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Main results

Accumulation of a branch of eigenvalues of operator polynomials and
minimality and completeness of the associated vectors.

Sufficient conditions for accumulation for a rational operator function
with applications to Maxwells equations.
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2 Accumulation of eigenvalues of operator polynomials

3 Accumulation of eigenvalues to the poles of a rational operator function
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The operator polynomial

Let n, k P N, where k ď n, and consider the polynomial

Ppλq :“
n
ÿ

i“0

Piλ
i .

P0 “ pI ` K qH, where K is compact and H P SppHq is normal.
(H has spectrum on a finite number of rays from the origin).

Pi is compact and kerH Ă kerPi for i “ 1, . . . , k ´ 1.

Pk “ I ` rK , where rK is compact.

Torshage (axel.torshage@math.umu.se) On spectral divisors June 8, 2016 4 / 16



Previous interest in the problem

Pioneers in this area include Krein, Gohberg, Langer, Matsaev and
Russo.

In the case kerH “ t0u and k “ 1 this was studied in the book
Introduction to the spectral theory of polynomial operator pencils by
A. Markus.

We want to generalize results concerning accumulation of eigenvalues
to H with non-trivial kernel and k ě 1.
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Spectral divisor

Assume that there exists operator polynomials Qp¨q and Rp¨q such
that

Ppλq “ QpλqRpλq “

˜

n´k
ÿ

i“0

λiQi

¸˜

λk `
k´1
ÿ

i“0

λiRi

¸

,

and there exist some open bounded 0 P Γ Ă C such that
σpRq “ ΓX σpPq and σpQq Ă CzΓ.

Then R is called a spectral divisor of P of order k .

From the definition of P and the spectral divisor it follows that:

i. R0 “ pI ` pK qH, where pK is compact.
ii. Ri is compact and kerH Ă kerRi for i “ 1, . . . , k ´ 1.

P has a spectral divisor of order k if:

i. W pPq X BΓ “ H.
ii. pPpλqu, uq has exactly k roots in Γ for all u P Hzt0u.
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How to deal with kerH ‰ t0u

Define H0 :“ kerH, H1 :“ HKH0 and let V ˚i : HÑ Hi denote the
partial isometry given by

V ˚i u “

"

u, u P Hi

0, u P HKi
.

kerH Ă kerRi for i ă k thus, in the block representation
H » H1 ‘H0, the operator Ri for i ă k has the structure

Ri “

„

Ci 0
Di 0



.
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How to deal with kerH ‰ t0u

R admits the factorization

Rpλq “

„

C pλq 0
řk´1

i“0 λ
iDi λk



“

„

C pλq 0
0 I

 „

IH1 0
řk´1

i“0 λ
iDi λk



,

where C pλq :“ λk `
řk´1

i“0 λ
iCi .

R is said to be equivalent to C on Czt0u after extension

i. σpRqzt0u “ σpC qzt0u.
ii. There is a one-to-one-correspondence between the eigenvectors and

associated vectors of R and of C .

The operator polynomial C satisfies:

i. C0 “ pI ` K1qH1, where K1 is compact and kerH1 “ t0u,
ii. Ci is compact for i “ 1, . . . , k ´ 1.
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How to deal with k ą 1

Assume k “ 1, then if I ` K1 is invertible it follows that
C pλq “ λ` pI ` K1qH1 and the eigenvectors and associated vectors
in H1 are complete and minimal.

It follows that the eigenvectors and associated vectors to σpPq X Γ
are complete and minimal in H.

Hence, there is a branch of eigenvalues accumulating to 0 if and only
dimH1 “ 8.
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How to deal with k ą 1

If k ą 1, then C pλq is a compact perturbation of

rC pλq :“ λk ´ pI ` K1qH1,

which has a complete set of associated vectors.

Using continuity of eigenvalues under compact perturbations and a fix
point theorem we show that if dimH1 “ 8 there is an accumulation
of eigenvalues to 0.
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The studied rational operator function

T pωq :“ A´ ω2 ´
ω2

c ´ idω ´ ω2
B, domT pωq “ domA,

where ω P C :“ Cztδ`, δ´u, θ :“

c

c ´
d2

4
, δ˘ :“ ˘θ ´ i

d

2
.

T pωq linear operator in a Hilbert space H.

A is a self-adjoint operator in H. Further W pAq Ă pα0,8q and the
resolvent of A is in SppHq for some p.

B ě 0 is a bounded self-adjoint operator in H.

The constants satisfy c ě 0 and d ą 0.

Can we show accumulation of the eigenvalues to the poles of T?
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Obtaining bounded polynomial

Define the ”equivalent” bounded polynomial Pp¨q as

Ppλq :“ λ
´

λ`
a

4c ´ d2
¯

pA´ α0q
´ 1

2T pλ` δ`qpA´ α0q
´ 1

2 .

Ppλq is on the desired form where k “ 1 if d ‰ 2
?
c and k “ 2 if

d “ 2
?
c .

P has a spectral divisor of order k if there is some open bounded
Γ P C such that and 0 P Γ and

i. W pPq X BΓ “ H.
ii. pPpλqu, uq has exactly k roots in Γ for all u P Hzt0u.

P has a spectral divisor if T satisfies the following conditions: There

is a pΓ Ă C such that δ` P pΓ and

i. W pT q X BpΓ “ H.

ii. pT pωqu, uq “ 0 has exactly k solutions in pΓ for a fixed u P Hzt0u.
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Definition of the enclosure of W pT q

We can in general not compute W pT q. However, we can derive a
computable enclosure of W pT q.

Define for u P domT the functions,

tαu ,βupωq :“
pT pωqu, uq

}u}2
“ αu ´ ω

2 ´
ω2

c ´ idω ´ ω2
βu.

Let Ω :“W pAq ˆW pBq and define the enclosure of W pT q

WΩpT q :“ tδ`, δ´u Y tω P Cztδ`, δ´u : tα,βpωq “ 0 : pα, βq P Ωu.

Hence, what we want to show is:

i. WΩpT q X BpΓ “ H.

ii. pT pωqu, uq “ 0 has exactly k roots in pΓ for one u P Hzt0u.
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Properties of the Enclosure

If α0 is sufficiently large the conditions for a spectral divisor holds.

Can we explicitly find how large α0 has to be to guarantee an
accumulation of eigenvalues?

Yes, but proof is technical, paper in preparation.
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d ă 2
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Examples when there is a accumulation to δ`, (and to δ´ due to
symmetry with respect to the imaginary axis).
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Examples when there is a accumulation to ´id{2 “ δ` “ δ´.
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d ą 2
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c
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Examples when there is a accumulation to δ`. However, in (b) we can not
guarantee an accumulation to δ´.
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Final thoughts and generalizations

Several rational terms are common in models of electromagnetic
materials:

T pωq “ A´ ω2 ´

m
ÿ

j“1

ω2

cj ´ idjω ´ ω2
Bj domT pωq “ domA.

Proof of accumulation can be done similarly.

However, finding the lowest possible lower bound of A for which we
can guarantee the existence of spectral divisors, will be extremely
technical.
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Thank you for your attention

Excellence, and why it matter.
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