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Motivation Motivationl: Pavlov's work

Motivation 2: Lieb-Thirring inequalities

Motivation 1: Pavlov (1960s)

H=—% 1 Vin L*(0,00) with BC f'(0) = hf(0) for some h € C U {oo}.
Assume V € L*(0,00), decaying at oo ~ o(H) = [0, 00) Uoais(H).
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H=—% 1 Vin L*(0,00) with BC f'(0) = hf(0) for some h € C U {oo}.
Assume V € L*(0,00), decaying at oo ~ o(H) = [0, 00) Uoais(H).

> If
eql/?
Je>0: sup|V(x)le < o0,
x>0

then #o4is(H) < 0.
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Motivation 2: Lieb-Thirring inequalities

Motivation 1: Pavlov (1960s)

H=—% 1 Vin L*(0,00) with BC f'(0) = hf(0) for some h € C U {oo}.

Assume V € L*(0,00), decaying at oo ~ o(H) = [0, 00) Uoais(H).
> If
1/2
Je>0: sup|V(z)e®’ < oo,
x>0

then #o4is(H) < 0.
» Exponent 1/2 sharp: V) € (0,00), V3 € (0,1/2) 3e > 0 and
Jh € C\R, 3V € L*(0,0) real-valued such that

B
sup |V (z)[e*" < oo

>0
and 3 (Ap)nen C oais(H) with limy o0 Ay = A.
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Question: Does there exist V € L°°(0, c0) complex-valued and h € RU {oco}
such that 3 (An)nen C gais(H) with limp— 00 A = A € (0,00)7
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Motivation Motivationl: Pavlov's work

Motivation 2: Lieb-Thirring inequalities

Motivation 1: Pavlov (1960s)

— o

Question: Does there exist V € L°°(0, c0) complex-valued and h € RU {oco}
such that 3 (An)nen C gais(H) with limp— 00 A = A € (0,00)7

Remark: For h = 0 (Neumann) and h = co (Dirichlet), one could then extend
V and eigenfunction to R ~ —% +Vin L3(R) has (An)nen C oais(H) with
limp oo An = A € (0,00).
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Motivation Motivationl: P ork

Motivation 2: Lieb-Thirring inequalities

Motivation 2: Lieb-Thirring inequalities (1970s+)

Now arbitrary dimension d € N. Let V € L?(R?) be real-valued with

p>4, ifd>3,

p>1, ifd=2,
p>1, ifd=1.

H=—A+V in L*(R?) is selfadjoint ~» cais(H) C (—0o0,0), and

only possible accumulation point is 0.
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Now arbitrary dimension d € N. Let V € L?(R?) be real-valued with

p>4, ifd>3,

p>1, ifd=2,
p>1, ifd=1.
H=—A+V in L*(R?) is selfadjoint ~» cais(H) C (—0o0,0), and

only possible accumulation point is 0.

Lieb-Thirring inequalities:

ICap>0: > PR < Cap|IVIE. (+)

A€oqis(H)
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Motivation 2: Lieb-Thlrrmg inequalities

Motivation 2: Lieb-Thirring inequalities (1970s+)

Now arbitrary dimension d € N. Let V € L?(R?) be real-valued with

p>4, ifd>3,

p>1, ifd=2,
p>1, ifd=1.
H=—A+V in L*(R?) is selfadjoint ~» cais(H) C (—0o0,0), and

only possible accumulation point is 0.

Lieb-Thirring inequalities:

ICap>0: > PR < Cap|IVIE. (+)

A€oqis(H)

Question: Does there exist V € LP(R%) such that 3 (An)nen C oais(H) with
limp—oo An = A € (0,00)7

Remark: Then LHS of (k) is co while RHS is < co.
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Main results

Main results

Theorem 1: Let p > d and £ > 0. Then 3V € L*°(R%) N LP(R?) with
max{||V||eo, ||V]lp} < ¢ and decaying at co such that H = —A +V in L?(R?)
has (An)nen C oais(H) with Im A\, < 0 and accumulating at every point

of [0, ).
Im
Re
RSl
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Theorem 1: Let p > d and £ > 0. Then 3V € L*°(R%) N LP(R?) with
max{||V||eo, ||V]lp} < ¢ and decaying at co such that H = —A +V in L?(R?)
has (An)nen C oais(H) with Im A\, < 0 and accumulating at every point

of [0, ).
Im
Re
RSl

Theorem 2: In R% := {x = (z1,...,24) €R%: 24 > 0}.

Let p>dande>0and h € RU{oc}. Then 3V € L= (R%) N LP(R%) with
max{||V||s, [V |lp} < € and decaying at oo such that H = —A +V in L*(R%)
with BC 0., f = hf on (‘)Ri has (An)nen C oais(H) with Im A, < 0 and

accumulating at every point of [0, 00).
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Proof idea

Proof idea part 1: Construction of a basic potential

Force C, t € R and a > 0 define

c, |z — teq| < a,

Ucpta(x) := T

o teg |z — teq| > a.

Note: For d =1 and d = 3: Uc,t,q is c or 0.
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Proof idea

Proof idea part 1: Construction of a basic potential

Force C, t € R and a > 0 define

c, |z — teq| < a,

Ucpta(x) := T

o teg |z — teq| > a.
Note: For d =1 and d = 3: Uc,t,q is c or 0.

Lemma 1: Let A € (0,00) and p > d. For any ¢,d,7 > 0, there exist
a>0,ceCandpeCwithImp <0, |\— p| <r such that

VieR: |Uetallp <& NUetallo <6, € oais(=A+Ueta)

Im

O
N
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Proof idea

Proof idea part 1: Construction of a basic potential
For ce C, t € R and a > 0 define

c, |z — teq| < a,

(d—3)(d—1)
T alz—teg|? ?

Ueta(z) ==
|z — teq| > a.

Note: For d =1 and d = 3: Uc,t,q is c or 0.

Lemma 1: Let A € (0,00) and p > d. For any ¢,d,7 > 0, there exist
a>0,ceCandpeCwithImp <0, |\— p| <r such that

VieR: |Uetallp <& NUetallo <6, € oais(=A+Ueta)

Proof for t = 0:
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Proof idea

Proof idea part 1: Construction of a basic potential
For ce C, t € R and a > 0 define

c, |z — teq| < a,

Ucpta(x) := T

o teg |z — teq| > a.

Note: For d =1 and d = 3: Uc,t,q is c or 0.

Lemma 1: Let A € (0,00) and p > d. For any ¢,d,7 > 0, there exist
a>0,ceCandpeCwithImp <0, |\— p| <r such that

VieR: |Uetallp <& NUetallo <6, € oais(=A+Ueta)

Proof for t = 0: For 7 € C and a > 0 define

Gika J%71<T‘x|) <
. \/EJi,l(Ta’) |$|%71 ) 0< |ZL'| > a, i 'J%_Q(Ta) 1(d_3)
f(z) = ,kﬁ k= _1J T+ 3
= ol >, gl 2
x

Then —Af 4+ Uco.af = pf with ¢ :=k* — 72, p = k?.
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Construction of a basic potential
A € E!

dd; ther p
Proof idea Co

Proof idea part 1: Construction of a basic potential

Lemma 1: Let A € (0,00) and p > d. For any &,§,r > 0, there exist
a>0,ce€CandpeCwithImu <0, |\—p| <r such that

VEeR: |Uetallp <&, |Uectallo <3, 1€ dais(—A+ Uet,a)-

Remark: On the sharpness of p > d:
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Proof idea part 1: Construction of a basic potential

Lemma 1: Let A € (0,00) and p > d. For any &,§,r > 0, there exist

VEeR: |Uetallp <&, |Uectallo <3, 1€ dais(—A+ Uet,a)-

Remark: On the sharpness of p > d:
» d = 1: Abramov et al. (2001): If V € L*(R), then

d? 11
VMEUdis( da2 +V) lul> < §HVH1
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Proof idea part 1: Construction of a basic potential

Lemma 1: Let A € (0,00) and p > d. For any &,§,r > 0, there exist

VEeR: |Uetallp <&, |Uectallo <3, 1€ dais(—A+ Uet,a)-

Remark: On the sharpness of p > d:
» d = 1: Abramov et al. (2001): If V € L*(R), then

d? 11
VMEUdis( da2 +V) lul> < §HVH1

» d > 2: Conjecture Laptev-Safronov (2009): For p € (%, d} there exists
Ca,p > 0 such that if V € LP(R?), then

_d
Vi€ oas (A+ V) |u"72 < CaplVI3
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Proof idea

Proof idea part 1: Construction of a basic potential

Lemma 1: Let A € (0,00) and p > d. For any &,§,r > 0, there exist

VEeR: |Uetallp <&, |Uectallo <3, 1€ dais(—A+ Uet,a)-

Remark: On the sharpness of p > d:
» d = 1: Abramov et al. (2001): If V € L*(R), then

d? 11
VMEUdis( da2 +V) lul> < §HVH1

» d > 2: Conjecture Laptev-Safronov (2009): For p € (%, d} there exists
Ca,p > 0 such that if V € LP(R?), then
_d
Vi€ oas (A+ V) |u"72 < CaplVI3

> Proved for radial potentials (Frank-Simon, 2016) and for general L?(R%)
potentials if p € (d d+1] (Frank, 2011).

> Open for (%,d].
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Proof idea

Proof idea part 2: Adding another potential

Lemma 2: Let Vi, Vo € L™(R?) be decaying at oo and let
w € o(—A+Va)\o(—A+ V1). Then there exist

pe € o(=A+ Vi 4 Va(- —teq)), t>0,

with limi—, oo e = p.
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Proof idea

Proof idea part 2: Adding another potential

Lemma 2: Let Vi, Vo € L™(R?) be decaying at oo and let
w € o(—A+Va)\o(—A+ V1). Then there exist

pe € o(=A+ Vi + Va(- —teq)), t>0,
with limi—, oo e = p.
Proof: Note that
o(=A+ Vi + Va(- —teq)) = o(—A 4+ Vi (- + teq) + V2)

and, in the limit t — oo, —A 4+ Vi (- + teq) + V2 converges to —A + V5 in

strong resolvent sense. Now use spectral convergence result (SB, 2016).
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Proof idea part 2: Adding another potential

Lemma 2: Let Vi, Vo € L™(R?) be decaying at oo and let
w € o(—A+Va)\o(—A+ V1). Then there exist

pe € o(=A+ Vi + Va(- —teq)), t>0,
with limi—, oo e = p.
Proof: Note that
o(=A+ Vi + Va(- —teq)) = o(—A 4+ Vi (- + teq) + V2)

and, in the limit t — oo, —A 4+ Vi (- + teq) + V2 converges to —A + V5 in

strong resolvent sense. Now use spectral convergence result (SB, 2016).

Remark (Kato): Let A C oais(—A + Vi) be a finite set and r > 0. Then there
exists yv;,a,» > 0 such that if [|[V2]leo < Yv4,a,r, then

Vt>0: supdist(A,o(—A+ Vi + Va(- —teq)) <.
A€A
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Proof idea

Proof idea part 3: Construction of V' satisfying the claims of Theorem 1

There exists a bijective map that send n € N to (gn, m») € (QN (0,00)) x N

(is countable!).

Now construct V' with (Ap)nen C oais(—A + V') with

1
ImA, <0, |[Ap—qn|<—, neN
m

n

Then {\,, : n € N} accumulate at Q N (0, 00) = [0, o).
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Proof idea

Proof idea part 3: Construction of V' satisfying the claims of Theorem 1

There exists a bijective map that send n € N to (gn, m») € (QN (0,00)) x N

(is countable!).

Now construct V' with (Ap)nen C oais(—A + V') with

1
ImA, <0, |[Ap—qn|<—, neN
m

n

Then {\,, : n € N} accumulate at Q N (0, 00) = [0, o).
The potential V' is constructed inductively, as the limit n — oo of

n
V, = E Uc]-,tj,ajw
j=1

where in each step we use Lemmas 1 and 2 to add another eigenvalue.
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Proof idea Construction of potential V'
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