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1. Motivation. Eigenvalue bounds in ¢¥ for Schrodinger operators

» H=—-A+V(z)on L3(R"), V € L"*"(R™ R) with v > 0.
> Oess(H) = 0(—A) = [0,00), 0q(H) C (—00,0).

Theorem (Keller '61, Lieb-Thirring '76, Lieb '76, Rosenbljum '76,

Cwikel '77, Weidl '96)
> Keller inequality: For vy >1/2 (n=1) and v >0 (n > 2),

(=E1)? < Cyn / )2y,

where B} =infog(H) and V =V, —V_.
» Lieb-Thirring and Cwikel-Lieb-Rosenblum inequalities:
Fory>1/2(n=1),y>0(n=2)and y>0 (n>3),

> B < Lyn / V_(z)™*da.

EGO’d(H)

v
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Two generalizations

(1) Keller inequality for complex-valued potentials.
» H=-A+V(x), Ve LY (R C).

Theorem (Abramov-Aslanyan-Davies '01, Frank '11, Frank-Simon '15)
(I) Lety=1/2(n=1),0< vy <1/2 (n>2). Then any
eigenvalue E € o,(H) (E € 04(H) if n = 1) satisfies

B[ < Cyn / V(@) da. (+)

If in addition V' is radial, (x) also holds for 1/2 < v < n/2, n > 2.
(2) When v =0 and n > 3, H has no eigenvalue if ||V n/2 < 1.

» Conjecture: (%) holds for 0 < v < n/2 (Laptev-Safronov '09).
» Lieb-Thirring type inequalities for complex-valued potentials:

Demuth-Hansmann-Katriel '09, '13, Frank-Sabin '14, ...
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Two generalizations

(2) Hardy-Lieb-Thirring inequality for real-valued potentials
» H=—A- 022024 V(z), V € LV2I(RY; R)

Theorem (Ekholm-Frank '06)

Let n >3 and v > 0. Then

> EP <L, / V_(z)™*Vdz.

EEO’d(H)

» This inequality fails in general when v = 0.

—_— 2 . .. . . . .
» 42) is critical in the sense that it is the best constant in

Hardy's inequality %I|$|_2‘f|2dl‘ < [|VfPdax

» HLT inequality suggests that only the part of the potential which

(n—2)*

is stronger than 7 || =2 creates negative eigenvalues.
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2. Main result. Hardy-Keller inequality for complex-valued potentials

Question: Hardy-Keller and Hardy-Lieb-Thirring type inequalities
for complex-valued potentials.

» Hy=—A —alz| 2 on R?, V € L?T7(R™; C) with v > 0

» V is H,- form compact (cf. Frank '09)

Theorem 1 (H. '16, preprint in arxiv)

Letn >3, a < (n—2)%/4 and

»0<y<1/2

o | og(H) Y Num(H)
or

» 0 <~y <n/2andV is radially symmetricw

Then, any E € o04(H, + V) satisfies

|E|Y < c%n,a/w(x)y”/?ﬂdx.

5/11



B < Oy [ IV(@)"*da. 0< 7 <12 |

» When v =0 and a = (n — 2)?/4, H, +V may have eigenvalues
as soon as V' < 0 even if ||V||n/2 < 1 and V: real-valued.
» For v > 1/2, one has

dist(E, [0, 00)) V2| E~Y2 < Oy / V() [/

The case —A + V is due to Frank '15.
» The inverse-square potential —a|x|~2 can be replaced by more
larger class of potentials V{y such that either
(i) Vo € L2, (R™;R) with |z|Vy € L™, ., =-VV € L"2, and

weak weak

A+ Vo> —6A, —A—0,(rVo) > —0A (6>0, r=|z|)
(i) or Vo € L'?2(R™;R).
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Proof of Theorem 1: the method by AAD '01 and Frank '11

» Decompose V = ]V|% -sgnV|V\% =: V1 Va.
» The Birman-Schwinger principle implies that
Ecoq(H) & —1€aq(Vi(H,~E) Vo) = ||Vi(H, — E) Vel > 1

> It suffices to show ||Vi(H, — E)~1V5||2 ™ < |E|™Y [ V|2 T da.

This weighted resolvent estimate follows from Holder's inequality

and the following uniform Sobolev estimate with % =3y T2
Theorem 2 (Uniform Sobolev estimates (H. '16))

Letn >3, H, = —A —al|z|72 and a < (n — 2)?/4. Then

_nt2  n
a= %) lw_py < Cpnal? P, 2 , 0
I(Ho — 2)7 1| < Cpnalzl™ 2 T € C\ [0,00)

for all 22 s <p < 2(”+1) (The case p = —" can fail.)
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Proof of Theorem 2 (1)

_ = 2(n+1
1(Ha = 2) ooy zs < Comalzl ™2 To, 20 <p< 2rtl

— n+3

» Let a = (n — 2)?/4 (critical case) and P, : L}(R") — L2

rad

(R™)
be the projection, P.- = 1 — P,. Decompose

H, = P,H,P, + P*H, P+

» The radial part P.H,P, is unitarily equivalent to the radial part
of —Ag2 and the estimates for P.(H, — z)~!P, follow from the

following estimates for the 2D free resolvent (—Ap2 — z) 71

1(=Age —2)7| )SIZ!7272/”27 1 <py<4/3.

jri Lg(R2)_>L‘Z5 L2(R?
(Frank-Simon '15)
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Proof of Theorem 2 (2)

» For the “non-radial” part P-(H, — z) "' P, we use an iterated

resolvent equation
R, = Ry + aRo|z|™" - |2| 7 Ry + a®*Rolz|™* - |z| "' Ra|z|™ - |z| "' Ry

where Ry = (—Agn — 2) "t and R, = (H, — 2)7 L.
» Desired estimates for P;- R, P follow from Pt € B(LP) and
(i) Ry € B(L?,LP"), Rolz|! € B(L?, L*") (and its dual)
Cf. Kenig-Ruiz-Sogge '87, Gutiérrez '04
(i) Prlz|'Ro|z|~ P € B(L?)
» On RanP, —c1Agn < H, < —coAgn and we can use a
multiplier method (integration by parts) to obtain (ii).
cf. Burq, Planchon, Stalker & Tahvildar-Zadeh '04,
Barceld, Vega & Zubeldia '13.
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Remarks and future topics

Remark:
» Theorem 2 (uniform Sobolev estimates) can be also applied to
study the Schrodinger equation (i0; — Hy)u = F', u|i—¢ = 1.
» Endpoint Strichartz estimates for a < (n — 2)?/4
n < 2
HUHLZ(R;L%(RVL 191122 + ||F||L2 RiL#H (R))

(The case F =0 is due to B-P-S-T '03, '04)
» Non-endpoint Strichartz estimates and weak-type endpoint
Strichartz estimates for a = (n — 2)%/4.
Future topic:
» Hardy-Lieb-Thirring inequality for complex-valued potentials
» Other models with scaling-critical perturbation such as the

Aharonov-Bohm Hamiltonian or Dirac operators with Coulomb

singularities.
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Thank you very much for your attention
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