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1. 2nd order Cauchy problems  [Jacob/Trunk'07/09, K. Veseli¢ '06]

In a Hilbert space H

Z(t)+ Dz(t) + Aoz(t) =0, z(0) = z9, 2(0) = z1,
where
Ao unbounded self-adjoint, Ag > 3(2) > 0,
D accretive with D(Ag) C D(D), Aal/zDAal/2 bounded.
T i.e. Re(Dx,x) > 0, x € D(D)
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where

Ao unbounded self-adjoint, Ag > 3(2) > 0,
D accretive with D(Ag) C D(D), Aal/zDAal/2 bounded.

Linearize in time: x = (z,2)", xo = (20,21)" ~
. 0 /
(0) = Ax(0 10 =x0 A= (0 ).
in Hy/p ® H where Hy /5 = D(Ay?) with || - [[1/2 = | Ay - || on
D(A) = {<i1> € 7‘[1/2@%1/2 s Aox1 + Dxo € 7‘[} D D(Ao)®D(Ao).
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Note: here / : H—H;/, unbounded and A no operator matrix (OM) !
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Ex. Wave equation with strong (viscoelastic and frictional) damping:

Z(t —dA+ V)z(t —A+b)z(t)=0 0) = 2(0) =

)+ (dA+ V)a(t)+ (A +b)z(t) =0, 2(0) =z, 2(0) =z,
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[2(Q,C) + L>(Q,C) if n <3,
(frictional damping).
* sufficient: V' € L2 (Q,C) + L*>°(2,C) with p >

Here

n
>

H12=Hy(Q,C), H_1=H'(Q,C).



2. Numerical range and quadratic numerical range

Numerical range (NR): of a linear operator A in a Hilbert space H
W(A) = {(Ax,x) : x € D(A),||x| =1} c C

convex, with spectral inclusion property

7p(A) C W(A),  app(A) € W(A).
Recall: \ € g,pp(A) =

3 (Xn)TOCD(-A)v ||XnH:1: (.A— )\)Xn—>0, n— o00.



2. Numerical range and quadratic numerical range

Numerical range (NR): of a linear operator A in a Hilbert space H
W(A) = {(Ax,x) : x € D(A),||x| =1} c C

convex, with spectral inclusion property

op(A) C W(A),  gapp(A) C W(A).

Quadratic numerical range (QNR): of linear operator matrix

Cc D
in product H=H1®H> of Hilbert spaces: [Langer/T.'98, T. '08/09]

W2(A0) = U UP(AO;Xth)

x1€D1,x0€D)
lIxpl=lx2l1=1

([ (Ax,x1)  (Bxe,x1)
.AO;xl,xz = ((CXl,XQ) (DXQ,XQ)) S M2(C)

A0=<A B) on D(A) = D1 & D

where
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A small QNR / NR gallery ...

...for 4 x 4 matrices divided in 2 x 2 blocks

Rem. e W3(Ap) C W(Ao),
° W2(Ao) not convex, at most two components,
e W?(Ap) has spectral inclusion property? op,(Ag) C W?(Ag) always,

e 0app(Ao) C W2(Ag) so far for diag. dom. & off-diag. dom. OM

But not yet for top or bottom dominant and coupled domain!
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» A closed with A = m ~
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Question: Spectral bounds for A in terms of damping operator D 777
e.g. uniform accretivity, sectoriality, D=D"*?

Known:
» A closed with A = m ~

0

/ :
'A’D(Ao)@D(Ao) = < Ay —-D > operator matrix,

but neither diag. dom. nor off-diag. dom. I!!

» 0 € p(A) and Re W(A) < 0 with
conv (—W(D) U {0}) Cc W(A);
in particular, if D = D*, then (—sup W(D),0] ¢ W(A).
Re(Dz2)

Def. [:=infzem, 20 =2

. Re(Dz, 2 2
o= infreth poto Tl 20, = B> aou > a0, 2 > B5.

+
Re(Dz,z) >0, 1zll1/2=a0l|z]]

0 :=inf
2€Hh/2270 7

Note: (>0 < Duniformly accretive; >0 — pu>0 — [>0.
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Theorem. For A = < A, -D > = Alp(ag)ep(40) =: Ao as above,
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Tapp(A) = Tapp(Ao) C W?(Ag) C W(A).




0 / e T
Theorem. For A = < Ay -D ) = Alp(ag)en(a,) =: Ao as above,

op(A) C op(Ag) C W?3(Ap) C W(A),
Tapp(A) = Tapp(Ao) C W?(Ag) C W(A).

(1) D uniformly accretive: § > 0, and hence 5 > 0:



0 / e T
Theorem. For A = < A, D ) = Alp(ag)ep(40) =: Ao as above,

op(A) C op(Ag) C W?3(Ap) C W(A),
Tapp(A) = Tapp(Ao) C W?(Ag) C W(A).

(1) D uniformly accretive: § > 0, and hence 5 > 0:

» not reflected in NR W(A); since conv (—W(D)uU {0}) C W(A);



0 / e T
Theorem. For A = ( A, D ) = Alp(ag)ep(40) =: Ao as above,

op(A) C op(Ag) C W?3(Ap) C W(A),
Tapp(A) = Tapp(Ao) C W?(Ag) C W(A).

(1) D uniformly accretive: § > 0, and hence 5 > 0:

» not reflected in NR W/(A);
» but reflected in QNR ~ for A € o(A), —8 < ReX <0,

ImA| < \/gM — |Re)?,

B — [Re)|

and, if 56 > 4, additionally,

Re)\¢ - == AN g,—g \/ -

i.e. A has a spectral free strip around Re\ = 5.
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(1) D sectorial: [Im(Dg, g)| < kRe(Dg,g), and e.g. § > 0:
» NR ~ for A € 6(A), ReA <0

1
TmA| < k|ReX| + 24/ 5|Re)\|;

no sectorial enclosure possible since 0 € p(.A);



(1) D sectorial: [Im(Dg, g)| < kRe(Dg,g), and e.g. § > 0:
» NR ~ for A € 6(A), ReA <0

1
TmA| < k|ReX| + 24/ 5|Re)\|;

» QNR ~ for A € 0(A), ReA <0
KReAl,  0<|ReA|<A1, <« 50

1 - 2[Re|
tmA| < k]ReA\ A <|ReA|<Aa,  « s
h(|ReAl), A2 < |ReA| <00, « §>0

where 0 < A1 < Ao are explicitly known,

2 k-1 2 k2—1\2
= (f ) W[WW }
2 M+ 2+¢Mﬁ-2 +k2e r

and h(t) is the largest non-negative zero of (x4 t2)(x—kt)=

0’1\[\.)



(1) D sectorial: [Im(Dg, g)| < kRe(Dg,g), and e.g. § > 0:
» NR ~ for A € 6(A), ReA <0

1
TmA| < k|ReX| + 24/ 5|Re)\|;

» QNR ~~ for A € 6(A), ReA <0
KReAl,  0<[ReA|<Ai, « p=o

1 — Z[Re)|
MmAl< 9 Ren|, A <|ReA|<Aa,  « s
h(|ReAl), A2 < |ReA| <00, « §>0

where 0 < A1 < Ao are explicitly known,

2 k-1 2 k2—1\2 4
=S+ /(5 Yk e [k,
" u2+ 5 +\/ u2+ 5 + +u2

(1) D=D* ie k=0,and eg. § > 0:

— if u>2
o(A)\ R bounded if <2,
while for NR always Im W (.A) unbounded!




D uniformly accretive and sectorial (top)

N

B>0, p=0=0 B>0, u, >0 £5>0, u, 0>0, fo>4



D uniformly accretive and sectorial (top) / self-adjoint (bottom)

B>0, p=0=0

B>0, u, >0

£5>0, u, 0>0, fo>4




Appl. Small transverse oscillations of ideal incompressible fluid in a pipe:
’u  0? 0u Bu 0%u
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[Shkalikov '96];

0, re(0,1), t>0,
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Appl. Small transverse oscillations of ideal incompressible fluid in a pipe:
Pu 9 0%u O3u 0%u
—+ — |E=—+C—— K——
o2 " a2 |“arz T a0t ) T " oeor

[Shkalikov '96]; here

=0, re(0,1), t>0,

d4 d4 d
_ |
Ao Ed e D = Cdr4 Kdr' same strength!
K
hence B= Cn* 5_% p= \/CE w2 k= o=t For E=25, K=14:
50 50

c=1 C =10/7% ~ 1.014...



Ex. Wave equation with strong (viscoelastic and frictional) damping:

5() + (—dA + V) 2(t) + (—A)z(t) = = 2, 2(0) =
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= =Ao
in H=L2(Q,C) with QCR" bounded with C2-boundary where

d>0, essinfReV = Vieinr >0 (b=0 for simplicity).



Ex. Wave equation with strong (viscoelastic and frictional) damping:
Zt)+ (—dA+ V)z(t) + (\/A/)z(t) 0, z(0)=z, 2(0) = z,
=D =Ap
in H=12%(Q, C) with QCR" bounded with C?-boundary where
d>0, essinfReV = Vieinr >0 (b=0 for simplicity).
Here
a3 = mino(—A) = \(Q) >0,
- d(—Az,z) + (ReVz,z)
zeH}(Q,C) 1|2
S—  inf d{(—Az,z) 4+ (ReVz,z)
zeHH(Q,C) (—Az, z)

> dA1(Q) + Vreinf =: B,

>d=:5_.




Ex. Wave equation with strong (viscoelastic and frictional) damping:

z(t —dA+ V )z(t —A)z(t) = = >(0) =
(1) + ( D+ )2(t) + (\2,)z( ) =0, 2(0) =2, 2(0) = =,
= —A0
in H=L2(Q,C) with QCR" bounded with C2-boundary where

d>0, essinfReV = Vieinr >0 (b=0 for simplicity).
Here
a3 =mina(—A) = \(Q) >0,
d(—Az,z) + (ReVz,z)

f= inf : 5 —= > dA\1(Q) + VReinf =: O,
2eHI(Q,0) B4

S—  inf d{(—Az,z) + (ReVz,z) Sd—5 .
zeHH(Q,C) (—Az, z)

Then:
W(A) is entire closed left half-plane,  but:
W?2(A) gives non-trivial enclosure in strip {z€C : —3 < Rez < 0},

: 2
and spectral free strip if 50 >4 ~ deit ::—% \;T'(Cé”)fqt\/(; \A/T(C '”)f> +A1( )




Ex. Wave equation with strong (viscoelastic and frictional) damping:

5() + (—dA + V) 2(t) + (—A)z(t) = = 2, 2(0) =
(1) + ( D+ )&( )+(7)z() 0, 2(0) =z, 2(0) =z,
= =Ao
in H=L2(Q,C) with QCR" bounded with C2-boundary where

d>0, essinfReV = Vieinr >0 (b=0 for simplicity).

E.g. for Q= 5:(0) C R2 s A (Q) :j&l, Vie.inf = O

d =0.8 < dqit d =0.9 > dqit
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Thank you very much for your attention!



