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Definition
We say that a partition P of κ is coarser than a partition Q whenever
the Boolean ring BR(Q) generated by Q

is disjoint from P
is an ideal in the Boolean ring BR(P ∪Q).
is dense in the Boolean ring BR(P ∪Q).

Let α be an ordinal and P = (Pβ)β<α be a sequence of infinite
partitions. Denote by Iβ the Boolean ring BR({Pβ : γ < β}). We say
that P is a tower of partitions of κ of length α if and only if for every
β < α

Iβ is an ideal in Iα,
Pβ is disjoint from Iβ
Iβ+1/Iβ is dense in Iα/Iβ

A Boolean ring is called thin-tall if it is generated by a tower of
partitions of ω of length ω1.
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How to make a tower of partitions of ω of length ω1 in ZFC

Theorem (Ragajopalan 1976)
There are towers of partitions of ω of length ω1

Proof.
Juhász-Weiss, 1978. Successor stage is simple: take unions of infinite
“blocks” from the previous level. Limit stage α < ω1:

Choose a sequence αn → α,
Choose a sequence (Qn)n∈N such that

I elements of the previous partitions are covered by finitely many Qns
I Each Qn includes an element from αn-th partition and is in

BR(Iαn+1)

Choose a partition of N into infinite sets Ak , k ∈ N,
The required new coarser partition is

Pk =
⋃

n∈Ak

[
Qn \

⋃
i<n

Qi ].
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Digression 1: Longer towers of partitions of ω

Theorem

Towers of partitions of ω must have length < (2ω)+,
there are towers of partitions of ω of length α for each α < ω2
(Juhász-Weiss, 1978),
It is consistent that there are towers of partitions of ω of length α
for each α < ω3 (Baumgartner-Shelah, 1987; Martinez 2001)
It is consitent with ¬CH that there are no towers of partitions of ω
of length ω2 (Just, 1985)

Question

Is it consistent that there is a tower of partitions of ω of length ω3?
Is it consistent that there is no c.c.c. forcing which adds a tower of
partitions of ω of length ω2?
Does Chang’s conjecture implies that there is no c.c.c. forcing
which adds a tower of partitions of ω of length ω3?
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Digression 2: Towers of partitions of bigger regular cardinals

Theorem (Koepke-Martinez, 1995)
If there is a (κ,1)-morass, then there is tower of partitions of κ of
length κ+?

Question

Is it consistent that for some regular cardinal there is no tower of
partitions of κ of length κ+?
What large cardinal is needed for the above consistency?
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Fully noncommutative thin-tall C*-algebras

Definition
P is a system of matrix units in `2(N) if and only if

P = {Mn,m : n,m ∈ N}
Pn,m = P∗m,n for each m,n ∈ N,
Pn,mPl,k = δm,lPn,k for each k , l ,m,n ∈ N.

We say that a system of matrix units P is coarser than a system of
matrix units Q whenever the C*-algebra C∗(Q) generated by Q

is disjoint from P
is an ideal in the C*-algebra C∗(P ∪Q).
is essential in C∗(P ∪Q), i.e., for any nonzero element
a ∈ C∗(P ∪Q) there is b ∈ C∗(Q) such that ab 6= 0.
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Definition
Let α be an ordinal and P = (Pβ)β<α be a sequence of systems of
matrix units.Denote by Iα the C*-algebra C∗({Pβ : γ < β}).We say
that P is a tower of systems of matrix units of length α if and only if for
every β < α

Iβ is an ideal in Iα,
Pβ is disjoint from Iβ
Iβ+1/Iβ is essential in Iα/Iβ

A C*-algebra is called fully noncommutative thin-tall if it is
generated by a tower of partitions of ω of length ω1.
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A way to construct thin-tall C*-algebras

The successor step : A ≡ A⊗ K → Ã ⊗ K

Definition
A C*-algebra A is called stable if and only if A ≡ A⊗ K

Theorem (Blackadar, 1980)
The direct limit of a countable chain of separable AF stable
C*-algebras is AF and stable.
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Theorem (S. Ghasemi, P.K.)
There is a thin-tall fully noncommutative C*-algebra which is not stable.

1 There is a direct limit of an ω1-chain of separable AF stable
C*-algebras which is not stable.

2 There is a C*-algebra where there is no maximal ideal among
stable ideals (answering a question of Rordam)

3 There are two nonisomorphic thin-tall fully noncommutative
C*-algebras

Theorem (Simon-Weese)
There are two nonisomorphic thin-tall Boolean algebras. There is one
which splits and one which does not split.

Proof.
Build a tower of partition which has a refinement which is a Luzin
almost disjoint family (where no two disjoint uncountable subfamilies
can be separated).
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Automorphisms of thin-tall algebras

Theorem (S. Ghasemi, P.K.)
Under CH there are thin-tall fully noncommutative C*-algebras where
all automorphisms are trivial.

Theorem (Weese, 1987)
Under CH there are thin-tall Boolean algebras where all
automorphisms are trivial.

Theorem (Dow-Simon 1992)
In ZFC there are thin-tall Boolean algebras where all automorphisms
are trivial.

Question
Are there in ZFC thin-tall fully noncommutative C*-algebras where all
automorphisms are trivial.
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Definition
A subset F of a C∗-algebra is called irredundant if and only if no
element of F belongs to the C*-algebra generated by the remaining
elements of F .

Proposition
A subset F of a commutative C∗-algebra C(K ) is irredundant if and
only if for every f ∈ F there are distinct xf , yf ∈ K such that
f (xf ) 6= f (yf ) but g(xf ) = g(yf ) for all g ∈ F \ {f}.

Theorem (M. Rubin: ♦ 1983; K. Kunen: CH 1975)
There are nonseparable C(K )s with no uncountable irredundant set.

Theorem (S.Todorcevic, PFA 1993 ; MA 2006)
If K is totally disconnected and C(K ) is nonseparable, then C(K )
contains an uncountable irredundant set.
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Theorem (C. Hida & P.K.)

It is consistent (with CH) that there is a thin-tall fully
noncommutative C∗-algebra with no uncountable irredundant set
(and with no nonseparable commutative subalgebra)
It is consistent that every set of operators X ⊆ B(`2) which
generates a C*-algebra of density 2ω there is an irredundant
subset Y ⊆ X of cardinality 2ω.

Question

Is there in ZFC a nonseparable (thin-tall?, scattered?) C*-algebra
with no uncountable irredundant set?
Is there in ZFC a thin-tall C*-algebra with no nonseparable
commutative subalgebra?

Theorem (T. Bice, P.K., 2017)
There is in ZFC a scattered nonseparable C*-algebra with no
nonseparable commutative subalgebra.
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