EX Plic'u{: {ormulqs ‘for SMPEFSPeCial abelian suncaces

over Ffinite fieldg ~ Chia-Fu Yu 21.06.2017

@

Repoyt on the joiut work with Jiangwei Xue and TSQ‘CI'\Uhj Yanj

We like to know

+ the number of isom. classes of superspecial abelian suraces
over a finite field E, , or in an isogeny claso T /E,

+ the number o} isom. classes of endomorphism tings End(A)

for superspecial obelian surfaces A in on isog. class I

Def. An ab var. A/k SF, is called superspecial if
A®—k g Ea) ';OV o SUPEI'SI'V\juhr e”itn‘.‘c Curve E.
Typically, the first one = o sum of some class numbers.

the Second one = a sum of Some type Numbers
. The 30a| is to determine exph'cit formulas for them.

Since any supersingular abel. Surface is either superspecial, or
the quotient of superspecial one by ofp

the results obtained can be used to calculate

Hhe numbers for Supersingular one .



No‘l'q'('ions @
p: prime number, 9= PQ, aeiN | LE‘: finit Sield of q elements

W1 = -H\e Set b'g’ We?( q-#,s up to (’,oh:)v\aa'tn (Calows) .

A\ %
T An QA Snmple abel. var /E'—q' W. Frol:, eVlc|0morPt\fSM m

un‘ﬂwz. up to i5033h7/ By ﬂ‘le I‘\c;n.:l¢,\-"|"_’d._.l TLm

= Tr't:l:'l'l";), l:*j

= the set of multiple Weil 9-#'s
Aci= T A, (wiqe wp toiseg)  d(m):= dim (An)
i509. closses of
MW, = {abel. vavietis /E‘{S
T —— A.

ISog(Tf) = the is09 class of A
also identified w. { AlE | A~ Ar»g [~ B

H(m) : = # Lsog(my,

S$s

\/\/‘\ TE { T ¢ Wq‘ Ax: S“P""‘“ﬂ“'“'a.
MW:S s {TL ¢ MW“ | ATL : 8.8 3_—_ ES.S_ multiple Weil ‘1—#,58

Pdmw\e"r'(zes S.S. iSOjehY classeollEq'



ss superspecial abel. var. \] @
i MW,‘ . SP(TC) 1= { in the 1509. class ISOJ (™ /— Eq

He(m) = # Splm).
superspecia |
For de IN, SPq(d) '= | ab. var. of dim d /= £,

Q: [Sp(d)] =7
| Spy(l = 2 Hlm)
T MW,
d(‘ﬂ):d
Ex. d=I1. 9= o
0= odd: ™ P P=2. [SPQ(q)\zH(ﬁ§4)+2H(ﬁ§g):3
[s oy |[P=3, ISl =HEEL)+2HIT 3= 4
*@Esy 2 | P23 1Sp (D= i h(1F) P=l (4).
+R3, Pe3. (3-(%)) L\(FP), P=3 (4.
L\“;-P)= L(Q(J’—?)), (“}: LeaeuJVe S)/Mbol
Q:even: T P t
tF ey | Sl = 2H(R) + 25 (0 Hims)+ p HRS)
Hise  PEI® L Pl (W),
om(P)= i ' " for m=
ﬁ;‘} Pl (® i O, ow., for m=3 4,

B = definite qt&a'(‘eﬁ\ioh @‘Olﬁ. ramified ot {Poo}
b= h(Bp)= B4 2 (1-21)+ £ (146 (2

|Sh(l)\ P-1 ‘g‘(l‘\{,“ 2(| (4 a))




§ Results for d=2 and a:odd.
=P, avodd, Wr(@)=1{ weW; | dm=df
Se(2)] = 22 Hg(m) + 2 Hi (mxm)

S
'Ité\N’ (2) -“-l/-rrz.eN:s(l)

simple contri bution {elemew}nvy ¢ Th=T,

hon- S'lhnple Contr.

oh-elementory: T ¥ T,
d=1): W‘iss(')z {35, 1175 P2 ' A
W?(n)—-{ﬁu,iﬁm P=3

w*; (1) = (V3543 ) P25
d=2: WY (=0, 7%, @8, 475, 3 P2
w‘slsu):{ﬁzﬁks,r‘lhg P=3
WE@= {7, [3%, 75, i3, 2 1153, P
WY ()= (R, [T, 138, @5,y P2
Si-pl 3:;3:-{257 :::::i:my -"::::u
P2 > 3 3 It
p= 3 3 3 9
P=5 6 I o |
P21 4 | 0 i

32



Thm (3. Xue, T-C.¥ans, Y.) 4=P", 4:0dd ©
O | Sp,ld)| depends owly on P.
| Sp(2] = HP) + AP,
@ (formula $or HCp))
@ HC=1,2,3 fr P=2,3,5, resp.
(b) For P>5 and p=3 (modf)
HP) = (P 5 # (34 5(2-(3)) hke) + 5 h(Kpa) + 5 h(Kes)
where F=QWF), h(F)= closs # of F, 3p(5)= Dedekind Function

Keiz= QUF,FF) , 32,3 “F
©) For p>5 and P= | (med4),
gy BFCOMIE) +h(Ky) o £ h(Kps) for Pzl (9)
7 (50,4 1) Se(-) h(F) + (3w + 1 h(Kp) % P25 (9)
t S h(Kea).
whete  (0,,:= 3 [0 Z[WJJ for m=1(4). (wmell3})

) ('Formula for ALP))
@ AP =15,20,9 for P=2,3,5, respectively
(0) For P>5 and P=| (medd),

AY = (Qp+1) h(Kps) + h(Kap, ) + h(F7).
€) For P>5 oand P=3 (mod4),

AP =h(Kps) +h (Kap,y ) + (w5 +1) h(Kaga) + (4-(3) h(7)



@ (AsymP‘to’ric behaviev) Put
= h(P) 3¢(-) fr Pz 3 (9)

Masso:=
& 8 h(F) S for P21 (8):
3015wy +) WOSE) for P25 (5)
Spa(2)
Then | D l—> 1 as P->0o

ossp

§ Galois cohomology
Bo: ss.elliptic cure (&, ‘IT1+P-0,
= End(E, @E\,) ¢ Bud’ (E.®F,) = Bpo .
mox. order w. action B)l ]_ G |(EF/E\
Thm ( Deligne, Shioda, O3us) 1§ d>1, +hen auy superspecial ab. var of
dim d /EP is isom, to E,,@J@‘,_
2 Vo, 4. H(E,G) = Sd)=0%m, G=6L,(0)
) d@m=4
1§ 9=p" 9=9p* suppose O-&=2S 20.
Iden‘t‘tfy r‘Eq cI= [E;" and L octs trivially on ;.
H‘(EQ,G') i H'(E/,G) = lSPa(d)‘:‘SPg'u)l
under
=~ , Sp(¥F (%
this Sp(w) p(7) )

map T= I Mg 'INT:?'"‘.(I\T; , %F (‘P)‘-SW;
For d=I, 1o simple Galois con. description, but still have ().




Now 9=P", a:edd. @
[Sp, (21| = | Sp,(2)] = Hep) + atp)

H(pP)= Hsp(F) = H(TF)
A(P):: -Hle rest (oh‘h‘lbh‘l‘ibh = Z HSP[E).

T*[p
Me‘H\Od ‘Fbr CoMPu+:Hj H(rl;): 'S I‘)'o_’ (J?)

w=l7), D = End’(An) : definite quat. F-aly, F=@UP)
ramitied oh\7 at two red P‘a(es of F
O, ¢D a max. order.

PrOP (Wod’erl'\ouSe, Y)
@ Supposc P21 (9. Then End(X) is o max. order fov Xe Lseg (/).

and Tsog (I7) = CI(O)
@ S“Ppose P=1@). Then EM[()() hao index 1,8, 16 'Fb\r X ISGJ(J?)
{X ‘ Ead (X) has index v?) (r=\8.16) {-m‘s o Genns,

tnd  Tsog(X) = CI(O) L CI(Op) U (D).
where O, O, proper Z[F]-orders of index 8, 16
Then we use Eichler’s trace formula Fo caculate h(D))
(for O-order A ¢ Dy )

For h(Dg), h(D)), we use generolized Eichlers trae formula
( for Z - order Ac¢ D/F , by XYy)



é Abelian varicties /EF ( restricted to S3.case)

X, ¢ Fixed supersingular ab. var. /g;P

T=2 mm mubtiple Weil p-#t cor to Zseg (X))

C=Ed(X), K=Q(m)c &, TeEnd(Xs) : Frobenius endomorphism
K= TK: . Ki=@(m).

V= @K R=ZI[MPR]cK oder
Re:= RI™/¢].

ProP O Assume 43 Vi Then 3 bijecion
Lsog(m) = {R-lq#kao ih V} [~

(@ Under this bijection
Sp(m) 2 { Rop lathivn 0 V/2

Rwk :. Part @ holds for arLi'H‘aVy is09 C‘“”“/Er_
. S‘IW\P\Q, i0g claS:eo/Er was first obfained L7 Waterhouse (1968).

+ Centeleghe - Stix give a Co&ejoric& descrigtion
“‘or Wl ob vars /[FF b\qv'mg no |p- Cemrqne-—r‘s~

* Poonen’s descrption.

USe Phpasi-hon, we compq-\-e all terms in A(p].
Rk : As a L’)’P"’d"“", we obfain an explicit 'Formu‘a

‘S’OY # H (E}, G) ! C"’ GLz(@)
From our expliet formula, We dont See (anceliation H(p)+a(p)



3 Results for 9=P*, a:even. @
For each r-tuple n=(n,.n) 1cNi<c- <n,
Pt Ani= ZIY/TE (0, u6): m cyeledoric. polynomial
Kni= An®@ =T K:, Ki=Q(3n)
ofn)+= # Hom(An, Mat(0))/C1 ()
Pop. |Spld)|=#H(E, G), G=6Lal0)

— #C,G , ( set of con) classes of elements
of finit order in
= 2_ o) bt e <)
h

NOW d=2 > rs2

r=| ) ne { I,Z, 3’ 4_[4/ 5’ 3. 10, |2§ } Tkere ave |q +erms,

each Yerm coir. 4o one
r=2/ D:(nlint), hllnze{|,2,3,4-,é%_

isog class
Simple observation :
oN=0(2)=\, oB)=0(). o(5)=olie)
0(l1,3)=0(2,6) , etc
Thm (XYY) 9=P* a:cven, Theu
| Sp(a1[ = 2 +200) +0(4) + 26(5)+ o(8) + o(12)

+00,2) + 20(1,3) + 20(1,4) +20(1,6) +2 0(3,4) + 0(36)



Each terms are given as follows :
(1) For P$3, of3)= 2- ().
@) For pr2, ol)=2-(2)
3) For ps5, o P=l (9
o(5) {2 P=23 (35)
4 Psa (5).

5 0 =1 (3).
(4) For P#2, 0(8):[ P

oW,
o Pz (1
6) For P#2,3, 0(12)={4 I
_ Pt2 -
(6) For P$2, 001,2) = (-Pq—') 2 (-) + — (-6)

+7 (-0 (1-6)
() For P$3, o(1,3)= FH](' (“)) z‘T" ?3))( 'Q)).
®) Fr pr2, 00.4)= B2 (1) + 4 (1-3) (1- ()
@) For P13, o(1e)= EEL(1-(2) + £ (1- 1)) (1-(2)
() For Px2,3, 003,4)= (1-() (1-(3)
(1) For P#3, 0(3.6)= 4(1-(3)

Cov (Asymptotic behavier) 9=P%, a: even

| Spl(l) |
P/9

- 0 P00




$ Endomorphism rings Q
q=P, a:odd

T = # of isom classes of End(x), for all X e Sp(ia)

T depends only on p, denoted by T(p).

Thm (Xue-Y)

(T =1,2,3 fr p=2,35, vesp.

(2) P>5 owd P=3 (4) .

T i ZI‘.‘(—') 2 L_P - L\'
T(= 2= +(13-5(%) . J(:r) . (:r)’

whee h(d) = h(@(T) |
3) P>5 and p=z) (4)

TP = 85000 + 2P 4 Zpapy






