (Y)<a  and  Em®,(Y)>1-a.
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Upper bound

Recall the test statistic

2
TAnrnlbl () .= sup S(I,) = sup — L Z (Y,'-l-")

I,€A, IheA, Op .5
IZ;EIN

Then we have
nl|l,| A2
@ Under Hy : S5(1,) ~ Xn\/ | ( L |A") ;

O'

© Under HJ : S(I,) ~ (1 + K2) anlnl ((1 +#2) Al A, |A2 )

4
O'Ofi

Lemma (Laurent, Loubes, Marteau '12)

Let Z = E b; X;, where b; > 0 and X; ~ Xd (a?) are independent with
di € N. Let 16]|co = 1max |bi|. Then for all x > 0 we have

P{Z <EZ — V2xVarZ} < exp(—x),
P{Z > EZ + V2xVarZ + 2||b||cox} < exp(—x),

where EZ = Y%, bi(d; + a2) and VarZ = 235 | b2(d; + 2a2).
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Three Regimes

We have the upper bound condition :

A2 K2A2n|l
ol (14-+225 ) 4 82010
0 0

1 AV 1
> 2K21 2 / 440270 —
= °g<a|/n|>+ \/”’"'("””"+ az> °g<a|/n|>

0
2 A7 1
+2(1+w5) ([ nlh| {68 +2(1+K2) =5 ) log | —
0} a

that suggests the separation in three regimes based on the

asymptotics of x,, A, and
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Three Regimes

o Dominant Signal Regime (DSR) :

2 vanishes faster than A, :

Kn

K2

n
— =0, n—>
A, ’

o Equilibrium Regime (ER) :
/@% and A, are of the same order, k, — 0, A, — 0 and
2 o2

c:= lim = lim
n—o0 An/UO n—oo A,00

e Dominant Variance Regime (DVR) :

A, vanishes faster than x2,

2

K
kn—0 and -1 — o0, n— oo
A,
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Dominant Signal Regime

Assume that |I,| \, 0 and let (e,) be any sequence such that e, — 0,
eny/—log (|Ia]) = oo. Let o > 0 be a significance level. Define the conditions

(DSR1
(DSR2

02/, — 0 and 02 = o (en), N — o0

o2/A, — 0 and 02 = 0? (1 + 0(en)), n — oo.

)
)
@ Upper bound : let the conditions (DSR1) and (DSR2) hold. If
VT8 5 (Varo + 21) =Tog TR,
then the LR test Trm""!"\(Y,) satisfies
nILn;o Eq,®n (V) <a and nILngo Em®,(Y)>1-a.

@ Lower Bound : if (DSR1) is satisfied or (DSR2) with 1/A% = o (e5)
holds, then the sequence S, satisfying

\/WA,, 3 (\ﬁao = En) \/m,

is undetectable.
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Dominant Variance Regime

Assume that |I,| \, 0 and let (e,) be any sequence such that e, — 0,

eny/— log (|/n]) — oo. Define the conditions
(DVR1) oA, = 020,, An,0n,0h — 0, 02 = o(en), 0% = o(en)
(DVR2) 0, =0 (14 0(en)), A2 = 0(gn) as n — oo.
@ Upper bound : if (DVRI) holds with
Vnlhlky 2 (2 + €n) v/~ log (|1n])
or (DVR2) holds with
V2r?+1+41
VATl % (€ +en) V_Tog (), €= Y2EEIEL
then the LR test TAm" "l (Y,)) satisfies
nILn;O Ex,®n (V) <a and nll>ngo Em®,(Y)>1-a.
@ Lower Bound : if (DVR1) holds, then the sequence S, is undetectable if
Vnlhlkg 2 (2= en) v/~ log (JIn])-
If (DVR2) holds, then the sequence S, is undetectable if

\/m:j (C—en)v/—log([l]), C:= (% — %log(l + /{2))—1/2.
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Equilibrium Regime : vanishing jump in variance

Theorem

Assume that |I,| \, 0 and let (,) be any sequence such that e, — 0,
eny/—log (|Ia|) = oo. Let o > 0 be a given significance level. Let for some
c>0

02 = coon(1+ o(es)) and oi = o(en).

@ Upper bound : if S, satisfies

2
VA, = (C+en)/—log(|h]), C:= ﬁao,/m,

then for the LR test T"""(Y,) we have

lim Ex,®,(Y) <« and lim Egn®,(Y)>1-a.
n—o0o n— oo

@ Lower bound : the sequence S, that satisfies

2
Vi lllAn 2 (C —e0) /= log (|ln]), C == V2004 /m.

is undetectable.
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Equilibrium Regime : constant jump in variance

Theorem

Assume that |I,| \, 0 and let (e,) be any sequence such that e, — 0,
eny/—log (|Ia]) = oo. Let o > 0 be a given significance level. Let for some
c>0

2
An=-2(1+0(en) and o2 =c*(1+o(cn)).
COoo
@ Upper bound : if S, satisfies \/n|ln|An 72 (C + €4) \/— log (|Ia]) with

VR 1 34 143

2 4 262 | k4
(s i e

C

then for the LR test To"""!"(Y,) we have
nl;n;o Eq,®n (V) <a and nILngo Em®,(Y)>1-a.
@ Lower bound : S, that satisfies \/n|l,|An 3 (C — en) \/— log (|Ia]) with
1
\/% (k% + c?) — 3 log (1 + K?)

C =

is undetectable.
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Adaptation to an unknown change in mean

@ Empirical mean over |/, : A, = n|1ln‘ > Y
irLel,
o Marginal likelihood ratio :
_ nllnl 2 ~ 2 n|[ ~
Ly(lhykm Y :(i 1) 2 # (Y,-_An) 7"Ai
(ln, & ) Fin P 202 (k2 + 1) Z +20§

@ The adaptive test statistic :

wmlin % A \2 1 2

Apn€A,

@ The adaptive LR test :

on(¥n) = 1 T (V) > 60}
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Adaptation to an unknown change in mean

Let |I,| \y 0 and €, > 0 be such that e,/— log (|In]) = 0o as n — co. Le
a € [0,1] be a significance level. Define the corresponding threshold by

2

nl| —1 4(n|ly —1 1 1

C:QZ:M+1+2 L’JZ)_F]_ log + 2log )
’ K2 +1 (k241) a|ln| o |ln|

The adaptive test satisfies lim En,®,(Y) and lim Egn®,(Y) > 1—« in any
n—o00 n—oo

of three following situations :
@ DSR: k2/A, — 0 and 1/A, = o(e,) as n — oo and

NCITINES (ﬁao +20) v/=log ([h]).

@ ER : 02 = cooA, (1 + 0(en)) with ¢ > 0 and 02 = o (en) as n — oo and
V2 +3c2
Vnlh|AnZ (C+en)v/—log(lhl),  C:= UO%'
@ DVR : 0o, = 020, with A, 0,,0, — 0 as n — oo where o2 = o (n),
0, = o(en) and

Vilhlan 2 ((1+V3) 00+ 20) v/=Tog ([a])6n:
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Adaptation : the risk constant

The risk constant loss with respect to the lower bound :

1 DSR, ¢ =0,
V2+c? V2+3c?
r(c)= +C2((ii2+c) ER, 0 < ¢ < oo,
)
1+y3 DVR, ¢ = oo,
. 0-2
Figure: The constant loss r(c) with respect to ¢ = lim £ L.

n—soo Sn

=
S
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Main results

2,2

Three regimes ; vanishing jump in variance ogk;, := 0

@ DSR:02/A, — 0as n— oo

@ ER: 0gk2/A — casn— oo

@ DVR : 020, = 09, where A,,0,,0, — 0 as n — co

Table: Rates for 3 regimes for |/,| \,0; €, > 0 s.t. py/— log (|/s]) — o0

Constant C,

Upper bound

Rate Lower bound
Ap known Ap unknown
200~ 200+¢€ 200+¢
DSR | \/n|ls|An~ Cav/—log (|In]) V200—¢n V2o0+es V200+en
2 2 /24322
‘\/mAnNCn —|og(|[n|) \/EUO\/;_E" \/EO—O W‘f’an (o TJFS,,
ER 2 = ey
\/mn$,~c,, —log (|1]) 2\/2-%—7_5" 2 7z ten it TEn
2 2—en 2+e, 143 ten
DVR | /n|lh|k2~ Cn+/—log (|In])
28




Risk constants

@ DSR:02/A, —0asn— oo
e ER: 0gk2/A — cas n— oo
o DVR : a%&n:aoAn, where A, 0,,0, - 0as n— oo

DSR ER DVR

C, cf. (8)
1

ﬂgo —\

0 VA 0

c=0

|V lLls2 < Cy/=Tn (L)) |

C, cf. (9)

VLA, = O/~ (L)) B
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Simulations

o DSR: 02/A, =0, n = 0
e ER: 0gk2/A — ¢, n — o0

o DVR : 039,, = 09, where A, 0,0, — 0, n — 00

0 05 1 1.5 2
A

DVR

02 04 06 08 1 12 14 16 18

Figure: Type Il error for the test of level « = 0.05, n = 100, /, = 0.1,

oo=1; A0 €(0,2], k € (0,2)
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Adaptation to the unknown change in variance o2.
Adaptation to /, of unknown size.
Multiple jumps

Dependent noise

e 6 6 o o

High-dimensional case : the change in a Gaussian vector

o Generalization to the case of independent channels with
simultaneous jumps in all channels
o Sparse situation : jumps of the same length in some channels
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