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Algorithm

“ Materia – this is what is changing ”

B.-Gita

Y Y Y Y Y Y Y Y

L(θ)︷ ︸︸ ︷
Y Y Y Y Y Y Y Y︸ ︷︷ ︸

L1(θ)

Y Y Y Y Y Y Y Y︸ ︷︷ ︸
L2(θ)

Y Y Y Y Y Y Y Y

Statistic foreach window position t:

T 2(t)/2 = L1(t)(θ̂1) + L2(t)(θ̂2)− L(t)(θ̂)

θ̂i = argmax
θ

Li(θ)
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Model restrictions

Quadratic likelihood

L(θ) ≈ L(θ∗) + ξT (θ − θ∗)− 1

2
‖D(θ − θ∗)‖2

Independent data {Yi}

ξ = D−1∇L(θ∗) = D−1
∑
i

∇L(θ∗, Yi)

Useful properties: 1

D(θ̂ − θ∗) ≈ ξ (Fisher Theorem)√
2L(θ2)− 2L(θ1) ≈ ‖D(θ2 − θ1)‖ (Sqrt Wilks Theorem)

1V. Spokoiny. Penalized maximum likelihood estimation and effective dimension. 10 Aug 2015. arXiv:1205.0498
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LRT statistic T (t)

Different window sizes: h = 20, 50, 100

T (t) ≈ ‖ξ12(t) +D12(θ
∗
2 − θ∗1)(t)‖

h = 20 h = 50 h = 100
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Smoothing with fit linear pattern P (t)

Th(τ) =
τ+h∑
t=τ

(T (t)− b̂) ∗ Pτ (t), Pτ (t) = â(t− τ)

h = 20 h = 50 h = 100
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Bootstrap quantiles calibration for maxτ Th(τ)

T (t) ≈ ‖ξ12(t) +D(θ∗2 − θ∗1)(t)‖

Critical bound distribution ???

max
τ

Th(τ) = max
τ

τ+h∑
t=τ

Pτ (t) ‖ξ12(t)‖

ξ12(t) =

t+h∑
i=t

Dtiξi =

t+h∑
i=t

Dti∇L(θ∗i , Yi)

Multiplier bootstrap for independent data {Yi}ni=1

ξ[12(t) =

t+h∑
i=t

Dtiξiε
[
i =

t+h∑
i=t

Dti∇L(θ∗i , Yi)ε[i , ε[i ∼ N (0, 1)

Aim: ∣∣∣IP (max
τ

Th(τ) < x
)
− IP [

(
max
τ

Th(τ)[ < x
)∣∣∣ ≤ ???
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Reduction to Max-Sum

Use max‖γ‖=1 γ
T ξ ≈ ‖ξ‖ yields

max
τ

Th(τ) = max
τ

τ+h∑
t=τ

Pτ (t) ‖ξ12(t)‖

= max
τ,γ

(
τ+h∑
t=τ

Pτ (t)γ
T
t

h∑
i=1

Dtiξt+i

)

= max
τ,γ

(
2h∑
k=1

Xτγk

)
Reduced aim:∣∣∣∣∣IP

(
max
τ,γ

(
2h∑
k=1

Xτγk

)
< x

)
− IP [

(
max
τ,γ

(
2h∑
k=1

X[
τγk

)
< x

)∣∣∣∣∣ ≤ ???
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Gaussian approximation for Max-Sum

Xτγ =
2h∑
k=1

Xτγk

compare to

X̃ ∈ N (0,VarX)

compare to

X[ ∈ N (0,VarX[)

Intermediate aim:∣∣∣∣∣IP
(
max
τ,γ

(
2h∑
k=1

Xτγk

)
< x

)
− IP

(
max
τ,γ

(
2h∑
k=1

X̃τγk

)
< x

)∣∣∣∣∣ ≤ ???
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Gaussian approximation for Max-Sum

IP

(
max

1≤m≤M
(Xm) < x±4

)
≈ IEg4 (hβ(X)) , m = (τ, γ)

g4(X)→ 1I[X < x], 4→ 0

hβ(X) = β−1 log

(
M∑
m=1

eβXm

)
(smooth max)

β =
1

4 log(M)

Use Lindeberg’s telescoping sums for Xm =
∑
kXkm:∣∣∣IEg4 (hβ(X))− IEg4

(
hβ(X̃)

)∣∣∣ ≤ ∥∥∇3IE(g4 ◦ hβ)
∥∥
1
µ3
X

µ3
X =

2h∑
k=1

IE ‖Xk‖3∞ +
2h∑
k=1

IE
∥∥∥X̃k∥∥∥3

∞
∼ log(M)√

h
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Gaussian approximation for Max-Sum

∥∥∇3IE(g4 ◦ hβ)
∥∥
1
≤ ???

Simple estimation ∥∥∥∇khβ∥∥∥
1
≤ βk, |g(k)4 | ≤

1

4k

Leads to ∥∥∇3(g4 ◦ hβ)
∥∥
1
.

log(M)

43

and ∣∣∣IEg4 (hβ(X))− IEg4
(
hβ(X̃)

)∣∣∣ . log(M)

43
µ3
X

∣∣∣∣∣IP
(
max
τ,γ

(
2h∑
k=1

Xτγk

)
< x

)
− IP

(
max
τ,γ

(
2h∑
k=1

X̃τγk

)
< x

)∣∣∣∣∣ . log(M)

h1/8
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Gaussian approximation for Max-Sum

V. Chernozhukov, D. Chetverikov, K. Kato. Gaussian approximations and multiplier bootstrap for

maxima of sums of high-dimensional random vectors. 2013.

Improvement∥∥∇3IE(g4 ◦ hβ)(X)1I[x < max(X) < x+4]
∥∥
1
.

log(M)

42

Leads to∣∣∣∣∣IP
(
max
τ,γ

(
2h∑
k=1

Xτγk

)
< x

)
− IP

(
max
τ,γ

(
2h∑
k=1

X̃τγk

)
< x

)∣∣∣∣∣ . log(M)

h1/6

V. Bentkus. On the dependence of the Berry–Esseen bound on dimension. 2001.

sup
A

∣∣∣∣∣IP
(∑

k

Xk ∈ A

)
− IP

(∑
k

X̃k ∈ A

)∣∣∣∣∣ . M1/4

h1/2
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Thank you for attention!
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