2-adic valuations of coefficients of certain integer powers of

formal power series with {—1,+1} coefficients

Maciej Ulas

Institute of Mathematics, Jagiellonian University, Krakéw, Poland

22nd May 2017

Maciej Ulas 2-adic valuations of coefficients ...



Short plan of the presentation

@ Basic definitions and the main question

Maciej Ulas 2-adic valuations of coefficients ...



Short plan of the presentation

@ Basic definitions and the main question

@ The Prouhet-Thue-Morse sequence and the binary partition function

Maciej Ulas 2-adic valuations of coefficients ...



Short plan of the presentation

@ Basic definitions and the main question
@ The Prouhet-Thue-Morse sequence and the binary partition function

@ Some general results

Maciej Ulas 2-adic valuations of coefficients ...



Short plan of the presentation

@ Basic definitions and the main question
@ The Prouhet-Thue-Morse sequence and the binary partition function

@ Some general results

Applications to the Rudin-Shapiro sequence and the
Lafrance-Rampersad-Yee sequence

Maciej Ulas 2-adic valuations of coefficients ...



Short plan of the presentation

@ Basic definitions and the main question
@ The Prouhet-Thue-Morse sequence and the binary partition function

@ Some general results

Applications to the Rudin-Shapiro sequence and the
Lafrance-Rampersad-Yee sequence

@ Questions, problems and conjectures

Maciej Ulas 2-adic valuations of coefficients ...



Basic definitions and the general main question

In the sequel we will use the following notation:
o N - the set of non-negative integers,
Ny - the set of positive integers,

]
o P - the set of prime numbers,
o Ay -theset {n€ A: n> k}.
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Basic definitions and the general main question

In the sequel we will use the following notation:

o N - the set of non-negative integers,
o N - the set of positive integers,

o P - the set of prime numbers,

o Ay -theset {n€ A: n> k}.

If p € P and n € Z we define the p-adic valuation of n as:
vp(n) := max{k € N: p*| n}.

We also adopt the standard convention that v,(0) = +oo.
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Basic definitions and the general main question

In the sequel we will use the following notation:

o N - the set of non-negative integers,
o N - the set of positive integers,

o P - the set of prime numbers,

o Ay -theset {n€ A: n> k}.

If p € P and n € Z we define the p-adic valuation of n as:
vp(n) := max{k € N: p*| n}.

We also adopt the standard convention that v,(0) = +oo.

From the definition we easily deduce that for each ni, no € Z the following
properties hold:

vp(mm) = vp(m) + vp(m) and  vp(n + n2) > min{vp(ni), vp(n2)}.

If vp(n1) # vp(m2) then the inequality can be replaced by the equality.
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Let

F3) = 3 anx” € Z[[]
n=0

and -
g(x)=>_ bux" € Z[[x]]
n=0

be a formal power series with integer coefficients.
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Let -
F(x) = anx" € Z[[x]]

n=0

and -
g(x) =Y bux" € Z[[x]]

n=0
be a formal power series with integer coefficients.

Let M € N>, be given. We say that f, g are congruent modulo M if and
only if for all n the coefficients of x” in both series are congruent modulo
M.
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Let

F3) = 3 anx” € Z[[]
n=0

and -
g(x) =Y bux" € Z[[x]]

n=0
be a formal power series with integer coefficients.

Let M € N>, be given. We say that f, g are congruent modulo M if and
only if for all n the coefficients of x” in both series are congruent modulo
M.

In other words

f=g (mod M)<=VneN: a,=b, (mod M).
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One can prove that for any given f, F, g, G € Z|[[x]] satisfying
f=g (mod M) and F=G (mod M)
we have

ftF=g+G (mod M) and fF=gG (mod M).
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One can prove that for any given f, F, g, G € Z|[[x]] satisfying
f=g (mod M) and F=G (mod M)
we have

ftF=g+G (mod M) and fF=gG (mod M).

Moreover, if £(0),g(0) € {—1,1} then the series 1/f,1/g have integer
coefficients and we also have

1
f

(mod M).

0 |

In consequence, in this case we have
f*=g" (mod M)

for any k € Z.
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We formulate the following general

Let f(x) = Y72 enx" € Z[[x]] with o € {—1,1} and take m € N,. What can
be said about the sequences (Vp(am(n)))nen, (Vp(bm(n)))nen, where

f(x)" = (Zenx"> = Zam(n)x",
1
o~ (sme) ~Le0°

i.e., am(n) (bm(n)) is the n-th coefficient in the power series expansion of the
series ™ (x) (1/f(x)™ respectively)?
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (Vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

> o n(3n—1) n(3n+1)

f(x) = H(l —x") =1+ Z(—l)”(xf +x 2 ).

n=1 n=1
The second equality is well know theorem: the Euler pentagonal number
theorem.
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (Vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

> o n(3n—1) n(3n+1)
f(x) = H(l —x") =1+ Z(—l)”(xf +x 2 ).
n=1 n=1
The second equality is well know theorem: the Euler pentagonal number
theorem.
In particular a1(n) € {—1,0,1} and thus for any given p € P we have

m(3m+1
2

vp(ai(n)) = 0 in case when n is of the form n = ) for some

m € Ny, and vp(a1(n)) = oo in the remaining cases.
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (Vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

n(3n—1) n(3n+1)

F)=J[a-x")=1+>(-1)"(x 7 +x 2 ).

The second equality is well know theorem: the Euler pentagonal number
theorem.

In particular a1(n) € {—1,0,1} and thus for any given p € P we have

m@mEY) f£or some
2

vp(ai(n)) = 0 in case when n is of the form n =
m € Ny, and vp(a1(n)) = oo in the remaining cases.
However, the characterization of the 2-adic behaviour of the sequence

(p(n))nen given by
f‘i H _ X" - Z p(n)xn

is unknown. Let us note that the number p(n) counts the integer
partitions of n, i.e., the number of non-negative integer solutions of the
equation )i, x; = n. In fact, even the proof that v2(p(n)) > 0 infinitely
often is quite difficult (this was proved by Kolberg in 1959).
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

s(n) = Za,-.
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

K
s(n) = Zs,-.
i=0
Next, we define the Prouhet-Thue-Morse sequence t = (ta)nen (on the
alphabet {—1,+1}) in the following way
to= (-1)",

i.e., t, = 1 if the number of 1's in the binary expansion of n is even and
t, = —1 in the opposite case. We will call the sequence t as the PTM
sequence in the sequel.
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

k
s(n) = Zs;.
i=0
Next, we define the Prouhet-Thue-Morse sequence t = (ta)nen (on the
alphabet {—1,+1}) in the following way
= (1),
i.e., t, = 1 if the number of 1's in the binary expansion of n is even and
t, = —1 in the opposite case. We will call the sequence t as the PTM
sequence in the sequel.
From the relations
%(0) =0, s(2n)=s(n), $(2n+1)==s(n)+1
we deduce the recurrence relations for the PTM sequence: t; = 1 and

ton = tny t2n+1 = —t,.
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Let -
T(x) = Z tax" € Z[[x]]

be the ordinary generating function for the PTM sequence.

Maciej Ulas 2-adic valuations of coefficients ...



Let -
T(x) = Z tax" € Z[[x]]
n=0
be the ordinary generating function for the PTM sequence.

One can check that the series T satisfies the following functional equation

T(x)=(1—x) T(X2).
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Let

T(x) =Y tax" € Z[[x]]

n=0
be the ordinary generating function for the PTM sequence.

One can check that the series T satisfies the following functional equation
T(x) = (1—x)T(x%).

In consequence we easily deduce the identity

T(x) =]]a-x").

n=0
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Let

T(x) =Y tax" € Z[[x]]

n=0

be the ordinary generating function for the PTM sequence.
One can check that the series T satisfies the following functional equation

T(x) = (1—x)T(x%).
In consequence we easily deduce the identity

T(x) =]]a-x").

n=0

Let us also note that the (multiplicative) inverse of the series T, i.e.,

oo

1 1 =
B(X):m:gﬁngnx

is an interesting object.

Maciej Ulas 2-adic valuations of coefficients ...



Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.

More precisely, bp = 1, b1 = 1 and for n > 2 we have v»(b,) = 2 if and
only if nor n— 1 can be written in the form 4"(2u + 1) for some r € Ny
and u € N. In the remaining cases we have v»(b,) = 1.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.

More precisely, bp = 1, b1 = 1 and for n > 2 we have v»(b,) = 2 if and
only if nor n— 1 can be written in the form 4"(2u + 1) for some r € Ny
and u € N. In the remaining cases we have v»(b,) = 1.

We can compactly write

Lt 4 6th_1 + to ifn>2
va(by) = 5ltn +6t, 1 + to 2, ifn >
0, if ne{0,1}.

In other words we have simple characterization of the 2-adic valuation of
the number b, for all n € N.
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Let m € N and consider the series

Bn(x) == B(x)" =[] ﬁ =5 b(n)x".
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Let m € N and consider the series

Bn(x) == B(x)" =[] ﬁ =5 b(n)x".

We have by(n) = b, for n € N and
ba(n) = > [Iblix),
i ot Aim=n k=1

i.e., bm(n) is the Cauchy convolution of m-copies of the sequence (bp)nen.
For m € N we denote the sequence (bm(n))sen by bm.
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Let m € N and consider the series

Bn(x) == B(x)" =[] ﬁ =5 b(n)x".

We have by(n) = b, for n € N and

bu(n) = >[I b,

iL4iz+. . Fim=n k=1

i.e., bm(n) is the Cauchy convolution of m-copies of the sequence (bp)nen.
For m € N we denote the sequence (bm(n))sen by bm.

We see that the number by, (n) has a natural combinatorial interpretation.
Indeed, bm(n) counts the number of representations

n
n= E u2',
i—0

where each summand can have one of m colors.
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Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?

Maciej Ulas 2-adic valuations of coefficients ...



Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?

To give a partial answer to this question we will need two lemmas. The
one concerning the characterization of parity of the number bn(n) and the
second one concerning the behaviour of certain binomial coefficients
modulo small powers of two.
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Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?

To give a partial answer to this question we will need two lemmas. The
one concerning the characterization of parity of the number bn(n) and the
second one concerning the behaviour of certain binomial coefficients
modulo small powers of two.

Let m € N be fixed and write m = 25(2u + 1) with k € N. Then:
Q@ We have by(n) = (7) + 2k+1 ('::22) (mod 2k+2) for m even;

@ We have bm(n) = (7) (mod 2) for m odd;

n

© For infinitely many n we have by (n) 0 (mod 4) for m odd.
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Lemma 2

Let m be a positive integer > 2. Then

(2 k_1>=1 (mod 2), for k=0,1,...,2" -1,

and

1 fork=0,2"

m 4 fork=2m"23.2m2
(2> o : (mod 8), for k=0,1,...,2"

6 fork=2""
0 in the remaining cases

Maciej Ulas 2-adic valuations of coefficients ...



We are ready to prove the following

Let k € Ny be given. Then vo(by_1(n)) =0 for n <25 — 1 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,
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We are ready to prove the following

Let k € Ny be given. Then vo(by_1(n)) =0 for n <25 — 1 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,

Proof: First of all, let us observe that the second part of Lemma 1 and the
first part of Lemma 2 implies that by _;(n) is odd for n < 2¥ — 1 and thus
v2(byk_1(n)) = 0 in this case.
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We are ready to prove the following

Let k € Ny be given. Then vo(by_1(n)) =0 for n <25 — 1 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,

Proof: First of all, let us observe that the second part of Lemma 1 and the
first part of Lemma 2 implies that by _;(n) is odd for n < 2¥ — 1 and thus
v2(byk_1(n)) = 0 in this case.

Let us observe that from the identity By _;(x) = T(x)B«(x) we get the
relation

bok_1(n) = Z tn—j by (j), (1)

where t, is the n-th term of the PTM sequence.
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Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or
n# 2.
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Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or
n# 2.

Moreover,
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Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or

n# 2.
bo(2) = <§> +4<8> —5 (mod 8).

Moreover,
Summing up this discussion we have the following expression for by _;(n)
(mod 8), where k > 2 and n > 2*:

by _1(n) = Ztn —jba(j Ztn —jbo (j) + Z tn—jboi (J)

j=2k41

Zt,, —ib(j Zt,, J< ) (mod 8)

th + t,_ok + 4tn_2k—2 + 4tn_3,2k_2 + 6tn_2k—1 (mod 8)
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However, it is clear that t,_,«—2 + t,_3.,c—2 =0 (mod 2) and thus we can
simplify the above expression and get

b2k71(n) =th+t_ok + 6tn,2k_1 (mod 8)

for n > 2k,
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However, it is clear that t,_,«—2 + t,_3.,c—2 =0 (mod 2) and thus we can
simplify the above expression and get

b2k71(n) =th+t_ok + 6tn,2k_1 (mod 8)

for n > 2k,
If k =1 and n > 2 then, analogously, we get
2k
bi(n) = tojby(j) (mod 8) = t,+5t, »+2t, 1 (mod 8)
j=0

and since t,—1 = t,—2 (mod 2), we thus conclude that

bl(n) =t,+6th_1+ th2 (mod 8)
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Let us put
Ri(n) = to + t,_ox + 6, k1.

Using now the recurrence relations for t,, i.e., ton = ty, tont1 = —ts, We
easily deduce the identities

Rk(2n) = /'-\’/<71(I'I)7 Rk(2n—|— 1) = —kal(n)

for k > 2.
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Let us put
Ri(n) = to + t,_ox + 6, k1.

Using now the recurrence relations for t,, i.e., ton = ty, tont1 = —ts, We
easily deduce the identities

Rk(2n) = /'-\’/<71(I'I)7 Rk(2n—|— 1) = —kal(n)

for k > 2.

Using a simple induction argument, one can easily obtain the following
identities:
Re(2“m + j)| = |Ru(2m)] (@)

for k>2,me&Nandje€{0,...,25—1}.
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From the above identity we easily deduce that
Re(n) #0 (mod 8)

for each n € N and each k > 1. If k =1 then Ry(n) = t, + 6th—1 + th—2
and Ri(n) =0 (mod 8) if and only if t, = t,—1 = ta—2. However, a well
known property of the PTM sequence is that there are no three
consecutive terms which are equal.
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From the above identity we easily deduce that
Re(n) #0 (mod 8)

for each n € N and each k > 1. If k =1 then Ry(n) = t, + 6th—1 + th—2
and Ri(n) =0 (mod 8) if and only if t, = t,—1 = ta—2. However, a well
known property of the PTM sequence is that there are no three
consecutive terms which are equal.

If kK > 2 then our statement about Ri(n) is clearly true for n < 2K If

n > 2% then we can write n = 2“m + j for some m € N and
j€{0,1,...,25 —1}. Using the reduction (2) and the property obtained
for k = 1, we get the result.
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From the above identity we easily deduce that
Re(n) #0 (mod 8)

for each n € N and each k > 1. If k =1 then Ry(n) = t, + 6th—1 + th—2
and Ri(n) =0 (mod 8) if and only if t, = t,—1 = ta—2. However, a well
known property of the PTM sequence is that there are no three
consecutive terms which are equal.

If kK > 2 then our statement about Ri(n) is clearly true for n < 2K If

n > 2% then we can write n = 2“m + j for some m € N and
j€{0,1,...,25 —1}. Using the reduction (2) and the property obtained
for k = 1, we get the result.

Summing up: we have proved that v2(by«_(n)) < 2 for each n € N, since
v»(bi(n)) € {0,1,2}. Moreover, as an immediate consequence of our
reasoning we get the equality

va(by_1(2°n + j)) = va(br(2n))

for j € {0,...,2X — 1} and our theorem is proved.
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Some general results

Let (en)nen be a sequence of integers and write
F(x) = enx" € Z[[x]].
n=0

Moreover, for m € N we define the sequence b, = (bm(n))ncn, where

X)m me(
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Some general results

Let (en)nen be a sequence of integers and write
F(x) = enx" € Z[[x]].
n=0

Moreover, for m € N we define the sequence b, = (bm(n))ncn, where

X)m Z bm(

Theorem 4

Let (en)nen be a sequence of integers and suppose that e, =1 (mod 2) for
each n € N. Then for any m € Ny and n > m we have the congruence

i=0
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Proof: Let f(x) = >"o2,enx" € Z[[x]]. From the assumption on sequence
(£n)nen we get that

f(x)

In consequence, writing m = 2v2(M | with k odd, and using the well known
property saying that U = V' (mod 2*) implies U? = V2 (mod 2¢™1), we
get the congruence

=1 (mod 2).

— m vo(m)+1
o™ = (1+x)™ (mod 2 ).
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Proof: Let f(x) = >"o2,enx" € Z[[x]]. From the assumption on sequence
(£n)nen we get that

f(x)

In consequence, writing m = 2v2(M | with k odd, and using the well known
property saying that U = V' (mod 2*) implies U? = V2 (mod 2¢™1), we
get the congruence

=1 (mod 2).

1

— m vo(m)+1
o = (1+x)™ (mod 2 ).

Thus, multiplying both sides of the above congruence by f(x) we get

= = f(x)(1+x)" (mod 2"2(M*1y,
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Proof: Let f(x) = >"o2,enx" € Z[[x]]. From the assumption on sequence
(£n)nen we get that

f(x) (mod 2).

In consequence, writing m = 2v2(M | with k odd, and using the well known
property saying that U = V' (mod 2*) implies U? = V2 (mod 2¢™1), we
get the congruence

E1+x

1

— m vo(m)+1
o = (1+x)™ (mod 2 ).

Thus, multiplying both sides of the above congruence by f(x) we get
——— = f(x)(1+x)" (mod 22(M*1),

From the power series expansion of f(x)(1+ x)™ by comparing coefficients
on the both sides of the above congruence we get that

min{m,n}
bm—1(n) = Z <m>:—:,,_,- (mod 2"2(m)+1),
i=0

i.e., for n > m we get the congruence (3). Our theorem is proved.
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N there are infinitely many n € N such
that e, = €pt1 = ... = €ptn. Then, for each even m € N, there are infinitely
many n € N such that

va(bm—1(n)) > 1vo(m)+1 and va(bm-1(n+1)) =1.
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N there are infinitely many n € N such
that e, = €pt1 = ... = €ptn. Then, for each even m € N, there are infinitely
many n € N such that

va(bm—1(n)) > 1vo(m)+1 and va(bm-1(n+1)) =1.

Proof: From our assumption on the sequence (¢,)nen we can find infinitely
many (m + 1)-tuples such that e,y1 = €,6p = ... = €p—m = —¢, Where ¢
is a fixed element of {—1,1}. We apply (3) and get

bm—1(n) = S m En—j = — S m e=—-e2"=0 (mod 2"2(m+1)

man =3 (F)enr = =3 (7)

bm—1(n+1) = Zm: (T)snﬂ,; =2 — i (rln)s =¢(2-2") =2 (mod 2v2(M+1y,
i=0 i=0
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N there are infinitely many n € N such
that e, = €pt1 = ... = €ptn. Then, for each even m € N, there are infinitely
many n € N such that

va(bm—1(n)) > 1vo(m)+1 and va(bm-1(n+1)) =1.

Proof: From our assumption on the sequence (¢,)nen we can find infinitely
many (m + 1)-tuples such that e,y1 = €,6p = ... = €p—m = —¢, Where ¢
is a fixed element of {—1,1}. We apply (3) and get

bm—1(n) = (T)an_; =- Z (’7)5 = —£2™ =0 (mod 2v2(M+1)

m m
i=0 i=0

bm—1(n+1) = Zm: (T)snﬂ,; =2 — i (rln)s =¢(2-2") =2 (mod 2v2(M+1y,
i=0 i=0

In consequence v2(bm—1(n)) > v2(m) + 1 and vo(bm-1(n+1)) = 1.
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Example: Let F: N — N satisfy the condition

limsup(F(n+1)— F(n)) = +o0

n—+00

and define the sequence

(F) 1 n = F(m) for some m € N
en(F) =
-1 otherwise
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Example: Let F: N — N satisfy the condition

limsup(F(n+1)— F(n)) = +o0

n—+00

and define the sequence

en(F) =

1 n = F(m) for some m € N
-1 otherwise

It is clear that the sequence (¢,(F))nen satisfies the conditions from
Theorem 5 and thus for any even m € N there are infinitely many n > m
such that v2(bm—1(n)) > v2(m) + 1 and v2(bm-1(n+1)) = 1.
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Example: Let F: N — N satisfy the condition

limsup(F(n+1)— F(n)) = +o0

n—+00

and define the sequence

(F) 1 n = F(m) for some m € N
en(F) =
-1 otherwise

It is clear that the sequence (¢,(F))nen satisfies the conditions from
Theorem 5 and thus for any even m € N there are infinitely many n > m
such that v2(bm—1(n)) > v2(m) + 1 and v2(bm-1(n+1)) = 1.

A particular examples of F's satisfying required properties include:
e positive polynomials of degree > 2;
o the functions which for given n € N take as value the n-th prime number
of the form ak + b, where a € N1, b € Z and gcd(a, b) = 1;
e and many others.
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Let s € N>3. Then

1 fori=0,2°

s 6 fori=2""
(21) (mod 16) =4 8 fori=(2j+1)2°3,jc{0,1,2,3}
12 fori=2"23.25"2
0 in the remaining cases
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Theorem 7

Let s € Ny and (en)nen be an integer sequence and suppose that e, =1 (mod 2) for
néeN.
(A) For n> 2° we have

bps_1(n) =en+2e,_os—1 +€p—2s (mod 4). (4)
In particular, ife, € {—1,1} for all n € N then:
va(bos—1(n)) >1 <= en=¢€, 9s—1 =€p_25s OFEn = —€,_os—1 = En_25
va(bs_1(n)) =1 <= &5= —ep_2s.
(B) Fors> 2 and n> 2° we have
bps_1(n) =en+6e,_os—1 +€p—2s (mod 8). (5)
In particular, if e, € {—1,1} for all n € N, then:
va(bos—1(n)) >2 <= en =€, _5s—1 = €p_2s

Vg(bzs_l(n)) =2 <= gp = —€p_9s—1 = Ep—2s

va(bos_1(n)) =1 < e, = —gp_os.
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Theorem 7 (continuation)

(C) Fors >3 and n > 2° we have
b2s,1(n) =éen+teéepn_2 + 68,7725—1 G 12(5,,,25—2 aF €n73~25*2) (mOd 16) (6)
In particular, ife, € {—1,1} for all n € N, then:

va(bos _1(n)) > 3 — En =€, _9s—2 =€, 5s—1 =&, _3.9s—2 = Ep_3s OF
€n = —TE€,_o9s—2 =€, _os—1 = TE, 35s—2 = €025,
va(bas—1(n)) =3 <+~ En =€, _9s—2 =€, _ps—1 = —E€,_3.,s—2 = Ep_2s OF
€n = —E€,_o9s—2 =&, _os—1 T &, 3.9s—2 = Ep_25
<= En = —€n_2s +26, ,s—1 +8 (mod 16)




As a first application of Theorem 7 we get the following:

Corollary 8

Let s € N>, and (en)nen with e, € {—1,1} for all n € N. If there is no
n € N>ps such that €, = €,_ps—1 = €p_2s, then

I/2(b2571(n)) = Vz(&‘n + 65,,72571 + Enfzs).

In particular, for each n € N>2s we have vp(bys—1(n)) € {1,2,3}.
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Application to the Rudin-Shapiro sequence

Let r = (ra)nen be the Rudin-Shapiro sequence (the RS sequence for
short), i.e., the sequence defined as

I = (_1)Un7

where u, is the number of occurrences of the word “11” in the binary
expansion of the number n.
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Application to the Rudin-Shapiro sequence

Let r = (ra)nen be the Rudin-Shapiro sequence (the RS sequence for
short), i.e., the sequence defined as

I = (_1)Un7

where u, is the number of occurrences of the word “11” in the binary
expansion of the number n.

One can easily check that the sequence r satisfies the following recurrence
relations: rp =1 and

rn = In, hpy1 = (_1)nrn

for n € N.
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Application to the Rudin-Shapiro sequence

Let r = (ra)nen be the Rudin-Shapiro sequence (the RS sequence for
short), i.e., the sequence defined as

I = (_1)Un7

where u, is the number of occurrences of the word “11” in the binary
expansion of the number n.
One can easily check that the sequence r satisfies the following recurrence
relations: rp =1 and

rn = In, hpy1 = (_1)nrn
for n € N.
It is well known that the formal power series R(x) = > 7 rox" associated

with the sequence r satisfies the following functional equation:

R(x) = (1 — x)R(x?) + 2xR(x").
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Let m € N1 and write

1 n
Roo™ = Z bm(n)x".

n=0




Let m € N1 and write

x)m Z b

We prove boundedness of the 2-adic valuation of bn(n) for m =2 and
m =2° — 1 with s € N>,. The first step needed in the proof is the
following:
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Let m € N1 and write

x)m Z b

We prove boundedness of the 2-adic valuation of bn(n) for m =2 and
m =2° — 1 with s € N>,. The first step needed in the proof is the
following:

The following congruence holds:

1 _ VI +x)(1—x — x2 —3x3)
R(x) — 1+x

(mod 4).
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Let m € N1 and write

x)m Z b

We prove boundedness of the 2-adic valuation of bn(n) for m =2 and
m =2° — 1 with s € N>,. The first step needed in the proof is the
following:

The following congruence holds:

1 _ VI +x)(1—x — x2 —3x3)
R(x) — 1+x

(mod 4).

To get the above result it is enough to write 1/R(x) =1+ x + 2T (x) and
observe that T satisfies the congruence

A+ x)*'T)P4+ A +x)°T(x)+x(1+x)>°(1+x+x*)=0 (mod 2).
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As a consequence of the above result we get: As a simple consequence of
the above result we get:

Corollary 10

Let 1/R(x)* = 3°22, ba(n)x". Then

0 n=20,2
w(ba(m) =4 1 n=
2 n>3
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As a consequence of the above result we get: As a simple consequence of
the above result we get:

Corollary 10

Let 1/R(x)* = 3°22, ba(n)x". Then

0 n=0,2
v2(b2(n)) 1 n=
2 n>3
We note the congruence
- n 1 _1_X—X2—3X3_ 2 = n_n
2. bo(n)x" = R(x)2 = T x =1-2x+x +Z4(—1) x"  (mod 8).

n=3
and get the result.
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As a consequence of the above result we get: As a simple consequence of
the above result we get:

Corollary 10

Let 1/R(x)* = 3°22, ba(n)x". Then

0 n=0,2
va(ba(n)) = 1 n=
2 n>3
We note the congruence
1—x—x2 —3x3 >
by(n)x =1-2x+x>+> 4(=1)"x" (mod 8).
Z = o — > 4(-1)x" (mod 8)

n=3
and get the result.

Let (ra)nen be the Rudin-Shapiro sequence. Then there is no n € N>4 such that

rh="rn-1="r-2="In-3="th-4 OF I'n=—Ih-1="Ih-2= —Ih-3= /4.
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Theorem 12

Let s € N>z, R(x) = >_7° rax" and write

R(X Zb (n)x".

Then for n > 2° we have v5(bys—1(n)) € {1,2,3}. Moreover, the following
formula holds

Z/2(b25_1(n)) = I/Q(rn =+ 6!‘"_2571 + r,,_gs).

Maciej Ulas 2-adic valuations of coefficients ...



Theorem 12

Let s € N>z, R(x) = >_7° rax" and write

R(X Zb (n)x".

Then for n > 2° we have v5(bys—1(n)) € {1,2,3}. Moreover, the following
formula holds

Z/2(b25_1(n)) = I/Q(rn =+ 6!‘"_2571 + r,,_gs).

Sketch of the proof: First we consider the case s =2, i.e. m = 3. From
Lemma 9 we have

1
R(x)*

=1—4x+6x>+4x> +9x* (mod 16).
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Theorem 12

Let s € N>z, R(x) = >_7° rax" and write

R(X Zb (n)x".

Then for n > 2° we have v5(bys—1(n)) € {1,2,3}. Moreover, the following
formula holds

Z/2(b25_1(n)) = I/Q(rn =+ 6!‘"_2571 + r,,_gs).

Sketch of the proof: First we consider the case s =2, i.e. m = 3. From
Lemma 9 we have

1
RO =1—4x+6x>+4x> +9x* (mod 16).
In consequence
1
W = R(x)(1 — 4x + 6x% + 4x3 + 9x*)

oo
=1+13x+3+5+8x" + ) hpx" (mod 16),
n=5
where h, ;= r, — 4rp_1 +6rp,_2 +4rp_3+ 9rp_4.
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One can check that

hn =0 (mod 16) <= ry = ra—1 = -2 = rh—3 = I'n—s

or rnp —rh—1=rh-2= —Ih-3 = I'n—4,

which according to Lemma 11 is impossible.




One can check that

hn =0 (mod 16) <= ry = ra—1 = -2 = rh—3 = I'n—s

or rp —th—1 = I'h—2 = —Ih—3 = I'h—4,

which according to Lemma 11 is impossible.

Thus h, does not vanish modulo 16 and
hn =t — 4(rn—1 - rn—3) + 6rn—2 + 9rn—4 =" + 6rn—2 + rn—a (mOd 8)

In consequence, due to non-vanishing of the integer r, + 6rh—2 + rn—a we
get that v2(b3(n)) = vo(ra + 6rn—2 + r—a).
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One can check that

hn =0 (mod 16) <= ry = ra—1 = -2 = rh—3 = I'n—s

or rh = —Ih-1="I-2= —Ih-3="I—4,

which according to Lemma 11 is impossible.

Thus h, does not vanish modulo 16 and
hn =t — 4(rn—1 - rn—3) + 6rn—2 + 9rn—4 =" + 6rn—2 + rn—a (mOd 8)

In consequence, due to non-vanishing of the integer r, + 6rh—2 + rn—a we
get that v2(b3(n)) = vo(ra + 6rn—2 + r—a).

We proceed by induction on s and n > 2°. For s =3 and n > 8 we have
br(n) =ra+ rh—g +6r—a+12(ra—2+ ros) (mod 16)

and careful analysis shows that the right side doesn't vanish modulo 16.
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One can check that
hn =0 (mod 16) <= ry = ra—1 = -2 = rh—3 = I'n—s
or rpn=—rh-1="—2= —Irh-3= Ih-4,

which according to Lemma 11 is impossible.

Thus h, does not vanish modulo 16 and
hn =t — 4(rn—1 - rn—3) + 6rn—2 + 9rn—4 =" + 6rn—2 + rn—a (mOd 8)

In consequence, due to non-vanishing of the integer r, + 6rh—2 + rn—a we
get that v2(bs(n)) = va(rn + 6rn—2 + ra—s).
We proceed by induction on s and n > 2°. For s =3 and n > 8 we have

br(n) =ra+ rh—g +6r—a+12(ra—2+ ros) (mod 16)

and careful analysis shows that the right side doesn't vanish modulo 16.

Similarly, for s > 4, n > 2°, one can show impossibility of the conditions

CGi(n,s): ra

G(n,s): = —fpgs2 = Fh_ps1 = —fp_30s-2 = [Ip_2s

ry_os—2 = Ifh_os—1 = [Ih_3.05s-2 = rIn-2s,

and get the result.
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Theorem 13

Let s € N>; and write Hs(x) = > 72 5s Rs(n)x", where
Rs(n) = vo(rn + 6r,_ps—1 + rp—2s).
Then Hy satisfies the following Mahler type functional equation
P(x) + Q(x)H2(x) + R(x)H2(x2) = 0,
where
P(x) = x*(3 + 5x + 9x% 4+ 12x° + 0x* + 13x° + 12x° + 12x” + 8x% + 4x° + 7x'% + 12x"!
+ 11x*? + 13x13 + 13x14 + 1125 + 12x%° + 13><17 + 12x%8 + 12x%° + 6X20 + 4x*
+ 057 £ 12x% + 11x** 4+ 13x% + 10x%° 4 12577 + 11x% + 13x% + 13x°° + 12x*
Bis 9x*? L 8x>3 b 3X34)
Q(x) = (x — D(x + 1)°(<* + DE + D" + 1)(x" +3x° + 1)
R(x) = (x — 1)(x + 1)(x* + 1)(x* + 1)(x" + 1)(x* + 3x + 1).

Moreover, for s > 3 we have

_ 1—x 25—2

).
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Corollary 14
Let s € N. Then

Rs+2(2°n) = Ro(n) and Rsy2(2°n—i)=Re(n—1) for ie{l,...,2° -1}

forn > 5.
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Corollary 14
Let s € N. Then

Rs+2(2°n) = Ro(n) and Rsy2(2°n—i)=Re(n—1) for ie{l,...,2° -1}

forn > 5.

The form of the functional equation for H, allows to deduce the following:

For s € N>, the series Hs(x) is transcendental over Q(x). In particular, the
sequence (Rs(n))nens,s s not periodic.
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Application to the Lafrance-Rampersad-Yee sequence

Let n € N and denote by invy(n) the number of occurrences of the word
"10" as a scattered subsequence of the representation of n in base 2. For
example 13 = 23 4 22 + 2% = (1101), and thus inv2(13) = 2. Recently,
Lafrance, Rampersad and Yee introduced the sequence j = (jn)nen, Where

jn — (_1)inv2(n)'
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Application to the Lafrance-Rampersad-Yee sequence

Let n € N and denote by invy(n) the number of occurrences of the word
"10" as a scattered subsequence of the representation of n in base 2. For
example 13 = 23 4 22 + 2% = (1101), and thus inv2(13) = 2. Recently,
Lafrance, Rampersad and Yee introduced the sequence j = (jn)nen, Where

jn — (_1)inv2(n)'

In the sequel the sequence (jn)nen will be called the LRY sequence for
short. We have the following recurrence relation:

jO =1, j2n = tnjm .j2n+1 :jn7

where t, is the n-th term of the PTM sequence.
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Application to the Lafrance-Rampersad-Yee sequence

Let n € N and denote by invy(n) the number of occurrences of the word
"10" as a scattered subsequence of the representation of n in base 2. For
example 13 = 23 4 22 + 2% = (1101), and thus inv2(13) = 2. Recently,
Lafrance, Rampersad and Yee introduced the sequence j = (jn)nen, Where

jn — (_1)inv2(n)'

In the sequel the sequence (jn)nen will be called the LRY sequence for
short. We have the following recurrence relation:

jO =1, j2n = tnjm j2n+1 :jn7

where t, is the n-th term of the PTM sequence.

Defining now J(x) := "2, jnx" it is possible to prove that J satisfies the
following functional equation

J(x) + x(x = 1)J(x*) — (1 + xHJ(x*) = 0.
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Let (jn)nen be the LRY sequence. Then there is no n € N such that
jn = jn—l = jn—2-
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Let (jn)nen be the LRY sequence. Then there is no n € N such that
jn = jn—l = jn—2-

For m € N, let us write
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Let (jn)nen be the LRY sequence. Then there is no n € N such that
_jn = jn—l = jn—2-

For m € N, let us write

Let s € N>o. Then for n > 2° we have v»(bxs—1(n)) € {1,2} and

llz(bzsfl(n)) = 1/2(1_5(!1)), where Ls(n) = o+ 6jn72571 + Jn—os.
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Theorem 18

Let s € N and write Js(x) = 3.2, Js(n)x", where
Js(n) = v2(jn +6J,_ps—1 + Jjn—25)-

Then J;, i = 2, 3, satisfies the following Mahler type functional equations

Pi(x) + Qi(x)Ji(x) + Ri(x) Ji(x*) + Si(x)Ti(x*) = 0,
where
Py (x) :xa(x + 1)(2x12 oyt + 3x10 — 3x° + 3x® — 2x’ + 2x% — 2x° T e 2x° + 3x% — 3x +2),
P>(x) :xg(x b 1)(2><24 —2x% b 3x%2 — 3x% L 3x%0 — 3x% b 2x'8 2yt b 3x10 — 2x10

+oxM 2B x12 0x® 0T 1 3x% —3x° + ot — X3 +1),

nd
? Qi(x) = X2(X — 1)(><4 + 1)(XB +1), Q(x)=x(x— 1)(x8 + 1)()(16 +1),
Ri(x) = x3(x* — 1)(x® + 1), Ray(x) = x*(x® — 1)(x* + 1),
Si(x) = x*(x — 1)(x* — 1), So(x) = xX*(x — 1)(x* — 1).

Moreover, the following relation is true:

Tor2) = (L ) Ts0) + 3x0x+ 1(Tora () + Toia(—x)).
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Question and conjectures

Let (en)nen € {—1,1}Y, f(x) = 3202, enx” and write f(x)™™ = 322 bm(n)x"
for m € N;. Let us suppose that for each N € N there are infinitely many
n € N such that e, = €41 = ... = €nrn. Then for each m € N we have

lim sup v2(bm(n)) = +o0.
n—+00
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Question and conjectures

Let (en)nen € {—1,1}Y, f(x) = 3202, enx” and write f(x)™™ = 322 bm(n)x"
for m € N;. Let us suppose that for each N € N there are infinitely many
n € N such that e, = €41 = ... = €nrn. Then for each m € N we have

lim sup v2(bm(n)) = +oo.
n——+o0o

In fact we expect that the following strong statement is true:

Let (en)nen € {—1,1}Y, f(x) = 302, enx" and write f(x)™ = 3°°° cm(n)x"
for m € Z. Then there are infinitely many m € Z (both positive and negative)
such that

lim sup v2(cm(n)) = +oo.
n—+o0
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We proved the boundedness of the 2-adic valuation of the coefficients of
power series expansion of R(x)™, where m =2,-2,1 —2°,s € N>, and
R(x) is the generating fucntion for the RS sequence. Moreover, we also

proved that the corresponding expressions for 2-adic valuations satisfy
certain recurrence relations.
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We proved the boundedness of the 2-adic valuation of the coefficients of
power series expansion of R(x)™, where m =2,-2,1 —2°,s € N>, and
R(x) is the generating fucntion for the RS sequence. Moreover, we also
proved that the corresponding expressions for 2-adic valuations satisfy
certain recurrence relations.

In the remaining cases we expect that the following is true:

Let m € Z and write R(x)™ =Y 2  am(n)x". If m # 2,-2,1—2°s € Ny then

lim sup v2(am(n)) = +oo.

n—+o0o

In case when m = 2 then we expect the more precise:
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Let k € N>2 and write gk(n) = va(ax(n)), Ge(x) = o2, gk(n)x". Then

Pi(x) + Qi(x) Gr(x) + Ri(x)Gk(x*) = 0,
where

Pa(x) = x(2 — x + x*), Pria(x) = (1 + X2kk)Pk(x) + x(1 — kx2k:1)7
Q(x) = (x® - 1)(x®> = x+1), Quir(x) = (1 + X2 k)Qk(X) 4 (1= 2t
Re(x) = (1 = x*)x* %

V.
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We proved boundedness of 2-adic valuations of the sequences
(b2s—1(n))nen corresponding to the RS sequence and the LRY sequence.
We also know that a similar property holds for the PTM sequence. All
these sequences are 2-automatic and come from some kinds of binary
patterns.
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We proved boundedness of 2-adic valuations of the sequences
(b2s—1(n))nen corresponding to the RS sequence and the LRY sequence.
We also know that a similar property holds for the PTM sequence. All
these sequences are 2-automatic and come from some kinds of binary
patterns.

This suggest the following general:

Problem 1

Let 7 be a finite word on {0,1} alphabet and P;(n) denotes the number of
occurrences of the word T (the scattered word 7) in the binary expansion of n.
We define e-(n) = (—1)P7(" for n € N and f;(x) = 32°, &-(n)x" and for

m € 7 we put

F(x)" = Z Crm(n)x".
n=0

@ What conditions need T to satisfy in order to get boundedness of the sequence
(v2(cr,m(n))nen for some m € Z.7

@ What conditions need T to satisfy in order to get boundedness of the sequence
(v2(cr,1—25(n))nen for all but finitely many s € N7
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We performed some numerical experiments and noted that for the patterns
7 =0,00,10,01 it should be possible to prove similar results as in the case
of the RS sequence, i.e., the sequence (v2(cr,1—25(n)))nen is bounded. The
bound seems to be: 2 for 7 = 0; 3 for 7 = 00, 10; and 4 for 7 = 01.
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We performed some numerical experiments and noted that for the patterns
7 =0,00,10,01 it should be possible to prove similar results as in the case
of the RS sequence, i.e., the sequence (v2(cr,1—25(n)))nen is bounded. The
bound seems to be: 2 for 7 = 0; 3 for 7 = 00, 10; and 4 for 7 = 01.

In case of patterns 7 of length 3 the situation seems to be more
complicated and we expect that for most m € Z the sequence
(v2(cr,m(n)))nen is unbounded.
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Problem 2

Generalize the above results for p € P>3.




Theorem 19
Let p € P>3 and write
= 1

and for m € N4
Then for s € N we have

Vp(bp—1)(ps-1),p(n)) = 1

for n > p°.

I
Problem 2
Generalize the above results for p € P>3.

\
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Thank you for your attention!
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