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Online learning

I (zt)
T
t=1, zt ∈ Z a deterministic sequence,

I {Iθ,t , θ ∈ Θ}Tt=1 available information.

Game protocol

∀t = 1, . . . ,T :

1. Observe Iθ,t , θ ∈ Θ and predict zt with

ẑt := ẑt
(
(zs)t−1s=1, {Iθ,s , θ ∈ Θ}ts=1

)
.

2. Observe zt and pay
I `(ẑt , zt) for your algorithm,
I `(Iθ,t , zt) for each piece of information θ.
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ẑt := ẑt
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I `(ẑt , zt) for your algorithm,
I `(Iθ,t , zt) for each piece of information θ.



Online learning

I (zt)
T
t=1, zt ∈ Z a deterministic sequence,

I {Iθ,t , θ ∈ Θ}Tt=1 available information.

Game protocol

∀t = 1, . . . ,T :

1. Observe Iθ,t , θ ∈ Θ and predict zt with

ẑt
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(
(zs)t−1s=1, {Iθ,s , θ ∈ Θ}ts=1

)
.

2. Observe zt and pay
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Example : prediction with (�nite) expert advices

I (zt)
T
t=1, zt ∈ R a deterministic sequence,

I {pk,t , k = 1, . . . ,N}Tt=1 expert advices.

Game protocol

∀t = 1, . . . ,T :

1. Observe pk,t , k = 1, . . . ,N and predict

ẑt := ẑt
(
{`(pk,s , zs), k = 1, . . . ,N}t−1s=1, {pk,t , k = 1, . . . ,N}

)
.

2. Observe zt and pay
I `(ẑt , zt) for your algorithm,
I `(pk,t , zt) for expert number k.
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ẑt := ẑt
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First results

I ({0, 1} case)

If ∃k? : pk?,t = zt∀t then ∃ẑ := (ẑt)
T
t=1 :

err(ẑ) ≤ C logN.

I Proof using a weighted majority vote algorithm and the

inequality Wm ≤Wm−1/2 where Wm sum of weights after m

errors.

I More generally, we want regret bounds:

T∑
t=1

`(ẑt , zt)− min
k=1,...N

T∑
t=1

`(pk,t , zt) ≤ ∆N(T ),

where ∆N(T )� T (consistency) or ∆N(T ) = O(1) (fast

rates).
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T
t=1 :

err(ẑ) ≤ C logN.

I Proof using a weighted majority vote algorithm and the

inequality Wm ≤Wm−1/2 where Wm sum of weights after m

errors.

I More generally, we want regret bounds:

T∑
t=1
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Exponential Weighted Average Forecaster

Theorem
If `(·, z) is convex and [0, 1]-bounded :

T∑
t=1

`(ẑt , zt)− min
k=1,...N

T∑
t=1

`(pk,t , zt) ≤
logN

λ
+
λT

8
,

where :

ẑt =
N∑

k=1

e−λ
∑t−1

u=1
`(pk,u ,zu)

Wt−1
pk,t , ∀t = 1, . . . ,T .
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Exponential Weighted Average Forecaster

I Proof based on Hoe�ding's lemma.

I For λ =
√

(8 logN)/T :

logN

λ
+
λT

8
=
√

(T logN)/2.

I If for some λ > 0:

ẑ 7→ e−λ`(ẑ,z)

is concave, the bound becomes logN/λ ⇒ Fast rates

phenomenon.

Example : square loss, λ ≤ 1/2B2, max |zt | ≤ B .
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Online regression setting

I (yt)
T
t=1, yt ∈ R,

I {fθ(xt), θ ∈ Θ ⊆ Rp}Tt=1.

Game protocol

∀t = 1, . . . ,T :

1. Observe xt and predict:

ŷt := ŷt
(
{(fθ(xs)− ys)2, θ ∈ Θ}t−1s=1, {fθ(xt), θ ∈ Θ}

)
.

2. Observe yt and pay
I (ŷt − yt)

2 for your algorithm,
I (fθ(xt)− yt)

2 for expert θ.
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High dimensional setting

I Θ = Rp, p � T and fθ(xt) = 〈θ, xt〉 or 〈θ,Ψ(xt)〉 for some

dictionnary Ψ := {ψ1, . . . , ψp}.

I We want a sparsity regret bound as:

T∑
t=1

`(ŷt , yt) ≤ inf
θ∈Rp

{
T∑
t=1

(fθ(xt)− yt)
2 + ∆p,θ(T )

}
,

where ∆p,θ(T ) grows linearly in |θ|0, logarithmically in p and

T . If |θ|?0 = s? � p, the remainder term becomes

s? log p logT .



High dimensional setting

I Θ = Rp, p � T and fθ(xt) = 〈θ, xt〉 or 〈θ,Ψ(xt)〉 for some

dictionnary Ψ := {ψ1, . . . , ψp}.
I We want a sparsity regret bound as:

T∑
t=1
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Solution : as before !

Algorithm

Parameters prior π ∈ P(Θ), temperature λ > 0.

Initialization p̂1 := π.
At each round t ≥ 1:

1. Observe xt and predict as:

ŷt := Ep̂t fθ(xt).

2. Observe yt and compute:

dp̂t+1(θ) :=
e−λ

∑t
s=1

(ys−fθ(xs))2

Wt
dπ(θ).
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Solution : as before !

I PAC-Bayesian bound inequality:

T∑
t=1

(ŷt − yt)
2 ≤ inf

ρ∈P(Θ)
Eθ∼ρ

{
T∑
t=1

(fθ(xt)− yt)
2 +
K(ρ, π)

λ

}
,

where K(·, ·) satis�es a duality formula.

I Next, by choosing a sparsity prior:

dπτ (θ) :=

p∏
j=1

(
const.

τ + θ2j

)2

dθj ,

a sparsity regret bound follows easily.
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I Principle : prediction in a high

dimensional setting.

I Sparsity assumption : points are

grouped into s clusters.

I Use sparsity priors to choose the

number of clusters.

We want to prove new kind of sparsity regret bounds:

T∑
t=1

`(ĉt , xt)− inf
c∈Rdp

{
T∑
t=1

`(c, xt) + λ|c|0

}
,

where |c|0 = card{j = 1, . . . , p : cj 6= 0Rd} and

`(c, x) = min
j=1,...,p

‖cj − x‖22.
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Algorithm : L. 2014

Parameters : p ≥ 1, π ∈ P(Rdp), λ > 0.

Initialization ĉ1 ∼ p̂1 := π. Denote S0(·) ≡ 0.

At each round t = 1, . . . ,T :

I Observe xt and compute

St(c) = St−1(c) + `(c, xt) +
λ

2
[`(c, xt)− `(ĉt , xt)]2, ∀c ∈ Rdp.

I Let p̂t+1(dc) := e−λSt (c)

Wt
π(dc) ∈ ∆(Rdp), where

Wt = Ec∼πe
−λSt(c).

I Let ĉt+1 ∼ p̂t+1.
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I Let ĉt+1 ∼ p̂t+1.



Algorithm : L. 2014

Parameters : p ≥ 1, π ∈ P(Rdp), λ > 0.
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PAC-Bayesian bound

Théorème (L. 2014)

∀(xt)
T
t=1, ∀π ∈ P(Rdp), ∀λ > 0:

T∑
t=1

E(p̂1,...,p̂t)`(ĉt , xt) ≤ inf
ρ∈P(Rdp)

{
Ec∼ρ

T∑
t=1

`(c, xt) +
K(ρ, π)

λ

+
λ

2
E(p̂1,...,p̂T )Ec∼ρ

T∑
t=1

[`(c, xt)− `(ĉt , xt)]2
}
.

Proof
Online variance inequality (Audibert 2009):

∀λ,∀ρ,∀x , Ec
′∼ρ logEc∼ρe

λ(`(c′,x)−`(c,x)−λ
2

[`(c,x)−`(c′,x)]2) ≤ 0.
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PAC-Bayesian bound

Then, for t = 1, . . . ,T :

∀λ > 0, Ec
′∼p̂t `(c

′, xt) ≤ −
1

λ
logEc∼p̂te

−λ(St(c)−St−1(c)).

Using the chain rule (Barron, 87):

T∑
t=1

E(p̂1,...,p̂t)`(ĉt , xt) ≤ −E(p̂1,...,p̂T )
1

λ

T∑
t=1

logEc∼p̂te
−λ(St(c)−St−1(c))

= − 1

λ
E(p̂1,...,p̂T ) log

T∏
t=1

Wt

Wt−1
= − 1

λ
E(p̂1,...,p̂T ) logWT

= − 1

λ
E(p̂1,...,p̂T ) logEc∼πe

−λST (c).
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Choice of prior π

I Choice of π ∈ ∆(Rdp) to get a sparsity regret bound:

πτ (dc) := CR,τ

p∏
j=1


(
1 +
|cj |22
τ2

)− 3+d
2

1I(|cj |2 ≤ 2R)

 dc.



Sparsity regret bound

Théorème (L. 2014)

∀(xt)
T
t=1, for λ =

√
(3 + d)/T:

T∑
t=1

E(p̂1,...,p̂t)`(ĉt , xt) ≤ inf
c∈B(R)

{
T∑
t=1

`(c, xt) + |c|0
√
T logT

}
+O(

√
T ).

Proof
Our sparsity induced prior satis�es:

K(πτ , π
trans

τ ) ≤ (3 + d)

p∑
j=1

log

(
1 +
|cj |2√
6τ

)
+

12pdτ2

R2

≤ (3 + d)|c|0 log

(
1 +

∑p
j=1 |cj |2√
6τ |c|0

)
+

12pdτ2

R2
.
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Extensions

Online to batch conversion

I Dn = {X1, . . . ,Xn}

I {p̂1, . . . , p̂n+1} as before.Then:

ĉMirror ∼ µ̂ := U({ĉ1, . . . , ĉn+1|Dn})

satis�es a sparsity oracle inequality.

High dimensional clustering

I xt ∈ Rp, p � T ,

I `(c, xt) = minj=1,...,k ‖cj − xt‖2 for a �xed k ,

I we have sparsity (in p) regret bounds for:

πτ (dc) := CR,τ

p∏
j=1


(
1 +
|cj |22
τ2

)− 3+k
2

1I(|cj |2 ≤ 2R)

 dc.
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satis�es a sparsity oracle inequality.

High dimensional clustering

I xt ∈ Rp, p � T ,

I `(c, xt) = minj=1,...,k ‖cj − xt‖2 for a �xed k ,

I we have sparsity (in p) regret bounds for:

πτ (dc) := CR,τ

p∏
j=1


(
1 +
|cj |22
τ2

)− 3+k
2

1I(|cj |2 ≤ 2R)

 dc.



Extensions

I We want a dynamic choice of clusters:

C =
⋃p

k=1R
dk instead

of Rdp.

I We want to sample from the Gibbs p̂t : MCMC approximation

I With di�erent dimensions for the Markov chain : Reverse

Jump MCMC
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A slide to raise fund...

Projet COM-ON

Implémentation par MCMC
Langage R, Python, Javascript

Etats des travaux

Nouvelles méthodes 

de clustering en ligne,

de complétion de matrices 

Livrables

Algorithmes de clustering 

Systèmes de 
recommandations 

Destination

Digital, IT

Marketing automation

E-commerce, 
web marketing

Contexte Contexte 

Apprentissage en ligne

Théorie des jeux

Prédiction



Some early adopters
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I Lean production vs

mass production

I Dropbox, Spotify,

Imvu, etc.
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Simulations in the batch setting

I Dn = {X1, . . . ,Xn} from di�erent k?-mixture models,

I Goal : �nd the true number of clusters k?,

I Compare with existing batch techniques.
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Simulations in the batch setting

1 group in dimension 5

Observations are sampled from a uniform distribution on the unit

hypercube in R5.

4 weakly separated Gaussian groups in dimension 2

Observations are sampled from 4 bivariate Gaussian distributions

with identity covariance matrix, whose mean vectors are

respectively (0, 0), (−2,−1), (0, 4), (3, 1). Each observation is

uniformly drawn from one of the four groups.

4 strongly separated Gaussian groups in dimension 2

Same as the previous model but with more separated mean vectors:

(0, 0), (−4,−1), (0, 7), (5, 2).
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7 Gaussian groups in dimension 50

Observations are sampled from 7 multivariate Gaussian distributions

in R50 with identity covariance matrix, whose mean vectors are

chosen randomly according to a uniform distribution on [−10, 10]50.
Each observation is uniformly drawn from one of the seven groups.

3 lognormal groups in dimension 3

Observations are sampled from 3 multivariate lognormal

distributions in R3 with identity covariance matrix, whose mean

vectors are respectively (1, 1, 1), (6, 5, 7), (10, 9, 11). Each
observation is uniformly drawn from one of the three groups.
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Clustering methods

I Hartigan (1975),

I Calinski and Harabasz (1974),

I Krzanowski and Lai (1988),

I Kaufman and Rousseeuw (1990),

I Tibshirani (2001),

I DDSE and Djump (Capushe, 2012),

I PAC Online (PACO) with constant parameters (no calibration).
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Histograms (model 2)



Histograms (model 3)



Histograms (model 4)



Histograms (model 5)



Online setting

Live demo available here www.artfact-online.fr

I login : cirm

I pwd : 2016

http://www.artfact-online.fr/play_data


Discussion

Remember...

I Online learning VS streaming clustering ?

St(c) = St−1(c) + `(c, xt) +
λ

2
[`(c, xt)− `(ĉt , xt)]2, ∀c ∈ Rdp.

I Extension to community detection
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Extensions to community detection

We extend the previous machinery to community detection in

graphs.

I We observe a sequence of small graphs

gt = (edgt , vert) ∈ (E ,V), t = 1, . . . where
card{edgt} = m(t) the new set of edges

I We want to cluster the graph at time t, with ct ∈ {0, 1}n
2

in

order to maximize the modularity:

`(c, gt) :=
1

m(t)

∑
(i ,j)∈gt

[
wij −

kikj

2m(t)

]
δc(vi , vj),

where A = (wij) is the adjacency matrix of gt , ki , kj are

degrees from vi and vj and δc(vi , vj) = 1 if vi and vj are

associated with the same community c.
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Thanks for your patience :-)
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