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Schrodinger Equation

Oty = iAp, ¥(0,x) = f(x) € L2(R; C)
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LDispersion, weak dispersion, multipliers

Schrodinger Equation
O = iAY, ¥(0,x) = f(x) € L3(RY C)

L]-12

Y(t,x) =: e f(x) = el'ar f(x)

1 k2 xy b2
= —e' 4 e 't e At f(y) dy.
(4mit)2




Multiplier Methods for Spectral Theory
|—Schriiciinger equation

I—Dispersion, weak dispersion, multipliers

Dispersion

N

X

fu(x) = e"¥e™ 7 (d=1)

eitAfo(t,X) - 677(it+1)

™A fy(t, x) = e NVFHN G (¢ x — NE).
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Dispersion

2

fu(x) = e'Vxe= (d=1)

eitAfo(t, X) _ 1 e—%(it—i—l)

Vit+1

e fy(t,x) = e itN2 4 Nxfs(t,x — Nt).
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Dispersion

X

. 2
fu(x) = e"¥e™ 7 (d=1)

eitAfo(t,X) _ #e—%(it—i—l)

Vit+1

DAy (t, x) = e TNHINXE (1 5 — NE).
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Observables

i0pp = Hy H - symmetric
T(t) = (¢, Ky)
= T(t) = —i(Y, [H KI)
= T(t) = —(¥,[H,[H,K]]¥)
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|—Schriidinger equation

LDispersion, weak dispersion, multipliers

Observables

i0pp = Hy H - symmetric
T(t) = (¢, Ky)
= T(t) = —i(Y, [H KI)
= T(t) = —(¥,[H,[H,K]]¥)

In particular

[K,H]=0 = T(t)=0.
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Multipliers

Choose Ky = ¢p, H = —A and compute [H, [H, K]]:

2 oY
o [wrioPac=2 25 (w5 vo

4 / VUG dx ~ [(A%0)juf? o
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1. For ¢ = |x|? (position)
o [P ax = [ e o =168

Position is a convex function of time (weak dispersion).
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1. For ¢ = |x|? (position)
o /|x\2|¢|2 x_8/yv¢|2 x = 16E

Position is a convex function of time (weak dispersion).
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2. For ¢ = |x|

_s/wmp dx:4/ o,

which gives the Morawetz estimate

o7 2
[ [ axae < cluo,.

/ 0[212|x| dx.

(n>3)
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3. For

X2 X .
¢(|xr):{"’ M=t e = Re (%)

Ix], |x|>1

one gets local smoothing (Kato, Constantin-Saut, Sjolin, Vega)

1 2
- dxdt < C
sup //|X|<R|Wf| x dt < C||(0)

2
2R i
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For electromagnetic Hamiltonians
H=(iV+A?+V(x), A:R?I R V:RY SR

Assume

ali] = / (Y + AV + V]2 > 0.

Define
B = DA — DA € My q(R)
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0 =Hy Ky = ¢y, ¢ = o(|x])
The analogous identity reads (F-Vega 2009)

o [wriopo=2 25 (v -vo

:4/VA¢D2¢VAw dx—/(A2¢)]w|2dx
43 / S8, - VAt dx — 2 / 8O0 V)| d,

with N
Va=V—IA, B, = mBeSd—l.



R
Multiplier Methods for Spectral Theory
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We want to understand the previous identity as multiplication
identities for the equation

i0p) = Hip.
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Notice that

H, K - symmetric = [H, K] - skewsymmetric
[H,[H, K]] - symmetric.

As a consequence (i0y) = H)

R0, [H, KI) = {00, [H, K1) = —2 5 (6, 1H, K]

R(H, [H, KIp) = 5 ((HY, [H, KIp) + ([H, K], HY)

=N =

(v, [H, [H, K]l¥)

2
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Resolvent estimates

Invertibility with continuous inverse R(z) = (H — z)™! related to
the unique solvability of

Hep — z1p = f.
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Let H > 0 symmetric and study
Hy = k24, k € R.

Related to
Hu = iatu

by Fourier transform w(k, x) := Fy_u(-, x). Multiply (in L?) by
[H, #]1) and take real parts

S HLTH, 6116) = KR, 1, 6J0) = 0

since [H, K] is skewsymmetric.
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Example: H = —A, ¢ = |x|? so

([H. [H. 6]l =8 / VP

which proves that o,(—A) = 0.
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L_Resolvent estimates

LAgmon—HBrmander, limiting absorption principle

Consider
—Ap — (K> +ieyp =f

Multiply by [-A, ¢]yp =2V ¢ - Vb + 1) A¢ and take real parts
2/w}02¢vadx— %/(A2¢)|¢|2dxie%/¢v@-v¢
=% [F2ve: Vi -+ va) (4)
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L_Resolvent estimates

LAgmon—HBrmander, limiting absorption principle

Consider
—Ap — (K> +ieyp =f

Multiply by [-A, ¢]yp =2V ¢ - Vb + 1) A¢ and take real parts
2/w}02¢vadx— %/(A2¢)|zp|2dxies/¢vav¢
=% [F2ve: Vi -+ va) (4)

= need an L2-control
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This comes by the multiplication of
—Ap— (K> +ieyp =f

by the symmetric operator ni): taking the real parts one obtains

= [uver g [@mwr i [alw =% [ o5 (@)
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Summing (A) and (B) we get
@ [awp+2 [ voorovs - [ovup+ [ (an-a%) 1P
= [ 7290 Vo +680 ) &3 [0V Vo
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L_Resolvent estimates

LAgmon—HBrmander, limiting absorption principle

Summing (A) and (B) we get
@ [awp+2 [ voorovs - [ovup+ [ (an-a%) 1P
= [ 7290 Vo +680 ) &3 [0V Vo

which reduces with the choice n = A¢ to
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@ [@woi+2 [ vop2evi - [@o)vef
:é)fe/?zw-wzpe%/zpvaw
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Agmon-Hérmander-L.A.P.

Choose A¢ ~ (14 |x|2)"2, with s = 1 + € to get

2 2
/(1+\x|2)§+ +/(1—i—|x‘ 2+ o /| ‘ +|X| )
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LAgmon—Hi:':rmander, limiting absorption principle

@ [@wot+2 [ voprevi - [@o)vef
:%/?2v¢-w:pe%/¢vav¢

We would like to get a uniform (in k) estimate for V). Choice
¢ = |x|? fails at a first attempt:

20k / WP+2(1 — d) / V2 = R / POV VTS / A
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Consider _
—AY — K =1f  ui= eIy,

The function u solves

2
- (v - ik%) u— k2u = etikIXlf

and notice that )

IVu]? = ’quzl: ikﬁqp
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Using this one gets (uniformly in k)

w<c v( +ik|x| 2<C f2 2
|X’2 — H € d)) — | | |X’ :

Ikebe-Saito; Burg-Planchon-Stalker-Tahvildar Zadeh
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Complex Potentials

Consider
—AYp—zp=Vyp  V:RY - C, z = ky + iko.
Assume

/|V||w|2 < a/|v¢|2 (a<1) ()

to be able to define H = —A + V as a m-sectorial operator in L.
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Complex Potentials

Consider
—AYp—zp=Vyp  V:RY - C, z = ky + iko.
Assume
Jviwk<a [Ivef @<n
to be able to define H = —A + V as a m-sectorial operator in L.

CLAIM: () = o(H) = o(=A).
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The claim is true in 3D (F-Krejcirik-Vega 2016). Suitable
application of the Birman-Schwinger Principle and strongly using
the fact that the Green function
1 e Vi|x—y|
Golx,y) = o

satisfies |G, (x, y)| < Go(x, y).



e
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Not clear the claim in other dimensions. Using multipliers, we can
prove the following.

Theorem (F-Krejcirik-Vega 2016)
Let H=—-A+V and

d—2
2 2 2 2 2

1% <p ||V b :
/IXII *l9]° < /I ¥, <tg_s

Then op(H) = 0.
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We have an analogous result for
H=—-As+V

with A € 2

loc*
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Theorem (F-Krejcirik-Vega 2016)

Assume
[k <8 [ [,
R4 Rd
[ odrmv, P < 8 [ VAol
R4 R4

1
[, (1sve+ 3i8.2) Wk <83 [ [wave.
R4 Rd

o+ (¢5)]

with

NIw

2b3

b3 + bs

Then Jp(HA,V) =J.
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