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5 2y series
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> an series

> an absolutely convergent <= > |a,| converges
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> an series

> an absolutely convergent <= > |a,| converges

> an conditionally convergent (c.c.) <= ) a, converges and

- lan| = 400
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> an series
> an absolutely convergent <= > |a,| converges

> an conditionally convergent (c.c.) <= ) a, converges and
2~ |an| = +o0

Notes: (1) > a, convergent = a, — 0
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Series

> ap series

> an absolutely convergent <= > |a,| converges

> an conditionally convergent (c.c.) <= > a, converges and
> lan] = +o0

Notes: (1) > a, convergent —> a, — 0

(2) If > a, is conditionally convergent then

Zan:—i-oo and Zan:—oo

neP neN

where P={ncw:a,>0}and N={ncw:a, <0}
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Suppose > a, is conditionally convergent and r € RU {400, —c0}.

Then there is a rearrangement 7 € Sym(w) such that " ar,y = r.
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Riemann’s rearrangement theorem

Riemann’s Rearrangement Theorem

Suppose > aj is conditionally convergent and r € RU {+o00, —o0}.
Then there is a rearrangement 7 € Sym(w) such that ) ar(,) = r.

Also there is m € Sym(w) such that ) a,(,) diverges by oscillation.
(I|m|nfk ZO (n) < lim supy EO W(n))
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The questions

How many permutations do we need such that for every
conditionally convergent series Y a,, there is a permutation 7 in
our family such that ) ar(n) no longer converges to the same
limit?
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The questions

How many permutations do we need such that for every
conditionally convergent series Y a,, there is a permutation 7 in
our family such that ) ar(n) no longer converges to the same
limit?

. such that ) ar(,) diverges either to +00 or —o0?

Jorg Brendle Rearrangements and Subseries



The questions

How many permutations do we need such that for every
conditionally convergent series Y a,, there is a permutation 7 in
our family such that ) ar(n) no longer converges to the same
limit?

. such that ) ar(,) diverges either to +00 or —o0?

. such that ) ar(,) converges to another limit?
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Rearrangement numbers

te:=min{|MN] : M C Sym(w) and ¥V c.c. > a,In €
(X ar(n) # 2_an)} the rearrangement number
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Rearrangement numbers

te:=min{|MN] : M C Sym(w) and ¥V c.c. > a,In €
(X ar(n) # 2_an)} the rearrangement number

tto := min{|M] : 1 C Sym(w) and ¥ c.c. Y a, Im €I
(2_ ax(n) diverges by oscillation)}
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Rearrangement numbers

te:=min{|MN] : M C Sym(w) and ¥V c.c. > a,In €
(X ar(n) # 2_an)} the rearrangement number

tto := min{|M] : 1 C Sym(w) and ¥ c.c. Y a, Im €I
(2_ ax(n) diverges by oscillation)}

ve; == min{|M] : N C Sym(w) and V c.c. Y a, I €
(Z dr(n) = :EOO)}
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Rearrangement numbers

te:=min{|MN] : M C Sym(w) and ¥V c.c. > a,In €
(X ar(n) # 2_an)} the rearrangement number

tto ;= min{|MN|: N C Sym( )and V cc. Y a,Im el
(2_ ax(n) diverges by oscillation)}

ve; == min{|M] : N C Sym(w) and V c.c. Y a, I €
(Z dr(n) = :EOO)}

tee :=min{|M| : N C Sym( )and V cc. Y a,Ir el
(D~ ax(n) converges # > an)}
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Tt Versus tt,

ve:=min{|MN] : N C Sym(w) and V c.c. Y a, Ir €
(O ar(n) # X_an)} the rearrangement number

tt, == min{|M] : M C Sym(w) and V c.c. > a, I7 €
(2_ ax(n) diverges by oscillation)}
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ve:=min{|MN] : N C Sym(w) and V c.c. Y a, Ir €
(Z ar(n) 7é Z an)}

the rearrangement number
tto ;= min{|M] : N C Sym(w) and ¥V c.c. > a, In €M

(2~ ax(n) diverges by oscillation)}
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Tt Versus tt,

ve:=min{|M] : M C Sym(w) and V c.c. > a, 3In €Tl
(O ar(n) # X_an)} the rearrangement number

tt, == min{|M] : M C Sym(w) and V c.c. > a, I7 €
(2_ ax(n) diverges by oscillation)}

Theorem 1
T, = tt

Fact: Vr € Sym(w) o € Sym(w) such that
e 3°n (0,[{0,...,n—1}] ={0,...,n —1})
e 3°n (0,[{0,...,n—1}] =7[{0,...,n — 1}])
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Tt Versus tt,

ve:=min{|M] : M C Sym(w) and V c.c. > a, 3In €Tl
(O ar(n) # X_an)} the rearrangement number

tt, == min{|M] : M C Sym(w) and V c.c. > a, I7 €
(2_ ax(n) diverges by oscillation)}

Theorem 1
T, = tt

Fact: Vr € Sym(w) o € Sym(w) such that
e 3°n (0,[{0,...,n—1}] ={0,...,n —1})
e 3°n (0,[{0,...,n—1}] =7[{0,...,n — 1}])

M witness for vt = MU {0, : ® € M} witness for tt,
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non(meager) is the least size of a non-meager set of reals
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non(meager) is the least size of a non-meager set of reals

vt < non(meager)
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vt < non(meager)

Proof: " a, c.c. given. K € w.
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vt < non(meager) '

Proof: " a, c.c. given. K € w.

{m € Sym(w) : 3no (3_,<pn, @r(n) > K)} open dense.
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vt < non(meager) '

Proof: " a, c.c. given. K € w.

{m € Sym(w) : 3no (3_,<pn, @r(n) > K)} open dense.
Similarly with < —K instead of > K.
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vt < non(meager) I

Proof: " a, c.c. given. K € w.

{m € Sym(w) : 3no (3_,<pn, @r(n) > K)} open dense.
Similarly with < —K instead of > K.

{m € Sym(w) : }_ a(,) diverges by oscillation} dense Gs.

Done!
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b :=min{|F|: F Cw* and Vg € w¥ 3f € F 3*°n (g(n) < f(n))}

the unbounding number
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b :=min{|F|: F Cw* and Vg € w¥ 3f € F 3*°n (g(n) < f(n))}

the unbounding number
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b <rtr

Proof: I family of permutations,

N < b.
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b <rtr

Proof: I family of permutations,

N < b.
M—w”:m— f; st foralln
e fr(n)>n

e Vm<n Vk>f(n) (m(m) < n(k))
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b <rtr

Proof: I family of permutations,

M—w”:m— f; st foralln

e fr(n)>n

N < b.

e Vm<n Vk>f(n) (m(m) < n(k))
dgew”st. g>*fr forall m el
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b <rtr

Proof: I family of permutations,

M—w”:m— f; st foralln

e fr(n)>n

N < b.

e Vm<n Vk>f(n) (m(m) < n(k))
dgew”st. g>*fr forall m el

Let {in:n€w} Cws.t. inr1 > g(in).
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b <rtr

Proof: I family of permutations,

M—w”:m— f; st foralln

e fr(n)>n

N < b.

e Vm<n Vk>f(n) (m(m) < n(k))
dgew”st. g>*fr forall m el

> an c.c. given.
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Let {in:n€w} Cws.t. inr1 > g(in).
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b <rtr

Proof: I family of permutations,

M—w”:m— f; st foralln

e fr(n)>n

N < b.

e Vm<n Vk>f(n) (m(m) < n(k))
dgew”st. g>*fr forall m el

Let {in:n € w} Cws.t. int1 > g(in)
> an c.c. given. Define

[ a, fk=i,
{2

otherwise

<O < Fr <= 4 =] QA
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b <rtr

Proof: I family of permutations,

M—w”:m— f; st foralln

e fr(n)>n

N < b.

e Vm<n Vk>f(n) (m(m) < n(k))
dgew”st. g>*fr forall m el

Let {in:n € w} Cws.t. int1 > g(in)
> an c.c. given. Define

[ a, fk=i,
{2

otherwise

Then > by =) anc.c. Also Y bk =) by forall m T
«O0>» «Fr «=» < 4 = A
~ JorgBrendle  Rearrangements and Subseries



tv versus b

Theorem 3
b <rtr

Proof: I family of permutations, || < b.
MN—w¥: 7~ f;s.t. forall n

e f(n)>n

e Vm<n Vk>f(n) (m(m)<m(k))
dg € w¥ s.it. g >* f; for all w € 1.
Let {in:n € w} Cws.t. int1 > g(in)
> an c.c. given. Define

b — a, ifk=i,
k=1 0 otherwise

Then > by = > ap c.c. Also Y b =) by forall m € 1.
Why? Because V*°n < m (7(in) < 7(im)). Done!
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ve; == min{|MN] : N C Sym(w) and V c.c. Y a, Ir €N
(Z ar(n) = :|:OO)}

vt = min{|M| : N C Sym(w) and V c.c. > a, I €M

(3 ax(n) converges # 3 a,)}



T, ttr versus 0

vt = min{|M| : M C Sym(w) and ¥V c.c. > a,dr €
(Z ar(n) = :|:OO)}

ttr :=min{|M] : N C Sym(w) and V c.c. > a, Im €Tl
(2_ ax(n) converges # > an)}

0 :=min{|F|: F Cw” and Vg € w¥ 3f € F Y*°n (g(n) < f(n))}
the dominating number
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T, ttr versus 0

vt = min{|M| : M C Sym(w) and ¥V c.c. > a,dr €
(Z ar(n) = :|:OO)}

ttr :=min{|M] : N C Sym(w) and V c.c. > a, Im €Tl
(2_ ax(n) converges # > an)}
0 :=min{|F|: F Cw” and Vg € w¥ 3f € F Y*°n (g(n) < f(n))}

the dominating number

Theorem 4
0 < vy, vry

Jorg Brendle Rearrangements and Subseries



T, ttr versus 0

vt = min{|M| : M C Sym(w) and ¥V c.c. > a,dr €
(Z ar(n) = :|:OO)}

ttr :=min{|M] : N C Sym(w) and V c.c. > a, Im €Tl
(2_ ax(n) converges # > an)}
0 :=min{|F|: F Cw” and Vg € w¥ 3f € F Y*°n (g(n) < f(n))}

the dominating number

Theorem 4
0 < vy, vry

Proof similar to Theorem 3.
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cov(null) is the least size of a family of null sets covering the reals
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cov(null) <t

cov(null) is the least size of a family of null sets covering the reals
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cov(null) is the least size of a family of null sets covering the reals

cov(null) <t '

proof based on:

Let (¢, : n € w) be a sequence of reals. Set

A={fe2¥: Z(—l)f(”)c,, converges}

n

Then
1 if >, c2 converges

H(A) = { 0 otherwise

0> <P r o4




CON (0 < tr) I
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CON (0 < tr)

Proof: In the random model, cov(null) > 0. So follows from
Theorem 5.

it
-

«O0)>» «Fr «=» « = Q>



CON (d < tr) '

Theorem 5.

Proof: In the random model, cov(null) > 0. So follows from

CON (cov(null) < vr)
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CON (d < tr)

Proof: In the random model, cov(null) > 0. So follows from
Theorem 5.

CON (cov(null) < vr)

Proof: In the Laver / Hechler model, cov(null) < b. So follows
from Theorem 3.
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Cons

CON (d < tr) I

Proof: In the random model, cov(null) > 0. So follows from
Theorem 5.

CON (cov(null) < vr)

Proof: In the Laver / Hechler model, cov(null) < b. So follows
from Theorem 3.

CON (rr < non(meager))?

[m]

=
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No known upper bounds for tt;, ttr
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No known upper bounds for tt;, ttr

vt; == min{|M] : N C Sym(w) and V c.c. Y a, Im €l
(Z ar(n) = :IZOO)}
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No known upper bounds for tt;, ttr

vt; == min{|M] : N C Sym(w) and V c.c. Y a, Im €l
(Z ar(n) = :|:OO)}

CON (rrj <) l
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No known upper bounds for tt;, ttr

vt; == min{|M] : N C Sym(w) and V c.c. Y a, Im €l
(Z ar(n) = :|:OO)}

CON (rrj <) l
Proof Idea: Start with a model of ¢ > w;.
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No known upper bounds for tt;, ttr

vt; == min{|M] : N C Sym(w) and V c.c. Y a, Im €l
(Z ar(n) = :|:OO)}

CON (rrj <) I

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-centered forcing of length w;.

«0>» «F»r « =) « Q>
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Upper bounds for tt;?

No known upper bounds for tt;, ttr
vt ;= min{|MN| : M C Sym(w) and ¥ c.c. > a,Ir €
(>_ ar(n) = £00)}

Theorem 8
CON (rv; < ¢)

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-centered forcing of length ws.
At each stage we add a permutation 7 s.t. for all ground model
C.C. D an, D an(n) diverges to either +00 or —oc.
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Upper bounds for tt;?

No known upper bounds for tt;, ttr
vt ;= min{|MN| : M C Sym(w) and ¥ c.c. > a,Ir €
(>_ ar(n) = £00)}

Theorem 8
CON (rv; < ¢)

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-centered forcing of length ws.
At each stage we add a permutation 7 s.t. for all ground model
C.C. D an, D an(n) diverges to either +00 or —oc.

(This needs some preliminary forcing.)
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Upper bounds for tt;?

No known upper bounds for tt;, ttr
vt ;= min{|MN| : M C Sym(w) and ¥ c.c. > a,Ir €
(>_ ar(n) = £00)}

Theorem 8
CON (rv; < ¢)

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-centered forcing of length ws.
At each stage we add a permutation 7 s.t. for all ground model
C.C. D an, D an(n) diverges to either +00 or —oc.

(This needs some preliminary forcing.)

Thus the w1 permutations adjoined along the iteration witness
T = wa.
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tee = min{|M] : M C Sym(w) and V c.c. > a, I €M
(5 an() converges # 3 a,)}
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tee = min{|M] : M C Sym(w) and V c.c. > a, I €M

(3 ax(s) converges # 3 a,)}

CON (rrr < ¢) '




tee == min{|M| : M C Sym(w) and V c.c. > a, I €M

(3 ax(s) converges # 3 a,)}

CON (rrr < ¢) l
Proof Idea: Start with a model of ¢ > w;.
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vee ;= min{|M| : N C Sym(w) and YV c.c. > a,In €N
(5 an() converges # 3 a,)}

CON (rrr < ¢) I

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-linked forcing of length w;.

«0>» «F»r « =) « Q>
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Upper bounds for tts?

tee :=min{|M] : N C Sym(w) and V c.c. > a, I €T
oo ar(n) converges # > an)}

Theorem 9
CON (vt < ¢)

Proof Idea: Start with a model of ¢ > wj.

Make a finite support iteration of o-linked forcing of length wjy.
Use the Lévy-Steinitz Theorem (finite-dimensional version of
Riemann’s Theorem).
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CON (vt < <) '

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-linked forcing of length w;.
Use the Lévy-Steinitz Theorem (finite-dimensional version of
Riemann's Theorem).

trj < vy

[m] = = =

it
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Upper bounds for trs?

Theorem 9
CON (ttf < C)

M

Proof Idea: Start with a model of ¢ > w;.

Make a finite support iteration of o-linked forcing of length w;.
Use the Lévy-Steinitz Theorem (finite-dimensional version of
Riemann’s Theorem).

tr; <ty

CON (vr; < try)

[m} = =
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X € [w]“.

If >~ anis c.c. then it has a divergent subseries ) _y ap,
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If >~ anis c.c. then it has a divergent subseries ) _y ap,
X € [w]“.
Eg.

Zan:—i-oo and Zan: —00
nepP

neN
where P={ncw:a,>0}and N={necw:a, <0}
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More questions

If > apis c.c. then it has a divergent subseries ) _y an,
X € [w]v.

Eg.

Zan:+oo and Zan:—oo

neP neN

where P={ncw:a,>0}and N={ncw:a, <0}

How many subsets of w do we need such that for every
conditionally convergent series > a,, there is a set X in our family
such that )y a, diverges?

Jorg Brendle Rearrangements and Subseries



More questions

If > apis c.c. then it has a divergent subseries ) _y an,
X € [w]v.

Eg.

Zan:+oo and Zan:—oo

neP neN

where P={ncw:a,>0}and N={ncw:a, <0}

How many subsets of w do we need such that for every
conditionally convergent series > a,, there is a set X in our family
such that )y a, diverges?

. such that ) a, diverges either to 400 or —00?

Jorg Brendle Rearrangements and Subseries



B:=min{|F|: FC[w]”andVcc. > a,3IXeF

(D nex an diverges)}

the subseries number
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Subseries numbers

B:=min{|F|: FC[w]and V cc. Y a,3IX € F
(D hex an diverges)} the subseries number

Bo := min{|F|: FC[w]* and V c.c. Y a,IX € F
(D= ex an diverges by oscillation) }
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Subseries numbers

B:=min{|F|: FC[w]and V cc. Y a,3IX € F
(D hex an diverges)} the subseries number

Bo := min{|F|: FC[w]* and V c.c. Y a,IX € F
(D= ex an diverges by oscillation) }

Bi :=min{|F|: FC[w]Y and V c.c. Y a,IX € F
(Xnex an = £00)}
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Subseries numbers

B:=min{|F|: FC[w]and V cc. Y a,3IX € F
(D hex an diverges)} the subseries number

Bo := min{|F|: FC[w]* and V c.c. Y a,IX € F
(D= ex an diverges by oscillation) }

Bi :=min{|F|: FC[w]Y and V c.c. Y a,IX € F
(Xnex an = £00)}

Theorem 10
Bo < non(meager)
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Subseries numbers

B:=min{|F|: FC[w]and V cc. Y a,3IX € F
(D hex an diverges)} the subseries number

Bo :=min{|F|: F C[w]* and V c.c. Y a,3IX € F
(D= ex an diverges by oscillation) }

Bi :=min{|F|: FC[w]Y and V c.c. Y a,IX € F
(Xnex an = £00)}

Theorem 10
Bo < non(meager)

Theorem 11
cov(null) < B J
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Subseries numbers

B:=min{|F|: FC[w]and V cc. Y a,3IX € F
(D hex an diverges)} the subseries number

Bo :=min{|F|: F C[w]* and V c.c. Y a,3IX € F
(D= ex an diverges by oscillation) }

Bi :=min{|F|: FC[w]Y and V c.c. Y a,IX € F
(Xnex an = £00)}

Theorem 10
Bo < non(meager)

Theorem 11
cov(null) < B J

Proofs: like for rt
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B:=min{|F|: FC[w]*andVcc. Y a,IX € F
(D ex an diverges)}

the subseries number
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B versus s

B:=min{|F|: FC[w]*and V cc. Y a,IX € F
(D" ,ex an diverges)} the subseries number

s:=min{|F|: F C[w]” and VY € [w]¥ IX € F
(IXNY|=|Y\X|=w)} the splitting number
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B:=min{|F|: FC[w]*andVcc. Y a,IX € F
(D ex an diverges)}

s:=min{|F|: F C [w]” and VY € [w]¥ IX € F

the subseries number
(X NY]=[Y\X]=w)}

the splitting number

«O> «F>» «=)r» «=)» = Q>
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Proof: 7 € w®,
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5<8B

Proof: F C w¥,

F| <s.

Il ={ip: n € w} C w unsplit by members of F.

it
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5<8B

Proof: F C w¥,

F| <s.

Il ={ip: n € w} C w unsplit by members of F.
> an c.c. given.

it
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5<8B

Proof: F C w¥,

F| <s.

3l = {ip : n € w} C w unsplit by members of F.
> an c.c. given. Define

_Joay k=1,
w2

otherwise
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5<8B

Proof: F C w¥,

F| <s.

3l = {ip : n € w} C w unsplit by members of F.
> an c.c. given. Define

otherwise
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_Joay k=1,
wels
Then Y by =) ap c.c.
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5<8B

Proof: F C w¥,

F| <s.

3l = {ip : n € w} C w unsplit by members of F.
> an c.c. given. Define

_Joay k=1,
bk_{o

otherwise
Then ) by => ascc If XeF

e either X N/ finite and ), by finite

«O0)>» «Fr «=» « = Q>
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5<8B

Proof: F C w¥,

F| <s.
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B versus b, 1
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I'= (I, : n € w) sequence of finite subsets of w with
max(/p) < min(/lp11).

oy Clpy Co= I\ Bp B=(By:ncw), C=(Cy:necw).
(ak : k € w) sequence of reals with 0 < a5 < 1.
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b lower bound of tt (Theorem 3).
Is b also lower bound of B?

= (In : n € w) sequence of finite subsets of w with
max( In) < min(lp11).

BpClp Co=1In\Bn B=(Byr:new), C=(Cy:neuw).
§:(ak k € w) sequence of reals with 0 < a5 < 1.

r,s >0. (I,B,3) is (r,s)-sequence if, letting b, = > keB, 3 and
Cch = ZkeC,, ak, we have that limb, = r and limc, = s.

Jorg Brendle Rearrangements and Subseries
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= (In : n € w) sequence of finite subsets of w with
ax(ln) <min(lpt1). )
nClyy Co=1,\By, B=(By:new), C=(C,:necw).

= (ak : k € w) sequence of reals with 0 < a, < 1.

L3 T

r,s >0. (I,B,3) is (r,s)-sequence if, letting b, = > keB, 3 and
Ch = ZkeC ak, we have that limb, = r and limc, = s.
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lim g a | =r I|m =0.
neE
keB,ND keCnﬁD

Jorg Brendle Rearrangements and Subseries



B versus b, 1

In : n € w) sequence of finite subsets of w with
In) < min(lh11).

B,Cly Co=1,\Bn, B=(By:ncw), C=(C,:new).
3 = (ax : k € w) sequence of reals with 0 < a, < 1.

r,s >0. (I,B,3) is (r,s)-sequence if, letting b, = > keB, 3 and
Ch = Zkecn ak, we have that limb, = r and limc, = s.

D € [w]® almost splits (r,s)-sequence (I, B, 3) if 3E C w s.t.

lim Z ax | =r and lim E a, | =0.
neE

neE
keB,ND keCh,ND

Salmost := Min{|D| : D C [w]* and V(r™, s™)-sequences
(Im,B™ 3a™m) 3D € D (D almost splits all (I™,B™ 3a™))}
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Salmost := Min{|D| : D C [w]* and V(r™, s™)-sequences
(I™,B™,3™) 3D € D (D almost splits all (I™, B™,a™))}
Fact: B < saimost (even Bo < 5a|most)-
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Salmost := Min{|D| : D C [w]* and V(r™, s™)-sequences
(7™, B™ ™) 3D € D (D almost splits all (i™, B™, 5™))}

m B S Salmost (even I30 S 5almost)-

Proof: D C [w]“ almost splitting.
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B versus b, 2

Salmost := Min{|D| : D C [w]* and V(r™, s™)-sequences
(7™, B™ ™) 3D € D (D almost splits all (i™, B™, 5™))}

m B S Salmost (even Bo S 5almost)-

Proof: D C [w]“ almost splitting.

kak C.C. ak:]xk|.
P={kecw:x>0} N={kecw:x <0}

S Xk c.c. = 3 = (I, : n € w) intervals with
max(/l,) < min(/p41) s.t., letting B, =1, NP, C,=1,NN,
b, = ZkeBn ag, and ¢, = Zkec,, ak, we have lim b, = limc, = 1.

Thus, (I, B, 3) is (1,1)-sequence.
D € D almost splits (1, B,3) = Y, x« diverges.
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Salmost = w1 in Laver model. '

CON(B < b); so also CON(B < tt)
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Salmost = w1 in Laver model.

CON(B < b); so also CON(B < tt) I
CON(rr < B)? Even CON(tt < s5)? '
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B=1Bo? '
B; > cov(meager) '

CON(B,’ < C)?
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