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Hermitian, Suzuki and Ree curves
The curves are the Deligne-Lusztig varieties of dimension one.

@ Lie groups and Lie algebras
(71900: Lie, Engel, Cartan, Dickson)
(71960: Chevalley, Steinberg, Suzuki, Ree, Tits)

@ Deligne-Lusztig theory

@ Function fields
(Henn, Hansen and Stichtenoth, Hansen, Pedersen)

@ Class field theory (Lauter)

@ Elementary construction of the groups (Wilson)

@ Plucker embeddings (Kane, Eid and D)

@ Maximal covers (Giulietti and Korchmaros, Skabelund)

We give a description of the last three aspects in terms of the
root systems A,, B, and Go.
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Their function fields

In parentheses are the field sizes for which the function field is
Hasse-Weil maximal.

H/Fq : y% — y = x%+ q=q? (9.6%.¢°...)
S/Fq : y9 -y =x%P(x9 - x) g=295 (¢*.9"%,¢%,..))

¥29 — yo = x2%(x9 — X) ) e a

R/Fq - =3 ,q'°, g%, ...
/Fa {Y1q—Y1 = xP(x9 — x) q % (@°.9".q )
The following covers X /X are Hasse-Weil maximal.

H/Fg : t9-%+1 =x9—x  (Giulietti and Korchmaros 2008)
S/Fg : 1972041 = xd —x  (Skabelund 2016)
R/Fg : 19730+ = x9—x  (Skabelund 2016)
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Their smooth embeddings and automorphism groups

1:u

Projective line 0y P! A1(q)

(1:u:v)

Hermitian curve P2 2A5(q) C Ax(q)
(1T:x:—:z:w)

Suzuki curve P4 2B»(q) C Bx(q)

(:x:—:—:y:—:zZ:—: = U:—:=:V: W)
Ree curve P13

2Gy(q) C Go(9)
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Rotational symmetries of order 2, 3, 4 and 6

1
Projective line
z w
1 X

Suzuki curve
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4

1 u

Hermitian curve

y v
1 w
X u
Ree curve
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From the root system A to the group SL(2, F)
The single edge

1 u

has two directions, a and —a.

o _ -------- > — (v
Define
00 : . ,
X (t) = < t 0 ) (directed edge u — 1 with weight t)
X_o(t) = < 0. ) (directed edge 1 — u with weight f)
Then
10 1t
SL(2,F) = (exp X,(t) = o ,exp X_o(t) = 01 ) teF).
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Root systems A,, B> and G»
B a+p 2a+p

B a+p
a a
3a+ 20
a+pB | 2a+p8
p 3a+

(6, 8 and 12 directions in the triangle, square, hexagon, resp.)

Iwan Duursma (Univ of lllinois) June 19, 2017 7122



Lie Algebra A, of dimension 8

_ Xo, Ya] = H
[Xo, X5] = Xois X; [Xa, Ya] = Ha
[Xs, Ys] = Hs

""" > [Xs, Yots] = Ya

[Yois Xal = Vs Yois

The span (X., X3, Xo+8: Yo, Y8, Yats, Ha, Hg) is closed under the
operation [A, B] = AB — BA.
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Lie Algebra B, of dimension 10

[ch Ya] = Ha

[Xs, Yg] = Hs
[Xa, X5] = Xors X3

[Xaa XaJrB] = 2X20¢+ﬁ
[Yo, Yats] = 2Y2045

X Gl = = = £ = = > [Xs, Yois] = Ya

[Vass Xo] =2V Youis
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Lie Algebra G, of dimension 14

[Xaaxﬁ] = Xa+ﬂ Xﬁ

[Yats, Xa] =3Y3
[Xaa Ya] = Ha [Xaa X2a+5] = 3X3a+6
[Xﬂv Yﬁ] = HB [Ya, Y2a+6] = 3Y3a+,3
[Xa Xat8]) = 2Xo048 [X30+8; X5] = —X30+428
[Ya, Yars] = 2Y2015 [Y3a+8, Y] = — Yaa+t2s

Iwan Duursma (Univ of lllinois) June 19, 2017 10/22



Hermitian curve

Equation v%® + v + u%*! = 0 over Fy, for g = g5. Clearly

1 u v Ve
<1q ud vq>(‘£§)0
And thus, with [a, b] = ab? — a%b,
([ul: v 1] fuv)) = (1 us v) @
The equation
(1, ul, [v, 1], [u, v]) = 9%+ (1, u, v)(®)

defines the Giulietti-Korchmaros cover H = H(t).
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From Root system A, to Hermitian cover H

(1, u] 17
1 < ve ( [u, v] ) = tat1-o ( ve )
[v,1] u°
19 u

Root system A, with polarization o defining the subgroup 2A,
(0 :x — x%)
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From Root system B to Suzuki cover S

Root system B, with polarization o defining the subgroup 2B,
(o 1 x — x2%)
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From Root system G. to Ree cover R

uO'
X7 y v we [1, x] 1o
_ 1—0o o
o [uw] | = t9F vU
[v,y] u

1« > W
[1,y] X7
[v,w] | =t | we
10 X u Vo [u, X] y°
yO'

Root system G, with polarization o defining the subgroup 2G,

(o : x — x3%)
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Hermitian hypersurface for S
Lemma

For the cover S of the Suzuki curve,

2 2 2 2
wd +w+xz9 + x93z =191,

Proof. Let
1 1 1
A(1,x,2)=| x x9 xT
z 29 z9
Using [x, 2] = [1,w],

A=wT +w+xz¥ +x7z
Using [1, z] = x7[1, x],
A = [1,X]q+g+1 = tq2+1.
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Dickson’s description of Gz(Q)

The full group Gz(q) is defined in Dickson (1901) as a linear group

acting on the variety defined by the quadric

ZZHwH+vw+yu=0

and the relations

(1, u] [z, X] (w,y]
[U’ V] = [Zv W] ) [y’ X] =
[v, 1] (z,¥] [x, w]

Where [u, v] = det((u, v), (u, v)(@) = uvd — u9v.

The previous equations imply

[, wl+[v,x] +[u,y] =0
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“Gz(q)

The subgroup 2G»(q) C Go(q) acts on

ZZ4w+vx+uy=0

(1, u] [z, X] [w,y] [z, V]
[U’ V] = [Zv W] . [y7X] = [271]
[v, 1] [, y] [x, w] [z, u]

[1,w] +[v,x] + [u,y] = 0.

[u, w] ve [1,y] Xx°
( [V, y] ) — tq+1—0 ( ue ) ( [U, X] ) — tq+1—o ( yO’ )
[1, x] 10 [v, w] w°

Iwan Duursma (Univ of lllinois) June 19, 2017 17/22




Hermitian hypersurface for R
Lemma
For the cover R of the Ree curve,

we + w4 wx® 4+ xTv+uy? 4 uTy — 2T = @

Proof. Similar to the previous, let

1 1 1 1
x x9 x& x9
y y? yT e
z 29 29 24

A(1,x,y,2) =

Using Dickson’s equations for G»(q),
A=wT 4w+ @ +xTvuy® +uTy — 27
Using the polarization relations for Gy,

A= [1 , X](q+1)(Q+a+1) _ tq3+1_
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The Lie Algebra G»

Operators X,, (short root) and X3 (long root). Other operators by
conjugation (rotation).

—1
/A 2\
\J

The corresponding action of x,(t) = exp X,(t) and xg(t) = exp Xs(t)
is given by the automorphisms (of Dickson’s Go invariant variety)

(1,x,y,z,u,v,w) — (1,x,y,z+t,u+tx,v—ty,w—2tz—t2)

and
(1, x,y,z,u,v,w) - (1 +tv,x —tw,y,z,u,v,w)
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Root system G, and the Steinberg automorphism o

The twelve directions in the hexagon divide into six short roots (left)
and six long roots (right).

—Q

B —3a—p
a+f —2a—-pf
3a+25 —3a — 24
20+ —a—f
e 3a+p -

o maps short roots a(t) — —B(13%) and long roots 3(t) — —a(t%).
So that o2(t) = 3% = t9.
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The remaining coordinate functions

:x:—i—1y:—:zZ:i—:i—1U:—:—:v:wW)
Ree curve > P13

Lemma
The functions of type [1, z] satisfy

- [u,x] [y d] (.51
(1, 2] _( [yl [1,x ) ( [v,x] [y,v] [1,x]

= [, x3(~u+ X2y + x2)°.
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Thank you.
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