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The condition of self-adjointess ensures that the eigenvalues of a Hamiltonian are real and
bounded below. Replacing this condition by the weaker condition of P symumetry. one obtains
new infinite classes of complex Hamiltonians whose spectra are also real and positive. These PT
symmetric theories may be viewed as analytic continuations of conventional theories from real to
complex phiase space. This paper describes the unusual classical and quantum properties of these

theories. ~ [S0031-9007(98)06371-6]
PACS numbers: 03.65.Ge. 02.60.Lj. 11.30.Er

Several years ago. Bessis conjectured on the basis of
numerical studies that the spectrum of the Hamiltonian
H =p*+ x>+ ix} is real and positive [1]. To date
there is no rigorous proof of this conjecture. We claim
that the reality of the spectrum of H is due to PT
symmetry. Note that / 1s invariant neither under parity
P. whose effect is to make spatial reflections. p —

p and x — —x. nor under time reversal T. which
Tepla and i — —i. However,

ces p— —p. x—

depinning in type-II superconductors [2]. or even to study
population biology [3]. Here, initially real cigenvalucs
bifurcate into the complex plane due to the increasing
external field, indicating the unbinding of vortices or
the growth of populations. We believe that one can
also induce dynamic delocalization by tuning a physical
parameter (here N) in a self-interacting theory.
Furthermore, it was found that quantum field theo-
ries analogous to the quantum-mechanical theory in
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PT-symmetric Hamiltonian

— Hamiltonian
H:=p?>+22(iz)N, zel, NeN
Eigenvalue problem
Hp = X\
Schrédinger eigenvalue differential expression
—¢"(2) + 2(i2)Vd(2) = Ap(2), zeT

[ C Stokes-wedges, e. g. ¢ vanishes exponentially as |z| — oo,

I boundaries are Stokes-lines.
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PT-symmetry

|
Definition
Closed, densely defined operator H on L2(]R) is PT-symmetric, if
for all f € D(H)
PTfe D(H) and PTHf = HPTf.
Parity P: Pf(x) = f(—x)
Time reversal 7: Tf(x) = f(x)
|
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Contour [
Today I := {xe/®5enx : x € R}

1 . . . .
A. Mostafazadeh, Pseudo-Hermitian description of PT-symmetric systems defined on a complex contour, J.

Phys. A: Math. Gen. 43 (2005), 3213-3234.
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Back to the real line

Parameterize I z(x) := xe/?8"% w(x) := y(z(x)):

|
A w(x) = —e 2w (x)—eNF+2)io w(x), x >0,
A_w(x) = —e2’¢’w (x)—e~ (N+2)i (IX)N+2W(X), x <0.
Sturm-Liouville Problem
Arw(x) := —pr(x)wW”(x) + gL (x)w(x) = Aw(x), x € Ry,
___|

with pi(x) = eT2® and gy(x) = —eFNHid(j)N+2,
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Plan
|
1. Consider operator with boundary conditions on the semi axis
2. Study spectrum of operators on the semi axis
3. Study operator with matching conditions on R
4. Spectrum
|
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Semi axis: Limit-point/Limit-circle
Under certain assumptions:

. = (P)Y' () +al)y(x) = Ay, AeC (%)
| Re (oly'P o+ aly?) o< o (#)
y € L2(0,00) (€©)
Theorem (Brown et. al '99)
Exactly one of the following holds
| There exists a unique solution of (x) satisfying (&) and this
is the only solution satisfying (<) (LPC).
Il There exists a unique solution of (x) satisfying (&) but all
] solutions satisfy () (LPC).

Il All solutions of (%) satisfy (&) and () (LCC).
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Limit-point/limit-circle classification of A,
Linear independent solutions y1 for ALw(x) = Aw(x).
yi(x) ~ [eNFDiP5(x)] 71 4 exp <i / Re s(t)/? dt>,
0

where s(t) := —e(N+4)io(jx)(N+2) _ g2id )

2N-+8

¢ £ N2 Res(t)H/2 £ 0~ Case |, LPC
b= 4/5,—Vﬁ§27r _> Res(t)1/2 =0~ Case lll, LCC

We get the same for A_!

Theorem
I on Stokes-wedges = LPC and I on Stokes-lines = LCC
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Stokes-Wedges and Stokes-lines for N = 3:

A w(x) = —e 2w (x)—ied x5 w(x), x > 0.

y M Stokes-line
r

* : : | i - Re
B 2 2 3

Stokes-line-

24

—3+

Stokes-line
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Spectrum
Restrict to case I: For example: ¢=7/10 and N=3.

| )
A w(x) = —e ™! (x)+x°w(x), x >0
dom(AL) :={u: u, pu' € AC(0,00), u, ALue L?(0,00), u(0)=0}
Q:=clconv {re — e(N+2)io(p)N+2 . 5 € [0,00), 0 < r < oo}
—clconv{re /54 x5 xe0,00),0< r < oo}
Im Re
f<<——%— Theorem (Brown et. al '99)
9 Inlo(Ay) C Q (with only isolated
] eigenvalues of finite algebraic
> multiplicity in Q).
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]
Back to P7-symmetric Problem (Bender

Boettcher) on I:

|
~¢"(2) — (i2)""?0(2) = Ap(2), zeT
Im
r
Re
A w(x) = —e 29w (x) — eNF20 (1 )NF2(x), x > 0
A_w(x) = —e¥®w"(x) — e"NF2i0 (1 )NF2 (%), x <0
with

___|

dom Ay = {w,Arw € *(Ry) : w,w' € AC(Ry), w(0£) = 0}
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Full line operator A:

A _e—2i¢>W//(X) _ (iX)N+2e(N+2)i¢W(X), x>0
= _eQi¢W//(X) _ (iX)N+Ze—(N+2)i¢W(X)’ x <0

with domain

W|g+, w|p+ € AC(RT),
domA = { w,Aw € L%(R) : w(0+) = w(0—),
w'(04) = aw’(0-)

Theorem
e y' is continous if and only if a = €*'¢.

@ A is PT-symmetric if and only if || = 1.
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Thank You!
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