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e This was later generalized to L(f,s) and (x(s) by Matsumoto.

e |hara and the Euler—Kronecker constant : starting from the study of
L'(1,x)/L(1, x) he obtained a whole range of beautiful results on the
value distribution of L’/L and log L (many of them with Matsumoto).
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Flavour of lhara's results (2008)

Given a global field K, i.e. a finite extension of Q or of Fy(t), and a family of
characters x of K lhara considered the distribution of L'(s, x)/L(s, x) in the
following cases:

(A) K is Q, a imaginary quadratic extension of Q or a function field over Fg,
x are (normalized) Dirichlet characters on K;

(B) K is a number field with at least two archimedean primes, and x are
normalized unramified Grdssencharacters;

(C) K=Q and x = x¢, t € R defined by x:(p) = p~*.
He obtains equidistribution results of the type

Av ’q>< ) /M w)|dwl,

for o = Res > 1 for number fields, and for o > 3/4 for function fields, under
significant restrictions on the test function ®.




Improvements with Matsumoto (~2010)

e Case (A) : still valid for both families £(s, x) = L'(s, x)/L(s, x) and
log L(s, x), for ® of at most polynomial growth and o > 1/2; assuming
GRH for number fields:
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Improvements with Matsumoto (~2010)

e Case (A) : still valid for both families £(s, x) = L'(s, x)/L(s, x) and
log L(s, x), for ® of at most polynomial growth and o > 1/2; assuming
GRH for number fields:

Avg, © (£(s,x)) = /CMU(W)¢(W)|dW|.

e Case (A,K = Q) and (C): unconditional results for ® bounded
continuous function and Res > 3.

Extensions
e Mourtada and Murty (2015) : some equidistribution result conditional
on GRH for averages over quadratic characters.

e Matsumoto and Umegaki (2016): similar results for differences of
logarithms of two symmetric power L-functions under the GRH.




The density function M,

e The above results give rise to the density functions M, (z) and related
functions Ms(z1,z0) (which is the inverse Fourier transform of M,, when
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e The above results give rise to the density functions M, (z) and related
functions Ms(z1,z0) (which is the inverse Fourier transform of M,, when
z=2z,s=0€R).

Under optimal circumstances we have

My (2) = Avg, 0: (£(s,X)),  Mo(21,22) = AvE, ¥z, 2 (£(5, X))

where £(s, x) is either L'(s, X)/L( X) or log L(s, x), ¢ is the Dirac

delta function, and v, .,(w) = exp (4(z1W + zw)) .

o Properties of M
- it has an Euler product expansion,
- it admits an analytic continuation to the left of Res > 1/2,

- its zeroes and the "Plancherel volume” [ |M,(z,2)[?|dz| are interesting
objects to investigate.
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and Vladuts, giving information on {(x;}, where K; runs through abelian
families of global fields (it explains the behaviour of Euler—Kronecker
constants in cyclotomic fields for instance)

e It may provide information on (x,(v) = H L(f,s), as N — +oo0.
fEBa(N)

o |t is challenging to understand what the notion of M-function should be.

e It may lead us to a better (higher dimensional) asymptotic theory.
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o L(f,5) = ne(mn~* =[] (1 = ar(p)p™*) " (1= Be(p)p~*) ",
where " ’
lar(p)l =1, Br(p) = ar(p)™* if (p,N) =1,
ar(p) = £p~=,B(p) =0 if p || N,
ar(p) = Br(p) =0 if p* | N.

e let x be a Dirichlet character of conductor m coprime with N,

e define £(f ® x,s) to be either (L'/L)(f ® x,s) or log L(f ® X, s),

o g(f®x,s,z) =exp (2L(f®x,5)) ,

e Write g(f,s,z) = > L,(n)n*° with [,(n) = Z ' (n)n¢(x), where

n>1
Y. (n) depend only on the level N. Put c, X(n) 1 .(n).




Our results (f is fixed, x varies) at the M-side

Theorem 1

Assume that m is a prime number and let I',;, denote the group of Dirichlet
characters modulo m. Let 0 < e < % and T,R > 0. Let s = o + it belong to
the domain 0 > ¢ + 3, [t| < T, let z and 2’ be inside the disk

Dr ={z | |z| < R}. Then, assuming the Generalized Riemann Hypothesis
(GRH) for L(f ® x,s), we have

1 -
im_ 11 3 a7 @ s A @ x.5,7) = 3 Lt ()

m— 00
XEMm n>1

= M,(-z,2).




Our results (f is fixed, x varies) at the M-side

Theorem 2

Let Res =0 > % and let m run over prime numbers. Let ® be either a
continuous function on C with at most exponential growth, or the
characteristic function of a bounded subset of C or of a complement of a
bounded subset of C. Define M, as the inverse Fourier transform of
M,(z, Z). Then under GRH for L(f ® x,s) we have

i 1
m —-:
m—o0 |l

;m O(L(f @ x,5)) = /(C M, (w)d(w)|dw].




Our results (f varies) at the M-side

Theorem 3

Assume that N is a prime number and that k is fixed. Let 0 < € < % and
T,R > 0. Let s = o + it belong to the domain o > ¢ + %, |t| < T, and z and
Z' to the disc Dg of radius R. Then, assuming GRH for L(f,s), we have

lim Z w(fa(f,s, 2)a(f,s,2') Z nm- Zczx(n ¢ x(m),

feBk(N) n,meN x>1

where w(f) are the harmonic weights.
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Remarks about the proofs

e Theorem 1 follows mostly from the work of Ihara and Matsumoto, where
they define admissible families for which such results hold. To check that
our families are admissible is straightforward thanks to numerous works
on L-functions of cusp forms.

e Theorem 2 is very tricky, but the main tool is an extension of the
classical Jessen-Wintner theorem (to be discussed later).

e The proof of Theroem 3 is analogous to lhara's proofs, except that we
use the Petersson formula instead of the orthogonality of characters, and
is much more technical.
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The function M, ,

o Let Res = o > 0. Define the functionson T, =C!' = {t e C | |t| =1}
by

—(log p)a(p)p—=t  —(logp)B(p)p~—°t

1—a(p)p—st 1—B(p)p—=t

8s,p(t) =

)

e We introduce the local factors /\7ls7p(zl,22) via

—2rs
21 ,22) E I, (P72 ( .

The series is absolutely and uniformly conv. on compacts in Res > 0
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The function M p

Put M, p(z1,22) = [ Msp(z1,2). We also define M, ,(z) = M, »(z,2),
peP
and M, p(z) = M, p(z,Z). Then

e The function MS,P(Z]_,ZZ) is entire in z1, 2.
e We have
Wieplar,z) = [ o0 (G@geple™) + zeple)) ) e
thus W, (21, 22) = /c a8 (D)
and Wrp(z) = | expliRe(g ()"

e The “trivial” bound | M, ,(z)| <1 holds.
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The function M, p

There exists a unique positive measure M, p of compact support and
mass 1 on C ~ R? such that

Mgy p(®) = / d(gs,p(tp))d tp, for any cont. function ® on C,
Tp

with Tp = H C! and gs.p(tp) = ng,p

peP peP
]:Mmp = Mmp(z).
There exists a set of primes Pr of positive density such that, for all
p € Pr, My p(2) o (1+12])7 3.
Let P be a set of primes. If [P NPs| > 4, then M, p admits a

continuous density (still denoted by M, p) which is an L! function. The
function M, p satisfies M, p(z) = M, p(Z) > 0.

M, p is of class C" once |P N P¢| > 2(r + 2).
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From now on we assume that Res = o > %, without mentioning it in each
statement.

The function M.
We define

o

E 725
217 22 [21 zz 9

e The function Ms(zl,zz) is entire in z1, 2.

e We have the Euler product expansion

21722 HMSP 21722

which converges absolutely and uniformly on Res > % + € and |z,
|z2] < R, for any ¢, R > 0.
o My(z) = O((1+|z|)~") for all N > 0.
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The function M,

* The sequence (Mo,p,(2))xs0 converges uniformly (as continuous
functions) to M,(z) := FM,(—2z).
We have

O M,(z) = M,(z) > 0;

(2] /Mg(z)\dz| =1

(3] I\ﬁg(z) € C* and the partial derivatives of M, p, converge uniformly to

those of M,;
® If 0 > 1, the support of M, is compact.

For any A > 0, M,(z) = OU,,\(e_’“Z‘Z), as |z| — oco. The same is true
for all its partial derivatives.

The functions M, (z) and M, (z) belong to the Schwartz space.

W (21, 22) = /C My (W) oz () .
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Open questions

@ Can our Theorems be proven in a greater generality? (for automorphic
cusp forms, unconditionally...)
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