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What is this talk about?

Is a bounded self-adjoint operator

(P V
o= (0w

acting on the orthogonal sum of two Hilbert spaces g &P $1 continuously invertible? If
yes, what is the norm of its inverse or, equivalently, what is the width of the spectral gap

containing zero?
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What is this talk about?

Is a bounded self-adjoint operator

(Ao V
= (0 a)

acting on the orthogonal sum of two Hilbert spaces g &P $1 continuously invertible? If
yes, what is the norm of its inverse or, equivalently, what is the width of the spectral gap
containing zero?

Two examples:

(i) B= ( l* YI) V arbitrary  and (i) B= (O* \é) .,V bijection

Perturbation arguments for (i): |V || < 1= (=14 ||V|[,1—||V]]) C p(B). Actually

(—1,1) C p(B) [Davis, Kahan (1970)]
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Outline

We consider
_ (A0 V
= (0 )
(A O
A=(5 )

B Perturbing an existing spectral gap containing zero
B Opening a new spectral gap containing zero

as a perturbation of
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Perturbing an existing spectral gap

Notations:

—d :=max{A <O0|Aea(A)}
dr :=min{A >0|A € o(A)}

with min[] := +4o0. The open interval (—d;, d;) is a spectral gap of the operator A
containing zero.
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Perturbing an existing spectral gap

Notations:
—d :=max{A <O0|Aea(A)}
dr :=min{A >0|A € o(A)}

with min[] := +4o0. The open interval (—d;, d;) is a spectral gap of the operator A
containing zero.

¢ = |max{A < O|A € 0(Ag)} —max{\ < 0|\ € (A1)}
G :=|min{A > 0|A € a(Ag)} —min{A > 0|\ € a(Ar)}|

with min] = max[] = 400 and oo — o0 = 0.
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Perturbing an existing spectral gap

Theorem 1. Assume that the operator A is invertible. If

IVI < min{ v/d(d+6), /e (d+6)

then the operator B is continuously invertible. Moreover, the open interval

(—d +9,d + o)
belongs to the resolvent set of the operator B, where

1 2|V 1 21I\V
o = ||V]|tan —arctanu , 5 = V| tan | = arctan V]|
2 C| 2 Cr

with the natural conventions 1/t = Qift = 400, 1/t = 400 ift =0, and
arctan(+-o0) = 11/2.
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Perturbing an existing spectral gap

Y/
Examples. (1) B= ( . —I)' We have ¢ = C = 00 = @, = &, = O and for any V the

interval (—1,1) belongs to the resolvent set of the operator B.
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Perturbing an existing spectral gap

Y/
Examples. (1) B= ( . _|>. We have ¢ = C = 00 = @, = &, = O and for any V the

interval (—1,1) belongs to the resolvent set of the operator B.

(2) Consider the case when $)p = 1 = C?,

(35 () -7 2

Thenc =¢ =1,d =d =1/2, and, hence, \/d|,r(d|,r +Cy) = v/3/2. The norm of V
equals v/3/2. Hence, & ; = 1/2. The spectrum of B= A+V consists of three
eigenvalues —2, 0, and 2. Thus, the result of Theorem 1 is sharp if C| y < 0.
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Perturbing an existing spectral gap

(3) Let $p = C2, $H1 =C,

V(Y e (D)

Then¢ =d =d, =1, ¢, = » so that \/d| (d+c¢)= v/2. The norm of the operator V
equals v/2. Hence 8 = 1 and &, = 0. The spectrum of B = A+V consists of three
eigenvalues —3, 0, and 1. Thus, the result of Theorem 1 is optimal if C; = oo as well.
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Perturbing an existing spectral gap

(3) Let $p = C2, $H1 =C,

V(Y e (D)

Then¢ =d =d, =1, ¢, = » so that \/d| (d+c¢)= v/2. The norm of the operator V
equals v/2. Hence 8 = 1 and &, = 0. The spectrum of B = A+V consists of three
eigenvalues —3, 0, and 1. Thus, the result of Theorem 1 is optimal if C; = oo as well.

The idea of the proof: The local version of geometric arguments from V. K, K.A. Makarov,
A.K. Motovilov, [Trans. Amer. Math. Soc. 359 (2007), 77 — 89].
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Opening a new spectral gap. The case when V is bijective

IfV . $H1 — Ho is bijective, then $Hg and $H1 are isomorphic.

Theorem 2. Let the self-adjoint bounded operators Ag and A satisfy Ag > ag, A1 < a1 for
some ap > 0and a; < 0. IfV : H1 — $Ho is a bijection, then the operator B is boundedly
invertible and the interval (A_,A ) belongs to its resolvent set, where

Ail| —ag
Nyi= 220 A ag2/at vt 2

_|_
(e
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Opening a new spectral gap. The case when V is bijective

IfV . $H1 — Ho is bijective, then $Hg and $H1 are isomorphic.

Theorem 2. Let the self-adjoint bounded operators Ag and A satisfy Ag > ag, A1 < a1 for
some ap > 0and a; < 0. IfV : H1 — $Ho is a bijection, then the operator B is boundedly
invertible and the interval (A_,A ) belongs to its resolvent set, where

Ail| —ag
Nyi= 220 A ag2/at vt 2

_|_
(e

In particular, if a9 > O or a1 < O, that is the interval (a1, @p) belongs to the resolvent set of

the diagonal operator
_ (A O
A= a);

then AL > agand A_ < aj.
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Opening a new spectral gap. The case when V is bijective

M. Winkimeier [Ph.D. Thesis (2005), Corollary 3.18] proved that (—Aw,Aw) € pP(B) with

2
_HAOH"|2‘HA1H_I_\/(HAOH:HAIH) V-2

)\W L=

Theorem 2 gives a larger width of the spectral gap,

Aw <min{A,—A_}

where
_ Al —ap T
A= A2 S ao2/as v 2
Aol +a& _1—
A= Vol E3 Smgl —an2/at V12

The equality Aw = min{A., —A_} holds if and only if Ag = 0 or A; = 0.
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Opening a new spectral gap. The general case

Assumptions. Let the self-adjoint bounded operators Ag and A; satisfy Ag > 0, A1 < 0.

LetV : 1 — $Ho be a bounded operator with a closed range. If KerV* £ {0} we assume
that the operator

Ao ker ‘= Pkev+Aolkev+ : KerV*® — KerV*

is bijective. Similarly, if KerV # {0} we assume that the operator
A1 ker := PkevAilkev : KerV — KerV

IS bijective.

Under these assumptions the operator

V = PRanVV‘RanV* : RanV* — RanV

IS continuously invertible.
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Opening a new spectral gap. The general case

If KerV* =£ {0}, the operator Ag can be represented as the block operator matrix

Aok Wo
o= (R
Wo AO,Ran
with respect to the orthogonal decomposition g = KerV* & RanV.

Similarly, if KerV =£ {O} the operator A; can be represented as the block operator matrix

A — (Al,Ker Wi )
WY AiRran

with respect to the orthogonal decomposition $)1 = KerV & RanVvV*.
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Opening a new spectral gap. The general case

Denote

o Aoran — WG AgkeWo if KerV* £ {0},
T A it KerV* = {0}

and
2y Arran —WS A kW1 if KerV = {0},
A if KerV = {0}.
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Opening a new spectral gap. The general case

Theorem 3. Under thee above assumptions the operator B is boundedly invertible and

2
1B < (14-max WG A . Wi ATEG )
-max { HAa,&erH? HAI,&erHa)\J_rl? _)\:1} ’

where

Al —ao
2

__ |40l +& 1y
A= R (ol —a)2/4+ |2

Ay i= 4/ (141] + 20)2/4+ ||v 22

with
ag = minspec(4g) >0 and a; = maxspec(41) <0
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Opening a new spectral gap. The general case

|. and K. Veseli¢ in [Operators and Matrices 9 (2015), 241 — 275] used a different

decomposition of the Hilbert space:
Let the self-adjoint bounded operators Ag and A; satisfy Ag > 0, A1 < 0. Let

V : $H1 — $Ho be bounded. In addition, assume that
(i) the subspaces KerAg C $Hg and KerA; C $4 are isomorphic and

Vkerag Kera; -= PreragV |Kera, - KerAg — KerAg

IS a bijection;
(ii) the operators Ag and A1 have closed range. Therefore,

AO,RanAo — AO|RanAo : RanAo — RanAo

and
Al,RanAl L= A1|RanA1 - RanA; — RanAz

are bijections.
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Opening a new spectral gap. The general case

Theorem. (I. and K. Veseli¢ (2015)) Under the above assumptions the operator B is
boundedly invertible with

2
-1 —1 _
B4 < (24 manc{ || Vet keras Vicetmg ey |- [VKerto e, Vi a1 ) "
-1 -1 —1
max { [1Ag Rensoll 1A kane, 1 Vi e, | |

where

VRanAy Kerd, = PranayV |kera, © KerAp — RanAo,
VKeer,RanAl = PKerAOV|RanA1 - RanA; — KerAg.

Proposition. If the operator V : 1 — $o has a closed range, then our assumptions are
weaker than those of Veseli€’s.
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Thank You for Your Attention!
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