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1. 2nd order Cauchy problems

In a Hilbert space H

[Jacob/Trunk ’07/09, K. Veselić ’06]

z̈(t) + Dż(t) + A0z(t) = 0, z(0) = z0, ż(0) = z1,

where

A0 unbounded self-adjoint, A0 ≥ a2
0 > 0,

D accretive with D(A0) ⊂ D(D), A
−1/2
0 DA

−1/2
0 bounded.

↑ i.e. Re (Dx , x) ≥ 0, x ∈ D(D)

Linearize in time: x = (z , ż)t, x0 = (z0, z1)
t  

ẋ(t) = A x(t), x(0) = x0, A =

(
0 I

−A0 −D

)
,

in H1/2 ⊕H where H1/2 = D(A1/2
0 ) with ‖ · ‖1/2 = ‖A1/2

0 · ‖ on

D(A) =

{(
x1

x2

)
∈ H1/2⊕H1/2 : A0x1 + Dx2 ∈ H

}
⊃ D(A0)⊕D(A0).
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Note: here I : H→H1/2 unbounded and A no operator matrix (OM) !
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Question: Spectral bounds for A in terms of damping operator D ???



Ex. Wave equation with strong (viscoelastic and frictional ) damping:

z̈(t) +
(
−d∆ + V︸ ︷︷ ︸

=D

)
ż(t) +

(
−∆ + b︸ ︷︷ ︸

=A0

)
z(t) = 0, z(0) = z0, ż(0) = z1,

in H=L2(Ω,C) with Ω=Rn or Ω⊂Rn bounded with C 2-boundary where

d ≥ 0 (viscoelastic damping constant),

b ∈ L∞(Ω,R), ess inf b

{
> 0 if Ω = Rn,

≥ 0 if Ω bounded,

ess inf ReV ≥ 0, V ∈


L
n/2
w (Ω,C) + L∞(Ω,C) if n ≥ 5∗,

L2+ε(Ω,C) + L∞(Ω,C) if n = 4 with ε>0,

L2(Ω,C) + L∞(Ω,C) if n ≤ 3,

(frictional damping).

* sufficient: V ∈ Lpw(Ω,C) + L∞(Ω,C) with p ≥ n
2 .

Here
H1/2 =H1

0 (Ω,C), H−1/2 =H−1(Ω,C).
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2. Numerical range and quadratic numerical range

Numerical range (NR): of a linear operator A in a Hilbert space H

W (A) :=
{

(Ax , x) : x ∈ D(A), ‖x‖ = 1
}
⊂ C

convex, with spectral inclusion property

σp(A) ⊂W (A), σapp(A) ⊂W (A).

Recall: λ ∈ σapp(A) :⇐⇒

∃ (xn)∞1 ⊂D(A), ‖xn‖=1 : (A− λ)xn→0, n→∞.



2. Numerical range and quadratic numerical range

Numerical range (NR): of a linear operator A in a Hilbert space H

W (A) :=
{

(Ax , x) : x ∈ D(A), ‖x‖ = 1
}
⊂ C

convex, with spectral inclusion property

σp(A) ⊂W (A), σapp(A) ⊂W (A).

Quadratic numerical range (QNR): of linear operator matrix

A0 =

(
A B
C D

)
on D(A0) = D1 ⊕D2

in product H=H1⊕H2 of Hilbert spaces: [Langer/T.’98, T. ’08/09]

W 2(A0) :=
⋃

x1∈D1,x2∈D2
‖x1‖=‖x2‖=1

σp
(
A0;x1,x2

)
where

A0;x1,x2 :=

(
(Ax1, x1) (Bx2, x1)
(Cx1, x2) (Dx2, x2)

)
∈ M2(C).
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Question: Spectral bounds for A in terms of damping operator D ???
e.g. uniform accretivity, sectoriality, D=D∗?

Known:

I A closed with A = A|D(A0)⊕D(A0)  

A|D(A0)⊕D(A0) =

(
0 I

−A0 −D

)
operator matrix,

but neither diag. dom. nor off-diag. dom. !!!

I 0 ∈ ρ(A) and ReW (A) ≤ 0 with

conv
(
−W (D) ∪ {0}

)
⊂W (A);

in particular, if D = D∗, then (− supW (D), 0] ⊂W (A).

Def. β := infz∈H1/2,z 6=0
Re〈Dz,z〉
‖z‖2 ≥0,

µ := infz∈H1/2,z 6=0
Re〈Dz,z〉
‖z‖‖z‖1/2

≥0, =⇒ β ≥ a0µ ≥ a2
0δ, µ2 ≥ βδ.

δ := infz∈H1/2,z 6=0
Re〈Dz,z〉
‖z‖2

1/2

≥0, ‖z‖1/2

↑
≥a0‖z‖

Note: β>0 ⇔ Duniformly accretive; δ>0 =⇒ µ>0 =⇒ β>0.
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Theorem. For A =

(
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−A0 −D
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Theorem. For A =

(
0 I

−A0 −D

)
= A|D(A0)⊕D(A0) =: A0 as above,

σp(A) ⊂ σp(A0) ⊂W 2(A0) ⊂W (A),

σapp(A) = σapp(A0) ⊂W 2(A0) ⊂W (A).

(I) D uniformly accretive: δ > 0, and hence β > 0:

I not reflected in NR W (A);

I but reflected in QNR  for λ ∈ σ(A), −β < Reλ ≤ 0,

|Imλ| ≤

√
β

δ

|Reλ|
β − |Reλ|

− |Reλ|2,

and, if βδ > 4, additionally,

Reλ /∈
[
− β

2
−
√(β

2

)2
−β
δ
,−β

2
+

√(β
2

)2
−β
δ

]
,

i.e. A has a spectral free strip around Reλ = −β
2

!



(II) D sectorial: |Im〈Dg , g〉| ≤ k Re〈Dg , g〉, and e.g. δ > 0:

I NR  for λ ∈ σ(A), Reλ ≤ 0

|Imλ| ≤ k|Reλ|+ 2

√
1

δ
|Reλ|;

I QNR  for λ ∈ σ(A), Reλ ≤ 0

|Imλ| ≤


1

1− 2
β |Reλ|

k |Reλ|, 0≤|Reλ|≤λ1, ← β>0

kµ|Reλ|, λ1< |Reλ|≤λ2, ← µ>0

h(|Reλ|), λ2< |Reλ|<∞, ← δ>0

where 0 < λ1 < λ2 are explicitly known,

k2
µ =

2

µ2
+
k2−1

2
+

√( 2

µ2
+
k2−1

2

)2
+ k2 ∈

[
k2, k2+

4

µ2

]
,



(II) D sectorial: |Im〈Dg , g〉| ≤ k Re〈Dg , g〉, and e.g. δ > 0:

I NR  for λ ∈ σ(A), Reλ ≤ 0
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√
1
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and h(t) is the largest non-negative zero of (x2+t2)(x−kt)=
2

δ
tx .
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(III) D = D
∗: i.e. k = 0, and e.g. δ > 0:

QNR  

{
σ(A) ⊂ (−∞, 0) if µ ≥ 2,

σ(A) \ R bounded if µ < 2,

while for NR always ImW (A) unbounded!



D uniformly accretive and sectorial (top)

/ self-adjoint (bottom)
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Appl. Small transverse oscillations of ideal incompressible fluid in a pipe:

∂2u

∂t2
+

∂2

∂r2

[
E
∂2u

∂r2
+ C

∂3u

∂r2∂t

]
+ K

∂2u

∂t∂r
= 0, r ∈ (0, 1), t > 0,

[Shkalikov ’96];

here

A0 = E
d4

dr4
, D = C

d4

dr4
+ K

d

dr
, same strength!

hence β=Cπ4, δ=
C

E
, µ=

C√
E
π2, k =

K

Cπ3
. For E =25, K =14:

50

−19.9−77.5

50

−19.9−78.8

C = 1 C = 10/π2 ∼ 1.014...
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z̈(t) +
(
−d∆ + V︸ ︷︷ ︸

=D

)
ż(t) +

(
−∆︸︷︷︸
=A0

)
z(t) = 0, z(0) = z0, ż(0) = z1,

in H =L2(Ω,C) with Ω⊂Rn bounded with C 2-boundary where

d > 0, ess inf ReV =: VRe,inf ≥ 0 (b ≡ 0 for simplicity).
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(
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=D

)
ż(t) +

(
−∆︸︷︷︸
=A0

)
z(t) = 0, z(0) = z0, ż(0) = z1,

in H =L2(Ω,C) with Ω⊂Rn bounded with C 2-boundary where

d > 0, ess inf ReV =: VRe,inf ≥ 0 (b ≡ 0 for simplicity).

Here

a2
0 = minσ(−∆) = λ1(Ω) > 0,

β = inf
z∈H1

0 (Ω,C)

d〈−∆z , z〉+ 〈ReVz , z〉
‖z‖2

≥ dλ1(Ω) + VRe,inf =: β−,

δ = inf
z∈H1

0 (Ω,C)

d〈−∆z , z〉+ 〈ReVz , z〉
〈−∆z , z〉

≥ d =: δ−.
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)
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=A0

)
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in H =L2(Ω,C) with Ω⊂Rn bounded with C 2-boundary where

d > 0, ess inf ReV =: VRe,inf ≥ 0 (b ≡ 0 for simplicity).

Here

a2
0 = minσ(−∆) = λ1(Ω) > 0,

β = inf
z∈H1

0 (Ω,C)

d〈−∆z , z〉+ 〈ReVz , z〉
‖z‖2

≥ dλ1(Ω) + VRe,inf =: β−,

δ = inf
z∈H1

0 (Ω,C)

d〈−∆z , z〉+ 〈ReVz , z〉
〈−∆z , z〉

≥ d =: δ−.

Then:

W (A) is entire closed left half-plane, but:

W 2(A) gives non-trivial enclosure in strip {z∈C : −β < Rez ≤ 0},

and spectral free strip if βδ>4  dcrit :=−1
2
VRe,inf

λ1(Ω) +

√(
1
2
VRe,inf

λ1(Ω)

)2
+ 4
λ1(Ω)



Ex. Wave equation with strong (viscoelastic and frictional ) damping:

z̈(t) +
(
−d∆ + V︸ ︷︷ ︸

=D

)
ż(t) +

(
−∆︸︷︷︸
=A0

)
z(t) = 0, z(0) = z0, ż(0) = z1,

in H =L2(Ω,C) with Ω⊂Rn bounded with C 2-boundary where

d > 0, ess inf ReV =: VRe,inf ≥ 0 (b ≡ 0 for simplicity).

E.g. for Ω = S1(0) ⊂ R2  λ1(Ω) = j2
0,1, VRe,inf = 0:

− 1
2
d j20,1≈−2.3−d j20,1≈−4.6

1

− 1
2
d j20,1≈−2.6−d j20,1≈−5.2

1

d = 0.8 ≤ dcrit d = 0.9 > dcrit



References:

[1] H. Langer, C.T., Spectral decomposition of some nonselfadjoint block
operator matrices, J. Operator Theory 39 (1998);
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