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What we know



Isotonic harmonic oscillator

Separation of variables rotationally symmetric harmonic oscillator in R?

R(y) > 0 and m € C eventually R(m) > —1
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in C5°]0, oo[C L2[0, 00]
» Complex harmonic oscillator: m = i%

» Complex Calogero operator: limiting case v — 0



J-selfadjoint extensions

Ly min,: minimal operator
Ly, max,~: maximal operator

As r— 0 we always have asymptotics
3
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Lemma.

(D) _ [0 [R(m)| = 1
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= Case |R(m)| > 1
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J-selfadjoint for Jf= f



J-selfadjoint extensions

Case |R(m)| <1 n(r) = {(1) :i ;
we (1) = n(r)rstm w—(r) = n(r) {:;:(r) :i 8

Proposition 1.
For any closed

Lm,min,'y C Sm,'y C Lm,max,'y
there exists ayx € C\ {0} such that

D(Sm,'y) = D(Lm,min,'y) + C[O‘+w+ + O‘*w*]

D(S;, ) = D(Lmminy) + Clogywy + a_w_]

(1= 7)D(Smy) C HAR) N H2(R)



Semi—homogeneous extension
Unitary dilations e’P"¢(r) = e™/2p(e"r)

We have

ezDTLmﬁeszT — 6727Lm,e2"'y‘

Also true for min and max operators.

And also true for the J-selfadjoint family
Hp e D(Hpm,y) = D(Lmmin,y) + Cwy.

This family is holomorphic for ®(m) > —1 and R(v) > 0.



Spectrum of H,,

R(m) > —1
Apg=202+ (b—2)0,—a Kummer operator
Chra =202+ (b—72)0,— a

generalised confluent
Ay av(z) =0
Y

= Cpyav(v2) = ’yAb%v(fyz) =0
For V, ,u(z) = e~ 2% u(z) and z =

Lk
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Then C’mﬂmw(mznﬂv(z) =0 gives (Lyy — €)p(r) =0
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Spectrum of H,,

R(m) > -1
Take
m+1 € 1F1(a; b; 2)
= - _ M Sl e Rt B
T Ty (a.5,2) T'(b)
Fo(a, 1—b—; -1
b—ma1 Ula, b, 2) = oFo(a, a+ _ 2)
2

Get solutions Z and © for (L, — €)® = 0 such that

V2
W(Z,0) = .
(0=
This gives eigenvalues € = y(2n+ 1 4+ m) for n € NU {0} and

eigenfunctions

2 2
el s pm (72> € D(Hpr).



Green’s function of Hy, ,

Asymptotes
T — 00
1 e 2 1, € 2
2(r) ~r 2 e O(r) ~r 2tie
r— 0
™2 m#£ 0, R(m) >0
=(r) ~ s O(r) ~ ra In(r) m=0

The Green’s function is

G, 1) = Vm\%a) S(min{r, )0 (max{r, £})

Proposition 2.
(Hyn — €)1 € Co(L2]0, 00]) Schatten class

for e = —y(m+ 2) and hence all € # y(2n+ 1 + m)



What we don’t know



» Numerical range (some partial enclosures).
» Schatten norm asymptotic of the resolvent.

» Is it a holomorphic family of type (A) or (B) in some range
of m, 7
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