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A general scheme

Let Ay : H — H be an operator on a Hilbert space, and K : H — H be
an operator lying in Sp, 1 < p < oo. Recall that

Sp=1{K € Su: |IKllp = [IKII5, = > _ k(AP < oo},
k

where si(K) = M\ (K*K)1/2,
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A general scheme

Let Ay : H — H be an operator on a Hilbert space, and K : H — H be
an operator lying in Sp, 1 < p < oo. Recall that

Sp={K € Su : [IKllp = IKI§, = > sk(A)P < oo},
k
where si(K) = M\ (K*K)1/2,

Problem
What can one say about 04(A) and its distributional characteristics ? J
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A general scheme

One needs to look at the so-called regularised determinant. For
K € Sp and p € N*, define

G
det(/+ K) = [T(1 +Ae) exp (Z T/\lk) )

K j=1

where Ay = A\ (K).
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A general scheme

One needs to look at the so-called regularised determinant. For
K € Sp and p € N*, define

p—1 -
1y .
det,(/-+ K) = [T+ Mo | X 00 )
k j=1
where Ay = A\ (K).
Furthermore, consider the regularised perturbation determinant, i.e.,

F(\) = det p(A — M) (Ag — M)~ = det (I + K(Ag — AD)7).
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A general scheme

The properties of F(.) :

@ F € Hol(o(Ap)), where o(Ag) = C\o(Ap),
@ Z(F), the zero set of F, coincides with o4(A) up to mutiplicities,
@ there is a special bound of F on o(Ay), i.e.,

log [F(A)] < TpllK(Ao = 2) 7[5 (< TpllKIIplI(A0 = X)71IP),

with \ € o(Ao).
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A general scheme

LetD={z:|z|<1}and T=0D ={z: |z| = 1}.

Now, let ¢ : D — o(Ag) and ¢ : o(Ag) — D be the conformal maps of
the corresponding domains, ) = ¢~ '. Make a “change of variables”
A=¢(z), zeD.
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A general scheme

LetD={z:|z|<1}and T=0D ={z: |z| = 1}.

Now, let ¢ : D — o(Ag) and ¢ : o(Ag) — D be the conformal maps of
the corresponding domains, ) = ¢~ '. Make a “change of variables”
A=¢(z), zeD.

One comes to f(z) = F(p(2)) € Hol(D) such that

K d(z€)
z,T) di(z, F)’

log |f(2)| < a5 zeD, p,q,r>0,

and &, F CT, T={z:|z| =1}, #&,#F <ocand €N F = (). Of
course,

d(z,€) = inf 1z — 1]

so, for instance, d(z,T) = (1 — |z|), z € D.
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Zeros of holomorphic functions from different classes

e “Classical” Blaschke conditions.
elet F C T, #F < 0.

Theorem (Borichev-Golinskii-K’ 2009)
Let f € Hol(D), |f(0)| = 1, satisfy the growth condition

K

log |f(z)] < (1 — |z])P d9(z, F)

forz € D and p,q > 0. Then for each = > 0 there is a positive constant

C; such that

> (1= [¢pPrtT alaT (¢, F) < Gy
¢eZ(f)

K.
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Zeros of holomorphic functions from different classes

Let &, FC T, #E,#F <oo and £NF = 0.
Theorem (Borichev-Golinskii-K’ 2015)
Letf € Hol(D), |f(0)| = 1, satisfy the growth condition

K  d'(z,€)

log |f(2)] < (1 —|z|)p d9(z, F)’

where z € D and p,q,r > 0. Then for each r > 0, there is a positive

constant C, such that

d(q—1+7)+(§’ F)

> (1= gperttT gmn(eN(¢, £)

¢eZ(f)

<G

K.
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Zeros of holomorphic functions from different classes

What happens when the set 7 C T is countable ?
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Zeros of holomorphic functions from different classes

What happens when the set 7 C T is countable ?
For this F, let 5(F) be its Minkowski type, i.e.,

B(F) = sup{B: m(Fs) = O(s"), s— 0+},

and Fs = {teT:d(t,F) < s}.
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Zeros of holomorphic functions from different classes

Let&, F CT,#E <oo, F be countable with Minkowski dimension
B(F). Let FN & = 1.
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Zeros of holomorphic functions from different classes

Let&, F CT,#E <oo, F be countable with Minkowski dimension
B(F). Let FN & = 1.

Theorem (Borichev-Golinskii-K’ 2015)
Let f € Hol(D), |f(0)| = 1, satisfy the growth condition

K  d'(z¢)
(1 —1zl)P di(z,F)’

log [f(2)] <

where z € D and p,q,r > 0. Then for each T > 0, there is a positive
constant Cs such that

d@=B(F)+7)+ (¢, F)
147
Z (1 —[¢hPrt dmnE(C, €) <GC3-K.

cez(f)
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A (fast & tentative) list of references

@ To start with : 2001 - A. Abramov, A. Aslanyan, E. B. Davies ; 2006

- R. Frank, A. Laptey, E. Lieb, R. Seiringer; 2009 - A. Borichey, L.
Golinskii, SK; M. Demuth, M. Hansmann, G. Katriel ; 2013 - M.
Hansmann; 2015 - A. Borichev, L. Golinskii, SK, ...
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A (fast & tentative) list of references
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A (fast & tentative) list of references

@ On Dirac (magnetic Schrodinger, Pauli) operators : 2014 ... - J.C.

Cuenin, A. Laptev, C. Tretter; C. Dubuisson; J.C. Cuenin; S.
Sambou; J.C. Cuenin, P. Sieqgl, ...

@ On Schrddinger (Jacobi) with (almost) periodic background : 2012,
2015 - L. Golinskii, SK; 2017 - J. Christiansen, M. Zinchenko, ...

@ On Banach spaces : 2015 - M. Demuth, F. Hanauska, M.
Hansmann, G. Katriel ; M. Hansmann, ....
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Example 1 : Jacobi matrix
Let

J=J({ak}, {bx}, {ck}) =

where {ak}, {bk}, {Ck} c C.
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Example 1 : Jacobi matrix

Let
bo
ap
J=J({ak}, {bx}, {ck}) = | o
where {ax}, {bx}, {ck} € C.
Set also
0 1
10
Jo=J{1}1,{0}) = |0 1

Note that o(Jp) = [-2, 2].
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Example 1 : Jacobi matrix

Recall that if J — Jy € S, the ideal of compact operators (i.e.,
lim (] — 1]+ [¢; — 1| + |bj|) = 0), one has

0ess(J) = 0ess(do) = () = [-2,2].

S. Kupin (U. Bordeaux) Eigenvalues of Non-Selfadjoint Operators CIRM, 5-9/06/2017 14 /25



Example 1 : Jacobi matrix

Recall that if J — Jy € S, the ideal of compact operators (i.e.,
lim (] — 1]+ [¢; — 1| + |bj|) = 0), one has

0ess(J) = 0ess(do) = () = [-2,2].

We require that J — Jp € Sp, p> 1, i.e,,

Z(\aj—ﬂer ’bj|p+ ’Cj—”p) < 00.

)
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Example 1 : Jacobi matrix

So, letJ —Jp € Sp, p> 1.

Theorem (Borichev-Golinskii-K’ 2009)
Forp =1 and any v > 0, we have

d(\ o(J
Z |)\2(_ 4|((1E-2))/2 < Gsl|J—=olls, (= CSZ (|aj—1|+|Cj—1|+|bj|)).
)\EO'd(J) j
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Example 1 : Jacobi matrix

So, letJ —Jp € Sp, p> 1.

Theorem (Borichev-Golinskii-K’ 2009)
Forp =1 and any v > 0, we have

d(\ o(J
> |)\2(— 4|((12))/2 < Cs[[J=dhlls, (= Cs D (Ia—11+g—1]+[b)).

)\EO’d(J) J

Forp > 1 and r > 0 we have

d(\, o(Jo))PH1+7
> ( I)\(Z 0_))4| < Golld=hll5,(= G 3 (1a=1/P+Ig=117+Ib

)

Aeog(J)
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Example 1 : Jacobi matrix

Here is an improvement :

Theorem (Hansmann-Katriel’ 2010)
Forp > 1 andt > 0 we have
3 d(X,o(h))P"

2 — < CrllJ-oll% (= C > (1a—11P+Ig—1[P+[blP) |
N2 _ 4[1/ P
AEap(J) J
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Some open problems

@ On the functional-theoretic side : a counterpart of BGK’ 2015
when &, F C T, ENF =0, but&NF #I0.
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@ Laplacians on (more) general waveguides (i.e., bent and/or
twisted waveguide).

At this point even the case of constant curvature bending and/or
constant twist would be interesting.
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S. Kupin (U. Bordeaux)

Thank you!
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