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Schrödinger equation

Dispersion, weak dispersion, multipliers

Schrödinger Equation

∂tψ = i∆ψ, ψ(0, x) = f (x) ∈ L2(Rd ;C)

ψ(t, x) =: e it∆f (x) = e i
|·|2
4t ∗ f (x)

=
1

(4πit)
d
2
e i
|x|2
4t

∫
e−i

x·y
2t e−i

|y|2
4t f (y) dy .
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Schrödinger equation

Dispersion, weak dispersion, multipliers

Dispersion

fN(x) = e iNxe−
x2
2 (d = 1)

e it∆f0(t, x) =
1√

it + 1
e−

x2
2 (it+1)

e it∆fN(t, x) = e−itN
2+iNx f0(t, x − Nt) .
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Schrödinger equation

Dispersion, weak dispersion, multipliers

Observables

i∂tψ = Hψ H - symmetric

T (t) = 〈ψ,Kψ〉

⇒ Ṫ (t) = −i〈ψ, [H,K ]ψ〉

⇒ T̈ (t) = −〈ψ, [H, [H,K ]]ψ〉

In particular

[K ,H] = 0 ⇒ Ṫ (t) ≡ 0.
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⇒ Ṫ (t) = −i〈ψ, [H,K ]ψ〉

⇒ T̈ (t) = −〈ψ, [H, [H,K ]]ψ〉

In particular

[K ,H] = 0 ⇒ Ṫ (t) ≡ 0.
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Multipliers

Choose Kψ = φψ, H = −∆ and compute [H, [H,K ]]:

d2

dt2

∫
|ψ|2|φ|2 dx =

d

dt
− 2=

∫
ψ∇ψ · ∇φ

= 4
∫
∇ψD2φ∇ψ dx −

∫
(∆2φ)|ψ|2 dx .
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Schrödinger equation

Dispersion, weak dispersion, multipliers

1. For φ = |x |2 (position)

d2

dt2

∫
|x |2|ψ|2 dx = 8

∫
|∇ψ|2 dx = 16E

Position is a convex function of time (weak dispersion).
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Schrödinger equation

Dispersion, weak dispersion, multipliers

2. For φ = |x |

d

dt
=
∫
ψ∂rψ dx = 4

∫
|∂τψ|2

|x |
dx −

∫
|ψ|2∆2|x | dx .

which gives the Morawetz estimate∫ ∫
|∂τψ|2

|x |
dx dt ≤ C‖ψ(0)‖2

Ḣ
1
2
, (n ≥ 3)
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Schrödinger equation

Dispersion, weak dispersion, multipliers

3. For

φ(|x |) '

{
|x |2, |x | ≤ 1
|x |, |x | > 1

, φR(·) = Rφ
( ·
R

)
one gets local smoothing (Kato, Constantin-Saut, Sjolin, Vega)

sup
R>0

1
R

∫ ∫
|x |<R

|∇ψ|2 dx dt ≤ C‖ψ(0)‖2
Ḣ

1
2
.
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Schrödinger equation

Dispersion, weak dispersion, multipliers

For electromagnetic Hamiltonians

H = (i∇+ A)2 + V (x), A : Rd → Rd , V : Rd → R

Assume
q[ψ] :=

∫
|(i∇+ A)ψ|2 + V |ψ|2 ≥ 0.

Define
B = DA− DAt ∈Md×d(R)
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Schrödinger equation

Dispersion, weak dispersion, multipliers

i∂tψ = Hψ Kψ = φψ, φ = φ(|x |)

The analogous identity reads (F-Vega 2009)

d2

dt2

∫
|ψ|2|φ|2 dx =

d

dt
− 2=

∫
ψ∇Aψ · ∇φ

= 4
∫
∇AψD

2φ∇Aψ dx −
∫

(∆2φ)|ψ|2 dx

+ 4=
∫
φ′ψBτ · ∇Aψ dx − 2

∫
φ′(∂rV )|ψ|2 dx ,

with
∇A = ∇− iA, Bτ =

x

|x |
B ∈ Sd−1.
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Schrödinger equation

Dispersion, weak dispersion, multipliers

We want to understand the previous identity as multiplication
identities for the equation

i∂tψ = Hψ.



Multiplier Methods for Spectral Theory

Schrödinger equation

Dispersion, weak dispersion, multipliers

Notice that

H,K - symmetric ⇒ [H,K ] - skewsymmetric
[H, [H,K ]] - symmetric.

As a consequence (i∂tψ = Hψ)

<〈i∂tψ, [H,K ]ψ〉 = −=〈∂tψ, [H,K ]ψ〉 = −1
2
d

dt
〈ψ, [H,K ]ψ〉

<〈Hψ, [H,K ]ψ〉 =
1
2

(〈Hψ, [H,K ]ψ〉+ 〈[H,K ]ψ,Hψ〉)

=
1
2
〈ψ, [H, [H,K ]]ψ〉



Multiplier Methods for Spectral Theory
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Agmon-Hörmander, limiting absorption principle

Resolvent estimates

Invertibility with continuous inverse R(z) = (H − z)−1 related to
the unique solvability of

Hψ − zψ = f .
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Let H ≥ 0 symmetric and study

Hψ = k2ψ, k ∈ R.

Related to
Hu = i∂tu

by Fourier transform ψ(k, x) := Ft→ku(·, x). Multiply (in L2) by
[H, φ]ψ and take real parts

1
2
〈[H, [H, φ]]ψ〉 = k2<〈ψ, [H, φ]ψ〉 = 0

since [H,K ] is skewsymmetric.
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Example: H = −∆, φ = |x |2 so

〈[H, [H, φ]]ψ〉 = 8
∫
|∇ψ|2

which proves that σp(−∆) = ∅.
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Consider
−∆ψ − (k2 ± iε)ψ = f

Multiply by [−∆, φ]ψ = 2∇φ · ∇ψ + ψ∆φ and take real parts

2
∫
∇ψD2φ∇ψ dx − 1

2

∫
(∆2φ)|ψ|2 dx ± ε=

∫
ψ∇ψ · ∇φ

= <
∫

f (2∇φ · ∇ψ + ψ∆φ) (A)

⇒ need an L2-control
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

This comes by the multiplication of

−∆ψ − (k2 ± iε)ψ = f

by the symmetric operator ηψ: taking the real parts one obtains

−
∫
η|∇ψ|2 +

1
2

∫
(∆η)|ψ|2 + k2

∫
η|ψ|2 = −<

∫
f ηψ (B)
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Summing (A) and (B) we get

k2
∫
η|ψ|2 + 2

∫
∇ψD2φ∇ψ −

∫
η|∇ψ|2 +

1
2

∫ (
∆η −∆2φ

)
|ψ|2

= <
∫

f (2∇φ · ∇ψ + ψ∆φ− ηψ)∓ ε=
∫
ψ∇ψ · ∇φ

which reduces with the choice η = ∆φ to
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2
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k2
∫

(∆φ)|ψ|2 + 2
∫
∇ψD2φ∇ψ −

∫
(∆φ)|∇ψ|2

= <
∫

f 2∇φ · ∇ψ ∓ ε=
∫
ψ∇ψ · ∇φ
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Agmon-Hörmander-L.A.P.

Choose ∆φ ∼ (1 + |x |2)−
s
2 , with s = 1 + ε to get

k2
∫

|ψ|2

(1 + |x |2)
1
2 +

+

∫
|∇ψ|2

(1 + |x |2)
1
2 +
≤ C

∫
|f |2(1 + |x |2)

1
2 +
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

k2
∫

(∆φ)|ψ|2 + 2
∫
∇ψD2φ∇ψ −

∫
(∆φ)|∇ψ|2

= <
∫

f 2∇φ · ∇ψ ∓ ε=
∫
ψ∇ψ · ∇φ

We would like to get a uniform (in k) estimate for ∇ψ. Choice
φ = |x |2 fails at a first attempt:

2dk2
∫
|ψ|2+2(1− d)

∫
|∇ψ|2 = <

∫
f 2∇φ·∇ψ∓ε=

∫
ψ∇ψ·∇φ.
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Consider
−∆ψ − k2ψ = f u := e±ik|x |ψ.

The function u solves

−
(
∇∓ ik

x

|x |

)2

u − k2u = e±ik|x |f

and notice that

|∇u|2 =

∣∣∣∣∇ψ ± ik
x

|x |
ψ

∣∣∣∣2
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Resolvent estimates

Agmon-Hörmander, limiting absorption principle

Using this one gets (uniformly in k)∫
|ψ|2

|x |2
≤ CH

∫ ∣∣∣∇(e±ik|x |ψ)
∣∣∣2 ≤ C

∫
|f |2|x |2.

Ikebe-Saito; Burq-Planchon-Stalker-Tahvildar Zadeh
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Complex Potentials

Consider

−∆ψ − zψ = Vψ V : Rd → C, z = k1 + ik2.

Assume ∫
|V ||ψ|2 ≤ a

∫
|∇ψ|2 (a < 1) (?)

to be able to define H = −∆ + V as a m-sectorial operator in L2.

CLAIM: (?) ⇒ σ(H) = σ(−∆).
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Complex potentials

Absence of eigenvalues

The claim is true in 3D (F-Krejcirik-Vega 2016). Suitable
application of the Birman-Schwinger Principle and strongly using
the fact that the Green function

Gz(x , y) =
1
4π

e−
√
z |x − y |
|x − y |

satisfies |Gz(x , y)| ≤ G0(x , y).
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Complex potentials

Absence of eigenvalues

Not clear the claim in other dimensions. Using multipliers, we can
prove the following.

Theorem (F-Krejcirik-Vega 2016)
Let H = −∆ + V and∫

|x |2|V |2|ψ|2 ≤ b2
∫
|∇ψ|2, b <

d − 2
5d − 8

.

Then σp(H) = ∅.
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Complex potentials

Absence of eigenvalues

We have an analogous result for

H = −∆A + V

with A ∈ L2
loc:
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Complex potentials

Absence of eigenvalues

Theorem (F-Krejcirik-Vega 2016)
Assume ∫

Rd

(<V )− |ψ|2 ≤ b2
1

∫
Rd

|∇Aψ|2 ,∫
Rd

[∂r (r <V )]+ |ψ|
2 ≤ b2

2

∫
Rd

|∇Aψ|2 ,∫
Rd

r2
(
|=V |2 +

1
2
|Bτ |2

)
|ψ|2 ≤ b2

3

∫
Rd

|∇Aψ|2 .

with

b2
1 < 1− 2b3

d − 2
, b2

2 + b3

[
2 +

(
2

d − 2

) 3
2
]
< 1.

Then σp(HA,V ) = ∅.
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