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Motivation 1: Pavlov (1960s)

H = − d2

dx2
+ V in L2(0,∞) with BC f ′(0) = hf(0) for some h ∈ C ∪ {∞}.

Assume V ∈ L∞(0,∞), decaying at ∞  σ(H) = [0,∞) ∪̇σdis(H).

I If

∃ ε > 0 : sup
x>0
|V (x)|eεx

1/2

<∞,

then #σdis(H) <∞.

I Exponent 1/2 sharp: ∀λ ∈ (0,∞), ∀β ∈ (0, 1/2) ∃ ε > 0 and

∃h ∈ C\R, ∃V ∈ L∞(0,∞) real-valued such that

sup
x>0
|V (x)|eεx

β

<∞

and ∃ (λn)n∈N ⊂ σdis(H) with limn→∞ λn = λ.
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Motivation 1: Pavlov (1960s)
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Im

Question: Does there exist V ∈ L∞(0,∞) complex-valued and h ∈ R ∪ {∞}
such that ∃ (λn)n∈N ⊂ σdis(H) with limn→∞ λn = λ ∈ (0,∞)?

Remark: For h = 0 (Neumann) and h =∞ (Dirichlet), one could then extend

V and eigenfunction to R  − d2

dx2
+ V in L2(R) has (λn)n∈N ⊂ σdis(H) with

limn→∞ λn = λ ∈ (0,∞).
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Motivation 2: Lieb-Thirring inequalities (1970s+)

Now arbitrary dimension d ∈ N. Let V ∈ Lp(Rd) be real-valued with
p ≥ d

2
, if d ≥ 3,

p > 1, if d = 2,

p ≥ 1, if d = 1.

H = −∆ + V in L2(Rd) is selfadjoint  σdis(H) ⊂ (−∞, 0), and

only possible accumulation point is 0.

Lieb-Thirring inequalities:

∃Cd,p > 0 :
∑

λ∈σdis(H)

|λ|p−
d
2 ≤ Cd,p‖V ‖pp. (∗)

Question: Does there exist V ∈ Lp(Rd) such that ∃ (λn)n∈N ⊂ σdis(H) with

limn→∞ λn = λ ∈ (0,∞)?

Remark: Then LHS of (∗) is ∞ while RHS is <∞.
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Main results

Theorem 1: Let p > d and ε > 0. Then ∃V ∈ L∞(Rd) ∩ Lp(Rd) with

max{‖V ‖∞, ‖V ‖p} < ε and decaying at ∞ such that H = −∆ + V in L2(Rd)
has (λn)n∈N ⊂ σdis(H) with Imλn < 0 and accumulating at every point

of [0,∞).

Re

Im

Theorem 2: In Rd+ := {x = (x1, . . . , xd) ∈ Rd : xd > 0}.
Let p > d and ε > 0 and h ∈ R ∪ {∞}. Then ∃V ∈ L∞(Rd+) ∩ Lp(Rd+) with

max{‖V ‖∞, ‖V ‖p} < ε and decaying at ∞ such that H = −∆ + V in L2(Rd+)

with BC ∂xdf = hf on ∂Rd+ has (λn)n∈N ⊂ σdis(H) with Imλn < 0 and

accumulating at every point of [0,∞).
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Construction of potential V

Proof idea part 1: Construction of a basic potential

For c ∈ C, t ∈ R and a > 0 define

Uc,t,a(x) :=

c, |x− ted| < a,

− (d−3)(d−1)

4|x−ted|2
, |x− ted| ≥ a.

Note: For d = 1 and d = 3: Uc,t,a is c or 0.
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Proof idea part 1: Construction of a basic potential

For c ∈ C, t ∈ R and a > 0 define

Uc,t,a(x) :=

c, |x− ted| < a,

− (d−3)(d−1)

4|x−ted|2
, |x− ted| ≥ a.

Note: For d = 1 and d = 3: Uc,t,a is c or 0.

Lemma 1: Let λ ∈ (0,∞) and p > d. For any ε, δ, r > 0, there exist

a > 0, c ∈ C and µ ∈ C with Imµ < 0, |λ− µ| < r such that

∀ t ∈ R : ‖Uc,t,a‖p < ε, ‖Uc,t,a‖∞ < δ, µ ∈ σdis(−∆ + Uc,t,a).
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Lemma 1: Let λ ∈ (0,∞) and p > d. For any ε, δ, r > 0, there exist

a > 0, c ∈ C and µ ∈ C with Imµ < 0, |λ− µ| < r such that

∀ t ∈ R : ‖Uc,t,a‖p < ε, ‖Uc,t,a‖∞ < δ, µ ∈ σdis(−∆ + Uc,t,a).

Proof for t = 0:
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a > 0, c ∈ C and µ ∈ C with Imµ < 0, |λ− µ| < r such that

∀ t ∈ R : ‖Uc,t,a‖p < ε, ‖Uc,t,a‖∞ < δ, µ ∈ σdis(−∆ + Uc,t,a).

Proof for t = 0: For τ ∈ C and a > 0 define

f(x) :=


eika

√
aJ d

2
−1

(τa)

J d
2
−1

(τ |x|)

|x|
d
2
−1

, 0 < |x| ≤ a,

eik|x|

|x|
d−1
2

, |x| > a,
k := −i

J d
2
−2(τa)

J d
2
−1(τa)

τ+
i(d− 3)

2a
.

Then −∆f + Uc,0,af = µf with c := k2 − τ2, µ := k2.
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Proof idea part 1: Construction of a basic potential

Lemma 1: Let λ ∈ (0,∞) and p > d. For any ε, δ, r > 0, there exist

a > 0, c ∈ C and µ ∈ C with Imµ < 0, |λ− µ| < r such that

∀ t ∈ R : ‖Uc,t,a‖p < ε, ‖Uc,t,a‖∞ < δ, µ ∈ σdis(−∆ + Uc,t,a).

Remark: On the sharpness of p > d:

I d = 1: Abramov et al. (2001): If V ∈ L1(R), then

∀µ ∈ σdis

(
− d2

dx2
+ V

)
: |µ|

1
2 ≤ 1

2
‖V ‖1.

I d ≥ 2: Conjecture Laptev-Safronov (2009): For p ∈
(
d
2
, d
]

there exists

Cd,p > 0 such that if V ∈ Lp(Rd), then

∀µ ∈ σdis (−∆ + V ) : |µ|p−
d
2 ≤ Cd,p‖V ‖pp.

I Proved for radial potentials (Frank-Simon, 2016) and for general Lp(Rd)
potentials if p ∈

(
d
2
, d+1

2

]
(Frank, 2011).

I Open for
(
d+1

2
, d
]
.
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Proof idea part 2: Adding another potential

Lemma 2: Let V1, V2 ∈ L∞(Rd) be decaying at ∞ and let

µ ∈ σ(−∆ + V2)\σ(−∆ + V1). Then there exist

µt ∈ σ(−∆ + V1 + V2(· − ted)), t > 0,

with limt→∞ µt = µ.

Proof: Note that

σ(−∆ + V1 + V2(· − ted)) = σ(−∆ + V1(·+ ted) + V2)

and, in the limit t→∞, −∆ + V1(·+ ted) + V2 converges to −∆ + V2 in

strong resolvent sense. Now use spectral convergence result (SB, 2016).

Remark (Kato): Let Λ ⊂ σdis(−∆ + V1) be a finite set and r > 0. Then there

exists γV1,Λ,r > 0 such that if ‖V2‖∞ < γV1,Λ,r, then

∀ t > 0 : sup
λ∈Λ

dist(λ, σ(−∆ + V1 + V2(· − ted)) < r.
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Proof idea part 3: Construction of V satisfying the claims of Theorem 1

There exists a bijective map that send n ∈ N to (qn,mn) ∈ (Q ∩ (0,∞))× N
(is countable!).

Re

Im

Now construct V with (λn)n∈N ⊂ σdis(−∆ + V ) with

Imλn < 0, |λn − qn| <
1

mn
, n ∈ N.

Then {λn : n ∈ N} accumulate at Q ∩ (0,∞) = [0,∞).

The potential V is constructed inductively, as the limit n→∞ of

Vn :=

n∑
j=1

Ucj ,tj ,aj ,

where in each step we use Lemmas 1 and 2 to add another eigenvalue.
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Thank you for your attention!
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