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We like To Know

.  the number of  isom
.

 classes of

superstar

abelian surfaces

over a finite field Eg ,
or in an  isogeny class I 1¥

,

•  the number of  isom
.

classes of endomorph ism rings End CA)
,

for

snuperspecinal

abelian surfaces A in an isog .

class I
.

Def
.

An ab var
.

A 1k o Ep is called Super special if

A 8 I = Es
,

for  a Super singular elliptic curve E
.

Typically ,
the first one =  a sum  of some class  numbers

.

the second one = a sum  of some type numbers
.

. The goal is To  determine explicit formulas for Them
.

. Since any Super singular  abel .
surface  is either Super special ,

or

the quotient  of Superspecial one by Xp
,

the results obtained can be used to calculate

the numbers for Super singular one
.



Notation @

p : Prime number
,

9 = Pa
,

a c- IN
, Eg : finite field of 9 elements

.

Wg = The set of Weil 9 .  # 's up to conjugate ( Galois )
.

÷
,

Aa : a simple abel
.

var
.

I # a ,
w

.

Frob
. endomorph ism I

,

unique up to isogeny , by The Honda - Tate Thm
.

Mwg :=ie=rE
,
mail

¥!±wEj,mi±YN

}
= The set of multiple Weil 9 - #

'

s
.

Aa :  = ¥
,
AH ( unique up To isog . )

,

did := dim I At )
.

MWg = {
is 09 .

classes of

abel
.

varieties 1 Eg }
IT 1-7 At

Isogit ) :  = the isog class of Ati

also identified w . { A1Eq / An An } he # a .

Hit ) :  = # Isog it )
.

Wsgs :  = { he Wq / Aa : Supersingular}
.

MWg
"

:  = { I e- MWg / An : s
. s

. } .={ss
.

multiple Weil 9- # 's }

parametrizes s
.

s
. isogeny classes 1 Eq

.



IE MWg
"

,
Spt , :={ superspecial abel

.
var . �3�

in the isog .
class Isogtn

} #
Eg

.

Hsplit

) := # SPII )
.

Forden
,

Spald) :={

ftp.ersaPY.ioafdimd

}1e¥
. .

Q : lspgld )|= ?

lspgld
)|= [

Hsplttl
.

TEMW "g
dti )=d

Ex
.

4=1
.

9=15

a=  odd : it p

.

P=2 . ISPAH )I=Hl9r}¢)t2H( rqsg ) =3

fqgg any P=3 , lspqci )1=H( rg }¢)t2Hfrq3n)=4

±fq}g pez P > 3
, Isp ,( D= {

HIFP ) P±1 14 )
.

±fq3,z p=3
.

( 3 - ITSDHFP)
,

P±3 ( 41
.

hlfp )=h( QIFP ) )
, (f) = Legendre symbol .

a : even : IT P

t.iq any lspgu)/=2Hfra)+2S,lp)HlrqSdtSdp)Hfg}÷±k%P # 13 '

gm(p)={
'

j
,

Potswl
.

!M :
for m=34

.fq3q Ptl (4)

Bp ,a= definite quaternion Q - alg .

ramified at { P.co }
.

hlra )=h( Bp,•)=P÷z + ztll - III ) + tall . # )

.lt?teuLineY)1spdn1=PI+tlltp3H+3yzi.l#l

.



§ Results for  d=2 and a :odd
.

�4�

9=Pa
,

a : odd
, Wg"( d) ={ TEW "g/di⇒=d}

.

Ispgl 2) 1=-2 Hsplt ) + [ Hspltixtz )
TLEW "g( 2) Ti , 'Tz€W"q( 1)

elementary :  Ii=Tz
simple contribution

non . simple Contr
. |

non . elementary : Tittz
.d=l : Wg"( 1) ={ rq }¢

,
±rq}s } p=2

WTC 1) ={ 5934
, ±rq } , , } P⇒

W"g( a) = { if }e
, }

,

1335

d=2 : W "g( 2) ={ fq ,f } }
, 593,2 ,±fq3µ } P=2

Wg
"

121={59,59+3},
fqsg } P=3

Wg"( 2) = { Fi
, 5933,5938

,

593,2 ,±rq}st ,
P=5

W "gl4={ fq , 5933,5938 ,
593,2} P37

.

simple
non . simple non - simple total

elementary non - elementary terms

P=z 5 3 3 11

p⇒ 3 3 3 9

13=5 6 1 0 7

PM 4 1 0

÷



Thm ( J
.

Xue ,T .

. C. Yang ,

Y
. ) 9 =P

"

, a :  odd
.

�5�

�1� I

Spgld

)| depends only on P .

I

Spql
211 = HCP) to ( p )

.

�2� ( formula for HCPI )

(a) H ( P )= I
,

2
, 3 for 10=2,3

,
5 . resp .

( b ) For P > 5 and p=3 I mod 4) ,

HCP ) = tzhl F) 3,=H)t/g3+sg( 2. If )|h( kp
, , ) + tthlkpr ) + tzhlkpi)

.

Where F=Q( Fp)
,

hlf ) = class # of F
,

3 ,=ls)= Dedekind function

of  F
.

Kp,j=Q(of .FI )
,

It . 2,3
.

(c) For p > 5 and PEI ( mod4)
,

µ( p , = |
83ft ' DHF ) + hlkpn ) + Ehl Kp

,
} ) for PEI (8)

gztllspwpt1) 3ft - 1)hlF)tttl3wp+l)h( Kp
, , ) for PE5 (8)

g4h( Kp
, } )

.

where Wm := 3 [ 001pm,
:2[rm]×]" form -=l ( 4)

.
( wma {1/3} )

�3� ( formula for OCP ) )

(A) 4 ( p) = 15
, 20,9 for P=2 , 3,5 , respectively

( b ) For P > 5 and PII ( mod 4)
,

OCP ) = ( wptl ) h( Kpis ) + h( Kzp
,

, ) + hlfp )
.

(C) For p > 5 and P  =-3 1 mod 4)
,

LYP )=h( Kp
, } ) t h( Kzp

,
, ) + lwsp + 1) hlkzp

,
} ) + ( 4- IN hlfp )

.



�4� ( Asymptotic behavior
.
) Put �6�

Massp := µ
h "⇒ 3ft ') for p± 3 ( ¢ ) ;

8 HIF) Seti ) for P±1 ( 8) ;

£( 15 Wptl ) htt ) }fH ) for P± 518 )
.

1.
Sql 2) 1

Then

-
→ 1 as p→o

.

Massp

§ Galois cohomology

Eo : S.s
. elliptic curve 1 Ep

,

T.to?P=0O:=EndfEox0Ep)cEnd9EooEp)=Bp.a
,

Max
.

 order  w
.

 action by T¥p= Gal ( FIp/Ep)
.

Thm ( Deligne ,
Shioda

, Ogus) If  d > I
,

then  any Super special ab
.

var of

dim d / Ep is isom
.

to EOOEP
.

⇒ td > I
,

9-
.

H
'

( Eg ,
G) = Spgld)=¥spl⇒ ,

G=GLd( 0 )
.

d) =D

If 9=109
,

9 '=Pa
'

, suppose a - a '=2S 30
.

Identify T¥g=£~- F
,

and opz acts trivially on G
.¥ ,

H 'fEg
,
G) = HYEG, ,G ) ⇒ lspddlklsp

,
.la/

under

This
splat → Split ) ( * )

map I=[ miai E=Zmi¥i
,

TTi=tP)?Ti

For dat
,

no simple Galois coh
. description

,

but still have l* )
g.

^



Now 9=109
,

a :  odd
.

70

/ Spa 12) | =/ Sppl 2) / = H ( p) + 0 ( p )

H (

Pk
Hsplrp ) = H (Fp )

0 ( p) :=the rest contribution = I H split)
I # pp

.

Method for computing Hlrp ) = # Eog (Fp) :

Tarp )
,

D= Endo ( Aa ) : definite quat . F - alg ,
F=QVp )

,

ramified only at  two real places of F
.

�1�
, CD a Max

.
order

.

Prop ( Waterhouse
,

Y
. )

�1� Suppose P # 1 (4)
.

Then End ( × ) is a  max
.  order for XE Isoglrp )

.

and Isog ( Fp ) = CICOD
.

�2� Suppose PEI (4)
.

Then End ( × ) has index 1,8 ,

16 for X £ Isoglrp)
.

{ X 1 End ( X ) has index r ) ( r=l
,

8.16 ) forms a genus .

and Isog ( X ) = CICODWCICOS ) UCICQG )
.

where 08 , 0,6 proper Z[ Fp] - orders  of  index 8
,

16
.

Then we use Eichler 's trace formula To calculate h( 0 , )
.

( for 0[order A c D / ,= )

For h ( Os ) , h( 0,6 )
,

we use generalized Eichler 's trace formula

( for 2 - order A CDA ,
by XYY )



§ Abelian varieties 1 Ftp ( restricted to SS
.

case )
.

�8�

Xo : fixed Super singular  ab
.

var . /Ep
IT = I mini  multiple Weil p - # corn to Isog ( XD

{ = End°( Xo )
,

K=Q( to ) c E
,

To E End ( Xo) : Frobenius endomorph ism

K= T.tk :
,

Ki  = Qlti )
.

V :=  Ql Kimi
,

R :=Z[ To ,
PFI

'

] CK order

Rspi  = R [ FOYP ]
.

Prop TO Assume I :# rp ti
.

Then F bisection

Isoglt ) = { R - lattices in V}1±�2�
Under  This bijection

Spine { Msp . lattices in V }/e

Rmk_ :

.
Part �1� holds for arbitrary isog class.es/Ep

.

. Simple isog class.es/Ep was first obtained by Waterhouse ( 1968)
.

• Centeleghe - Stix give a categorical description
for all ab vars / Ep having no of - components

.

*Poo  men 's description .

Use Proposition ,
we compute all terms in OCM

.

Rmk : As a byproduct ,
we obtain an explicit formula

for # H
'

( Ep
,

G)
,

G= GLZIO )
.

From our expliet Formula
,

we don't see cancellation HCPHOIP?



§ Results for 9=Pa
,

a : even
. �9�

For each r . tuple D= ( ni
,

... .hr )
,

knk. . < nr

Put

Azi-7LftYtIoIn.tu.Fmlt7imthcyclotomicpolynonxial.Kn_i-An@Q.nITKi.K
;

 =Q(3n :)
.

O( a) :  = # Horn ( Aa , Mata ( 0 ) )/Gld( 0 )
.

•

Prop
.

lspgld )|= # H '( Eg ,
G)

,
G=GLdl0 )

= # CIOG
,

( set of  conj classes of  elements

= [ of a )
of finit  order  in G)

I

.

Now d=2
.

⇒ rez

8=1
,

HE { 1,2 , 3. 4,6
,

5.8 . 10,12 }

)
There are 19 terms

,

each term Corr
.

to  one

r=2
, D= ( ni

, nz )
,

ni ,nzE{1. 2,3
, 4,6 }

. isog class
.

Simple observation :

O( 1) =0( 2) =L
,

0131=0 (6) , 015 ) = Oclo )

0 (1/3)=012,6 )
,

etc
.

Thm ( XYY ) 9=109
,

a :  even
.

Then

|Spq( 2) |= 2+2013 ) + 0 (4) + 20 (5) to (8) + of 12 )

+ 04,2 ) + 20 ( 1,3 ) + 2011,4 ) -120 ( 1,6 ) -12013,4 ) + 013,6 )



Each terms are given  as follows : @
(1) For Pt 3

, 01 3) = 2- (p±)
.

(2) For Pt 2
,

0141=2 - ftp.t )
.

10=-1 ( 5)(3) For P±5 ,

o( 5) =|°z PE 2.3 (5)

4 PE  4 (5)
.

(4) For # 2
,

o( g) ={9
,

Poff
.

' 8 '
.

(5) For PIZ , 3
, o(|z)={

0 PEI ( 12 )

4 0 :w
.

(6) For Ptz
, 04,2 ) = M¥-1 FfI( 1-1*1) + ¥2 ( l - ¥1 )

me
then .¥n

.

(7) For P¥3 ,
o( 1. 3) = 5M¥11 - ⇐ 1) tell - # / 1 - ¥1)

.

(8) For pt2 ,
011,4 )=P¥( I - # 1) + Ill - # ( l - ¥1)

.

(9) For P±3
, 011,61=7511 - # + tall - let ) ( 1.1¥ )

.

(b) For Pt 2,3
,

013,4 )= ( 1 - # 1) ( 1 - # )
.

( 11 ) For Pt3
,

013,61=4/1 - 1¥)
.

( or ( Asymptotic behavior ) 9=Pa
,

a :  even

/Spg(2) I

¥ → I as P→a
.



§ Endomorph ism rings 10

9 =P
"

,
a :  odd

T= # of  isom  classes  of End ( × )
,

for  all XE Sp ( Ta )
.

T depends only on p ,
denoted by TCP )

.

Thm ( Xue - Y .
)

( 1 ) TIP ) = 1
,

2
,

3 for P  
= 2,3

,
5

, resp .

(2) P > 5 and P  =-3 14 )
.

Tlpt 3dL + / 13 - st )) htm + HIT + htm ,

where hl d) =h( Qlid )
.

(3) P > 5 and PE 1 14 )
,

Tlp ) = 831=1 - D + t.lt#+g2h1.3p )
.




