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Setting

In a Hilbert space ‘H := H1 & Ho, consider closable linear operator

A B
A= c p) Dom(A)=W; ® W, densein H
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Setting

In a Hilbert space ‘H := H1 & Ho, consider closable linear operator

A B
A= (C D) , Dom(A)=W;® W, densein H

@ Hy = Hp = [3(Q) with not necessarily bounded Q ¢ R¥
@ A B, C, D are ordinary, partial or pseudo-differential operators of mixed-orders
@ Our aim: to obtain an explicit description of the essential spectrum of A!

@ Here

oess(A) ;== {\ € C: A— X is not Fredholm}
@ Examples: Stokes system, Ekman problem, ...
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Motivation: Astrophysics [Beyer, J. Math. Phys. 36, 9 (1995)]
@ In#H = L3(0,R) @ L?(0, R), consider
4,98 . . 4,0
aPra ™ gt ®

A=
ol
Pzdt Q2 Ps3
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Motivation: Astrophysics [Beyer, J. Math. Phys. 36, 9 (1995)]
@ In#H = L3(0,R) @ L?(0, R), consider

Ldod o d
alPra T gt e
JA'::
4
Pzdt Q2 Ps3
@ coefficient functions are related to Lane-Emden
equation:

0" (1) + %0’(t) = 7%9(1‘)”, t € (0,00)
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@ In#H = L3(0,R) @ L?(0, R), consider

Ldod o d
alPra T gt e
A =
4
Pzdt Q2 Ps3
@ coefficient functions are related to Lane-Emden
equation:
/7 2 ! 1 n
0" (t) + ?9 (t) = 7?9(1‘) , te(0,00)

@ R is the first zero of 9
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[Beyer, J. Math. Phys. 36, 9 (1995)]
@ In#H = L3(0,R) @ L?(0, R), consider

44 L
alPla T gt
A=
P
,Ozdt Qe P3

@ coefficient functions are related to Lane-Emden
equation:

0" (1) + %0’(t) = 7%9(1‘)”, t € (0,00)

@ Ris the first zero of 6
@ pi(0)=pi(R) =0, pps =p5 = no ellipticity!

@ Conjecture: aess(A) = {0}
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Motivations: Fluid dynamics [Pradas et al., Phys. of Fluids 23, (2011)]

TICA SRR AL A
2~ +P1—+ o 33 2~ +1 2+
_4d ol
dt Odt
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Simple Example

¢ d
2
Am = dx XLy, =2(emm) @ B(—m,m), meN
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¢ d
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@ Look at the formal determinant of A, — A:
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| 05T T e )T ) ()6
dx
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Simple Example
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dx
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Simple Example

¢ d
2
A= | & & g —Pmm) @ 2(—-mm), meN

@ Look at the formal determinant of A, — A:

d? d
| T F ) (R
dx
= - (e*X2 -1 —A)dd—; + “lower order terms”

=:A(x)

® Tew(An) = A([-m,m]) = [e~™ —1,0]
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Simple Example
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@ Look at the formal determinant of A, — A:

d N d )
T T dx (9 (e ) - (4
det d 2 - ( dx2 A) (e ’\> ( dx) (dx)
— e 2 — )\
dx
2 d2
= —(¢" —1—X)——; + “lower order terms”
——r dx:
=:A(x)
@ oess(Am) = A([—-m,m]) = [e’mz —-1,0] Ref: [Atkinson et al. 1994]
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— e 2 — )\
dx
2 d2
= —(¢" —1—X)——; + “lower order terms”
——r dx:
=:A(x)
@ oess(Am) = A([—-m,m]) = [e’mz —-1,0] Ref: [Atkinson et al. 1994]

@ 0es(As) = [—1,0] U (0, 0)

Orif Ibrogimov (UCL) Essential spectrum of mixed-order systems CIRM June 8, 2017 5/14



Simple Example

¢ d
2
A= | & & g —Pmm) @ 2(—-mm), meN

@ Look at the formal determinant of A, — A:

d N d )
T T dx (9 (e ) - (4
det d 2 - ( dx2 A) (e ’\> ( dx) (dx)
— e 2 — )\
dx
2 d2
= —(¢" —1—X)——; + “lower order terms”
——r dx:
=:A(x)
@ oess(Am) = A([—-m,m]) = [e’mz —-1,0] Ref: [Atkinson et al. 1994]

° UeSS('AOO) = [71 ’ 0] U (07 OO) = Uglss(-A%) U Uesss(-AOO)
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@ Descloux - Geymonat conjecture (1980)
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@ Previous research (~ 1980 — ... ):
Adamyan, Atkinson, Chen, Grubb, Hardt, Kako, Konstantinov, Kurasov, H. Langer,
M. Langer, Lifshitz, Mennicken, Mdller, Naboko, Qi, Raikov, Shkalikov, Tretter, ...
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@ Lack of the (comprehensive) analysis of the essential spectrum

» general self-adjoint ODE case
> in higher dimensions, non-self-adjoint case
» in RV, pseudo-differential operator entries
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@ Descloux - Geymonat conjecture (1980)

@ Previous research (~ 1980 — ... ):

Adamyan, Atkinson, Chen, Grubb, Hardt, Kako, Konstantinov, Kurasov, H. Langer,

M. Langer, Lifshitz, Mennicken, Mdller, Naboko, Qi, Raikov, Shkalikov, Tretter, ...

@ Singular case (~ 2000 — ...):
special models, mostly self-adjoint matrices of ordinary differential operators

@ Lack of the (comprehensive) analysis of the essential spectrum

» general self-adjoint ODE case
> in higher dimensions, non-self-adjoint case
» in RV, pseudo-differential operator entries

@ Problems of interest include:

when o (A) # 0?

explicit description of o5, (.A)

“topological structure" of oess(\A)

estimates one the essential spectral radius

Yy V.V Y
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Part |: The case of Ordinary Differential Operator entries

“4pd g “dbie
aPar 79 Tar , 1
A= . Dom(A) = Gi(a, §) & Ci(o, )
d
b& +C d

@ p,q,d:fa,8)—>Randb, c: [a, ) — C are sufficiently smooth and p > 0
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Part |: The case of Ordinary Differential Operator entries

“4pd g “dbie
aPar 79 Tar , 1
A= ) Dom(.A) = Co(avﬁ)@CO(OZ?ﬁ)
d
b& +cC d
@ p,q,d:fa,8)—>Randb, c: [a, ) — C are sufficiently smooth and p > 0

@ Ellipticity of the formal determinant is violated at the range of the function

2
A_g_lof
p
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Part |: The case of Ordinary Differential Operator entries

“4pd g “dbie
aPar 79 Tar , 1
A= ) Dom(.A) = Co(avﬁ)@CO(OZ?ﬁ)
d
b& +cC d
@ p,q,d:fa,8)—>Randb, c: [a, ) — C are sufficiently smooth and p > 0

@ Ellipticity of the formal determinant is violated at the range of the function

2
A=q-1oF
p

@ The Schur complement is given by, for A € C \ o(d),

() = —%w(~,)\)% +i(r(~,)\)% + %r(‘,)\)) + (0

e P be N .. P o bc
7(A)i=p d_)\,r(,A).flm(id_)\),A(,A).fq A d_>\—|—8tRe(d_)\)
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Main results
@ oi(A) = cl{ran(d 'b'z)}
Q Ifm(t,\) =m0 (A) +m(A)(t — B) + R(t,\) as t ~ 3, then one has

oes(A) 0 <= m(A)=m((\)=0
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Main results
Q o (A= cl{ran |b|2)}
Q Ifn(t,\) = mo(N) + m(N)(t— B) + R(t,\) as t 7 3, then one has

Oes(A) Z0 = m(A)=m((\) =

Q Ifforevery A c R\ cl{ran(d = %) } the limits exists and are finite

r(t, ) , o (1, )

rs(A) i= || (ﬂ— t) (6N’ 2(N) == t|,/',.nﬁ(ﬁ_1‘)271-“7)\)7
el

ewn=o-0 et rEED

then
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Main results
2
Q o.(A)= cl{ran _ 16l )}
Q Ifn(t,\) = mo(N) + 771(>\)(t — B) + R(t,\) ast * j3, then one has

Oes(A) Z0 = m(A)=m((\) =

Q Ifforevery A c R\ cl{ran(d = %) } the limits exists and are finite

r(t, ) , o (1, )

rs(A) i= || (5— t) (6N’ 2(N) == th/'%(ﬁ_t)zw(t’)\)v
el

ewn=o-0 et rEED

then

oa(A) = {AER\Gh(A) s 1s(A — 35(3) > %}
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Main results
2
Q o.(A)= cl{ran _ 16l )}
Q Ifn(t,\) = mo(N) + 7r1(>\)(t — B) + R(t,\) ast * j3, then one has

Oes(A) Z0 = m(A)=m((\) =

Q Ifforevery A c R\ cl{ran(d = %) } the limits exists and are finite

r(t,A) , o (1, )
rs(A) —I| (5— t) TN s5(\) .—th/mﬁ(ﬂ—t)z ot
(1, \) = (8- )& (t(ts) ®a(t,A) = (B — t)? 812?;))

then

oa(A) = {AER\Gh(A) s 1s(A — 35(3) > %}

Remark: In the Astrophysics Model: mo(A\) = 0 and 71 (\) = p” r(R)0'(R)#0
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Part Il: Pseudo-differential operators on RV
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Part Il: Pseudo-differential operators on RV

@ The Hérmander symbol class S* = Sf o(R" x R"), k € R, is defined to be the set
of ¢ € C®(RN x RY) s.t. for all o, 8 € NY there exists C..5 > 0 with

(0708)o(x,€) < Cap(©) 17, (x,6) e RV x R
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Part Il: Pseudo-differential operators on RV

@ The Hérmander symbol class S* = Sf o(R" x R"), k € R, is defined to be the set

of ¢ € C®(RN x RY) s.t. for all o, 8 € NY there exists C..5 > 0 with

(0708)o(x,€) < Cap(©) 17, (x,6) e RV x R

@ WDO T, with symbol o € S on .#(R") is defined by

1

T>¢ = 5
(T-9)(x) n)?

/RN M Co(x, ) p(€)d¢, ¢ € Dom(T,) = #(RY),

where ¢ is the Fourier transform of ¢ € (RN,

~ 1
5O = ——
€)= o

/e’ix‘fq&(x)dx, ¢eRr.
RN
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Part Il: Pseudo-differential operators on RV

@ The Hérmander symbol class S* = Sf o(R" x R"), k € R, is defined to be the set

of ¢ € C®(RN x RY) s.t. for all o, 8 € NY there exists C..5 > 0 with

(0708)o(x,€) < Cap(©) 17, (x,6) e RV x R

@ WDO T, with symbol o € S on .#(R") is defined by

1

T>¢ = 5
(T-9)(x) n)?

/RN M Co(x, ) p(€)d¢, ¢ € Dom(T,) = #(RY),

where ¢ is the Fourier transform of ¢ € (RN,

~ 1
5O = ——
€)= o

/e’ix‘fq&(x)dx, ¢eRr.
RN

@ WDO T, with symbol o € S¥is called (uniformly) elliptic if

lo(x, &) 2 (€%, xeRY, |g 21
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Matrix pseudo-differential operator

- Gc ;2) . Dom(To) = #(RY) @ #(RY) C L2(RY) @ L2(RN) = 1

@ T, Ty, T;, Ty are WDO s with classical symbols of orders m, n, p, q, respectiely
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@ T, Ty, T;, Ty are WDO s with classical symbols of orders m, n, p, q, respectiely

em>qg>0andm+qg>n+p
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Matrix pseudo-differential operator

- Gc ;2) . Dom(To) = #(RY) @ #(RY) C L2(RY) @ L2(RN) = 1

@ T, Ty, T;, Ty are WDO s with classical symbols of orders m, n, p, q, respectiely

em>qg>0andm+qg>n+p

Douglis-Nirenberg ellipticity
Ty is called (uniformly) Douglis-Nirenberg elliptic on R" if

|det M(x,€)| > (€)™, xRN, |¢] 21,

where M( -, -) is the matrix of the principal symbols of the corresponding entries
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Matrix pseudo-differential operator

To = Gc ;5) . Dom(To) = #(®Y) & #(RY) C L2(RM) & L2(RM) = %

@ T, Ty, T;, Ty are WDO s with classical symbols of orders m, n, p, q, respectiely

em>qg>0andm+qg>n+p

Douglis-Nirenberg ellipticity
Ty is called (uniformly) Douglis-Nirenberg elliptic on R" if

|det M(x,€)| > (€)™, xRN, |¢] 21,

where M( -, -) is the matrix of the principal symbols of the corresponding entries

@ Remark: Principal symbol of To — A\ depends on X only if g = 0.
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Matrix pseudo-differential operator

To = Gc ;5) . Dom(To) = #(®Y) & #(RY) C L2(RM) & L2(RM) = %

@ T, Ty, T;, Ty are WDO s with classical symbols of orders m, n, p, q, respectiely

em>qg>0andm+qg>n+p

Douglis-Nirenberg ellipticity
Ty is called (uniformly) Douglis-Nirenberg elliptic on R" if

|det M(x,€)| > (€)™, xRN, |¢] 21,

where M( -, -) is the matrix of the principal symbols of the corresponding entries

@ Remark: Principal symbol of To — A\ depends on X only if g = 0.

@ Previous studies: Grubb and Geymonat (1977), Rabier (2012)
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The caseof g =0

Principal symbol of Tp — A is

(am(x@) bn(x, €) ) .
M (x,§) = . (x,6) eRV xRN
Co(x,€)  dg(x,8) — A
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The caseof g =0

Principal symbol of Tp — A is

(am(x@) bn(x,g)) .
M (x,§) = . (x,6) eRV xRN
Co(x,€)  dg(x,8) — A

@ Whenever Ty is elliptic on R, one has
det MA(X7 5) = am(X7 g) (A(X7 6) - A)v

where

b”(X7 g)CP(X7 5)

. xeRV g =1,
an(x.€) g

A(ng) = dQ(Xv E) -
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The caseof g =0
Principal symbol of Tp — A is

(am(x@) bn(x, €) ) .
M (x,§) = . (x,6) eRV xRN
Co(x,€)  dg(x,8) — A

@ Whenever Ty is elliptic on R, one has
det MA(X7 5) = am(X7 g) (A(X7 6) - A)v

where

b”(X7 g)CP(X7 5)
am(X7 6)

@ To— )\ isnotDN.elliptic <«= 3IxecR¥s.t. A(x,€) =\, €] —

A(X,€) = dg(x, &) — , xeRV g1,
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The caseof g =0
Principal symbol of Tp — A is

(am(x@) bn(x, €) ) .
M (x,§) = . (x,6) eRV xRN
Co(x,€)  dg(x,8) — A

@ Whenever Ty is elliptic on R, one has
det MA(X7 5) = am(X7 g) (A(X7 6) - A)v

where

b”(X7 g)CP(X7 5)
am(X7 6) ’

@ To— )\ isnotDN.elliptic <«= 3IxecR¥s.t. A(x,€) =\, €] —

A(X,€) = dg(x, &) — x eRY ] > 1.

Theorem
Let g = 0 and let T, be uniformly elliptic on RY. Then

{xeC:To— X isnot Douglis-Nirenberg elliptic } C oes(T)
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@ for )\ € Q, show that §2(>\) = Ty — A — T, T2(\) Ty has a singular sequence,
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Strategy of the proof:

@ for )\ € Q, show that §2(>\) = Ty — A — T, T2(\) Ty has a singular sequence,
i.e. there exists {¢x }ken C 7 (R") With ||¢k|2mm = 1, k € N, and such that

ok 50 in LXR"), [1Se(Neullz@n =0, Kk oc.

© show that the normalization of the sequence
t
(-T2 Totk, ) € #(R") @ .7 (R")

yields a singular sequence for To — A.
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Strategy of the proof:

@ for )\ € Q, show that §2(>\) = Ty — A — T, T2(\) Ty has a singular sequence,
i.e. there exists {¢x }ken C 7 (R") With ||¢k|2mm = 1, k € N, and such that

ok 50 in LXR"), [1Se(Neullz@n =0, Kk oc.
© show that the normalization of the sequence
t
(~TEOTodn, 61) € #(R") & .7 (R")
yields a singular sequence for To — A.

Key Lemma
Let To — X be uniformly D.N. elliptic. Then A € 0ess(T) <= 0 € oes(S(N))
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Strategy of the proof:

@ for )\ € Q, show that §2(>\) = Ty — A — T, T2(\) Ty has a singular sequence,
i.e. there exists {¢x }ken C 7 (R") With ||¢k|2mm = 1, k € N, and such that

ok 50 in LXR"), [1Se(Neullz@n =0, Kk oc.
© show that the normalization of the sequence
t
(~TEOTodn, 61) € #(R") & .7 (R")
yields a singular sequence for To — A.

Key Lemma
Let To — X be uniformly D.N. elliptic. Then X € 0es(T) <= 0 € 0ess(S(N))

Remark
To — X be uniformly D.N. elliptic = S(X) is uniformly elliptic

v
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Strategy of the proof:

@ “<=": T — X be Fredholm, T'()) be the generalized inverse of T — A.
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Strategy of the proof:

@ “<": T — X be Fredholm, T’(\) be the generalized inverse of T — X. Show that
the following operator is a left approximate inverse of S(\):

Si(\) == P T'(A)P;,  Dom(Si())) := LA(RY),

where P; : L2(RV) @ L3(RV) — L3(RN) is the projection onto the first component.
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@ “<": T — X be Fredholm, T’(\) be the generalized inverse of T — X. Show that
the following operator is a left approximate inverse of S(\):

Si(\) == P T'(A)P;,  Dom(Si())) := LA(RY),

where P; : L2(RV) @ L3(RV) — L3(RN) is the projection onto the first component.

Q@ “=": S()\) be Fredholm, S’(\) be the generalized inverse of S()).
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Strategy of the proof:

@ “<": T — X be Fredholm, T’(\) be the generalized inverse of T — X. Show that
the following operator is a left approximate inverse of S(\):

Si(\) == P T'(A)P;,  Dom(Si())) := LA(RY),

where P; : L2(RV) @ L3(RV) — L3(RN) is the projection onto the first component.

Q@ “=": S()\) be Fredholm, S’(\) be the generalized inverse of S(\). Show that the
bounded extension in L2(RV) @ L2(RN) of

T#(A) = ( S =S’ (N FR(3) )
 \-ARMS(W) (Ta =X+ F(N)S'(N) F2(A)

Dom(T#(X)) := LA(R") & Dom(F2())),

is a left approximate inverse of T — X, where
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Strategy of the proof:

@ “<": T — X be Fredholm, T’(\) be the generalized inverse of T — X. Show that
the following operator is a left approximate inverse of S(\):

Si(\) == P T'(A)P;,  Dom(Si())) := LA(RY),
where P; : L2(RV) @ L3(RV) — L3(RN) is the projection onto the first component.

Q@ “=": S()\) be Fredholm, S’(\) be the generalized inverse of S(\). Show that the
bounded extension in L2(RV) @ L2(RN) of

T#(A) = ( S =S’ (N FR(3) )
 \-ARMS(W) (Ta =X+ F(N)S'(N) F2(A)

Dom(T#(\)) := L*(R") @ Dom(F())),
is a left approximate inverse of T — X, where

Fi(A) :==(Ta—N)"'T.,  Dom(Fi()\)) := H*9RN) n L2(RY),
Fo(\) := To(Ta = A)~',  Dom(Fa())) := H™ 9(R") n LA(RY).
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Essential spectrum due to singularity [Wong, Comm. PDE, 10 (1988)]
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Essential spectrum due to singularity [Wong, Comm. PDE, 10 (1988)]

Grushin symbol class

A symbol o € S¥ is said to be in the class S if, for all «, 3 € NY, there is a positive
function x = Ca,5(x), x € R, such that

|(87080) (%, )] < Cap (X)) ', (x,6) e RV x RY
and | Ilim Ca.p(x) =0for 8 # 0.
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Essential spectrum due to singularity [Wong, Comm. PDE, 10 (1988)]

Grushin symbol class

A symbol o € S¥ is said to be in the class S if, for all «, 3 € NY, there is a positive
function x = Ca,5(x), x € R, such that

|(87080) (%, )] < Cap (X)) ', (x,6) e RV x RY
and | Ilim Ca.p(x) =0for 8 # 0.

Theorem

Let the symbol o of S(\) be in S;"*7 and assume that there is a symbol oy o, € ™9
independent of x and such that

lim (€)™ 9 ox(X, &) — ox0e(€) =0, unif. wrt. £ e R

[X] =00

Orif Ibrogimov (UCL) Essential spectrum of mixed-order systems CIRM June 8, 2017 14/14



Essential spectrum due to singularity [Wong, Comm. PDE, 10 (1988)]

Grushin symbol class

A symbol o € S¥ is said to be in the class S if, for all «, 3 € NY, there is a positive
function x = Ca,5(x), x € R, such that

|(87080) (%, )] < Cap (X)) ', (x,6) e RV x RY
and | Ilim Ca.p(x) =0for 8 # 0.

Theorem

Let the symbol o of S(\) be in S;"*7 and assume that there is a symbol oy o, € ™9
independent of x and such that

lim (€)™ 9 ox(X, &) — ox0e(€) =0, unif. wrt. £ e R

[X] =00

Then

A€ oe(T) <= 0r0(€)=0 forsome ¢eR".
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