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Connections indim. > 2

Local approach.

o A" coord. z = (z1,...

# Linear diff. system:

9zn)-

2

i:].,ooo,n-

® A;(z) matrix of size d, merom., pole along a div. D.

# Gauge equiv.: P € GL4(C{z}(xD)),

B; := P[A;] = P71A,P + P710P/0z;

# Integrability cond.

DA; OA,
sz 8zi

— [AivAj]

Vi, j.
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Connections indim. > 2

Global approach.
# X = cplx. manifold, D = hypersurface.

# Linear diff. system:
s holom. vect. bdle F on X,
e merom. connection V: E — QL (xD) ® E

# Integrability cond. : |V? =0

# Inlocal coord. (z1,...,2,) and in alocal basis of F,

V=d+ ZAi(z)dzia A; € Maty(C{z}(xD)).
1=1

9A; DA,

BZ]' 8zi

V=0 < — —[A;, A]]
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Connections indim. > 2

Global approach.
# X = cplx. manifold, D = hypersurface.
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# Integrability cond. : |VZ2 =0

# Inlocal coord. (z1,...,2,) and in alocal basis of F,

V=d+ zn:Ai(z)dzi, A; € Maty(C{z}(xD)).
1=1

dA; OA;
BZ]' 8zi
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Integrable deformations

(M©°,V?)on A:

o MP° = ﬁi(*ﬂ),

s VO:=d+ A°(z)d=z.

Integrable deform. param. by (X, °):

s (M,V)on A x X, poleson {0} x X,
s V integrable ,

St (M, V)|wo — (MO, VO)

Vigo? V:M—>QleX®M
!
rel . 1
Vv .M—)ﬂAxx/X(X)M

4
V|wo ppm— (Vrel)|wo




Integrable deformations

#» Example:
s MP° = Oa(%0),
s V° =,
s X = C,
s M = ﬁAxX(*(O X X)),
s V=d+d(xz/z),

s Vel =d — xdz/z2%
Then (M, V)|,
s reqgularatx = 0,

s Irregular for any x # 0.
— bad example, should impose more properties.



Isomonodromic deformations

#® Assume (M°,V°) regular .

® (M, V) integr. deform. of (M°,V?°)is
Isomonodromic If
s any (M, V), Isreg.on (A,0).

# Rigidity : If X is 1-connected, 3!! iIsomono. deform.
(M, V) of (M?°,V°)on X.

» <— 71‘1(A,1) = 71'1(A X X, (1,:130)).
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|Iso-level deformations

® B°(z): (non-ramified) normal form:

dep§ " Py € %C[%]
B°dz = + C° - C° = const
dey non reson.

® |[so-level deformation on A x X:

deq
V=d+ + C°% —
ded
S.t.
s pr(z,z) e (X, 2z tox[z71)]),
s pole order of z — i (z,x) Cst.,
s pole order of z — (pr(z,x) — ¢;(z,x)) Cst.
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|Iso-level deformations

#» Theorem (Ueno 1980, Jimbo-Miwa-Ueno,
Malgrange, Mochizuki). Given:

s (M°,V°) = (0Oa(%0)%,d + A°dz) with formal
normal form d + B°dz.

s (Oaxx(%(0 x X))%,d+ Bdz): iso-level integr.
deform. of d + B°dz.
+ assume X 1-connected.

—> J!!'integr. deform. (M, V) s.t.
Ve € X, (M,V), hasnorm.formd + B, dz.

» ~ “Isomonodromic” deformation of irreg. sings.
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Isomonodromic deformations

» Proofs.
s Show that St(B,;) Is loc. cst. w.I.t. x, or

s show that (£, %) — (&, Z,)|z> €quiv. Of categ.
[this proof extends to more gen. cases.]

#» Applications .

s #Level(B°) = 1 ~» universal isomono. deform.
o used in Frobenius mflds.

# What about degenerations ? Example:

s B° = diag(x9/z%,...,29/2%) + C°/=z,
s Univ. isomono. deform. param. by

(X, z°) = univ. cover. of (C% \ diags, x°).
» Degenerations along diags?



® o o o

°

o

o

Vi, k soj—sok{

Normal form indim. > 2
X = A", coord. z = (215+++52n),
D ={z---2, =0}, n.c.d.
Ply---9Pd € ﬁX[(zl . 'Zf)_l]/ﬁX’
B;(z) matrix of size d, merom., pole along D.
0p1/0z;
P1/0z C;| 1=1, s T
B; = 4+
z; | C; = const.

Opq/0z;

+ Integrability cond. : [C;, C;] = 0.
New condition: goodness .

0

=z~ "Wk unit, mji € N¢ < {0}, or
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Example: partial Laplace transf.
A%, coord. (1, 2),
Curve C =, C;,
p:m (A% C,x) — GL,(C),
<= local syst. £ on A? \ C,

© o o @

L% merom. flat bdle on C2 with reg. sing.

°

o &% Clay,x2](*C)-mod. of finite type (M, V) with

flat connection having reg. sing. along C and oo,
® — Clxy, x2|(0%,, 0;,)-mod. of finite type.
# Partial Laplace transtf.:

Far .= M as a Clz1, £2](Oz,, O¢,) -mod.: {52 = Ou,

852 = —I2

® Sing'M: {¢&; = 0} U {&3 = oo} U {1 = z1.1}
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Example: partial Laplace transf.

o A




Example: partial Laplace transf.

Af2

/

irreg. sing.

//Y (FMv Fv)

reg. sing.

/ \\\
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Example: partial Laplace transf.
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Example: partial Laplace transf.

Afz =1/z

0

pj = u;(r7)/21

AN




Example: partial Laplace transf.

o A

_—

:\/KE

T~

| To = u;(27)
: 4




Example: partial Laplace transf.

A2 =1/21 z2 = u;(27)
< ° oo o -/ ® >
0 _ -
331 ajl




Normal form for the Laplace transt.

Theorem (CS 00).
Assume (M, V) regular on A%. 3 a sequence of cplx
blowing-ups at each turning point of M s.t. the

pull-back of (¥ M, V) has good formal normal form at
every point of the pull-back of £ = oc.



Normal form for the Laplace transt.

Af2

‘ \‘

2NN ;\g é\ ]
// // //

(FM, Fv)

R




Normal form indim. > 2

Theorem (T. Mochizuki, K. Kedlaya).
Given (M, V) on X with poles along D,

# 3 projective modif. = : (X', D) — (X, D) s.t.
s D'=n"1(D)isan.c.d,
s Vx! € D', after local ramif. around D’,

3P € GL4(O g, (+D)), P[A;)=B; Vi=1,...,n.
(Bi,...,Bp): good normal form at x?.
Remarks .

# Con|. by C.S. in 2000 and proved in particular cases
In dim. 2.

o Proved by T. Mochizuki, if X, M,V are algebraic.
# Proved by K. Kedlaya in the local (formal) setting.
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Asympt. analysis in dim. > 2

# X cplx manifold, D n.c.d., D oc {z1:--2p =0}
o Strata:

@ o |
DS:= O D;~ U Dj, Dj=Z={z=--+=2z =0}
iel jer

® w: X — X: oriented real blow-up of X along the
components of D.

® Loc. coord. on X:

10 10
(p17°°°9p£76 EERERL: Eazﬁ-l-lwﬂvzn)-

Locally:

S~

X =1[0,e)" x (S1)* x A™* PL manifold.

80X := w (D) = 9]0,¢)* x (§1)f x A" ¢
8X? :=w 1(D?) = {0} x (S1)* x A"~¢
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Asympt. analysis in dim. > 2

rd D - o0
® Sheaves @%)7 C sz%X C %}7.

14 n
A5 = () ker(Z;0z,) N (] ker 8.
1=1 J=£+1

rd D - 'mod D
AP C oty C o DdD,

Theorem (Hukuhara-Turrittin, H. Majima ’84, C.S. '00,
Mochizuki '11).
Assume (M, V) good along D.

= Locally on 8X, 3 a lifting P € GL4(o/ (D)) of P
s.t. P[A;] = B; Vi.
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°

Good coverings

Fix a stratum D7 of D.

Ve, € D}, ®,, C Ox,(xD)/0x , (neglect ramif.).
L. pe Pz Can be endowed with a natural topology

(sheaf space).

~ finite covering, which is good :
1 — Dip
Lift 29 to X: %9 - OX¢
l [] lw
217 » D7

~=~ loc

Vz, € 0X5 = (S1)t x A™~¢, order on
(5/]_(;)550 — @wo'
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Stokes-filtered loc. syst. 00X 7

Embeddings: X+ —9X + —9X¢
ol
X\D— X+——D+——Dg

ker V| x_p: loc. syst. on X \ D.
Lemma: Rj.ker V x p = j« ker V| x_p: loc. syst.
on X.

% = (Juker V|x. p) »x: loc. syst. on 0X.

LT = L pxe loc. syst. on 0.X7.
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Stokes-filtered loc. syst. 00X 7

® Vi, € X}, VYo € ®,,, nested subsp. of .7 :

fig%go = {f%o | e % f(2) € Wgr?OdD

LY s = [fz, | Fi €I, e ¥f(z) € gfngi}




Stokes-filtered loc. syst. 00X 7

® Vi, € X}, VYo € ®,,, nested subsp. of .7 :

gf:g%go = {f%o | e % f(2) € Wgr?OdD

LY s = [fz, | Fi €I, e ¥f(z) € gfngi}

rd D <<= (mod D & # 0),
e.g. D = {212:2 = 0}, Lo = (0,0),

c ‘inr?OdD’
Re(l/z1) < Oatz, = e'/# S %ngDla
¢ x4 b,
Lo
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Stokes-filtered loc. syst. 00X 7

® Vi, € X}, VYo € ®,,, nested subsp. of .7 :

fig%go = {f%o | e % f(2) € Wgr?OdD

LY s = [fz, | Fi €I, e ¥f(z) € gfngi}

» -~ pair of nested subsheaves <7 _ C <7 _ on X5.

» -~ notion of Stokes-filtered loc. syst. (7, £7,) on
(8X7,%9).

Theorem (Mochizuki 11, CS 13):

Given a good cov. X%, equiv. of categ.

Germs along Dj of merom. flat bdles on (X, D), ass. cov. C X9

l

Stokes-filtered loc. syst. on (8X?¢, %9)
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Stokes-filtered loc. syst. o X

® ¥ :=||; X: top. space, but maybe not Hausdorff,
e.g.
s p1 =1/z122, p2 =1/2z1 +1/2122,
o gol—g02:00n{21#0,2220}

® ¥ &YX :=|]; X%: good stratified coverings.

® - Stokes-filt. loc. syst. (&, %) on (X, ).

Theorem (RHB correspondence, Mochizuki 11, CS 13):

Given a good strat. cov. X, equiv. of categ.

Merom. flat bdles on (X, D), ass. strat. cov. C X

l

Stokes-filtered loc. syst. on (X, )
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