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Introduction

Principle (Simpson’s Meta Theorem)
Concepts and theorems concerned with Hodge structures should have

their counterparts in the context of twistor structures.

Morihiko Saito established the theory of mixed Hodge modules.

Mixed twistor Z-modules should be a counterpart of mixed Hodge
modaules in the context of twistor structures.



Twistor structure
o Twistor structure &= holomorphic vector bundle of finite rank on P!
@ V: pure of weight w <= V ~ G (w)®mukV
@ (V,W): mixed twistor structure <= Gr)' (V): pure of weight m

Mixed twistor structure is a structure on the vector space Epgr(V) :=V);.



Complex Hodge structure —> Twistor structure
Let (H;F,G) be a complex Hodge structure.

® E(H:F):=YczF /A/ is a free C[A]-module, i.e., a vector bundle on
SpecC[A].

® £(H;G):=YczG/A is a free C[A~']-module, i.e., a vector bundle on
SpecC[A~1].

@ From (H;F,G), by gluing £(H;F) and £(H;G), we obtain a vector
bundle on P'.

p
Simpson

@ Complex Hodge structures are equivalent to C*-equivariant
twistor structures.

@ Many concepts concerned with Hodge structures have their
counterparts in the context of twistor structures.

@ Harmonic bundles can be regarded as polarized variations of twistor
structure.




Harmonic bundles

Let Y be a complex manifold. Let (E,d;) be a holomorphic vector bundle
on Y. Let 0 be a Higgs field of (E,gg), i.e., 8 is a holomorphic section of
End(E)® Q! such that 6 A6 = 0.

For a Hermitian metric / of E, we have the Chern connection V,,
determined by (dz,/). We also have the adjoint 0; of 0 with respect to /.

Definition
If D' = V;l+9+9; is flat, 2 is called pluri-harmonic metric, and
(E,d,0,h) is called a harmonic bundle.




Kobayashi-Hitchin correspondences

Higgs bundles harmonic bundles flat bundles
_ — - = .
(E7aE76) (E7815797h) (E7V/1+9+6')

Theorem (Corlette, Simpson, (1-dimensional case, Donaldson, Hitchin))
On smooth projective varieties, the following objects are equivalent.

@ Harmonic bundles

@ Higgs bundles (polystable, trivial Chern class)

@ Flat bundles (semisimple)

Non-abelian Hodge theory

@ Moduli spaces (co-stacks) of Higgs bundles and flat bundles

@ Some deep theorems for polarized variation of Hodge structure can
be generalized to the context of harmonic bundles.



Simpson’s Meta Theorem
From a harmonic bundle (E,gg, 0,h) on a complex projective manifold X,
we have the flat bundle (E,D') = (E,V,+6+6),).

,

Simpson

o Hin(X,(E,D')):=H(X,(Qy,d)® (E,D')) ~H (X, (Q%,0)® (E,0)).

@ Let L be an ample line bundle of X. Then,

c1(L) : Hyg X (X, (E,D')) ~ HOZ " (X, (E,DY)).

Principle (Simpson's Meta Theorem)
Objects and theorems concerned with Hodge structures are generalized
to objects and theorems to the context of twistor structures.




Mixed Hodge modules
Very roughly, mixed Hodge modules are regular holonomic Z-modules
with mixed Hodge structure.

For any smooth complex algebraic variety X, we have the category of
algebraic graded polarizable mixed Hodge modules MHM¥2(X) on X with
the forgetful functor to the category of regular holonomic Zx-modules.
For each w € Z, we have the semisimple full subcategories PHM(X,w) of
polarizable pure Hodge modules of weight w.

Vs

Theorem (M. Saito)

@ We have 6-operations (f., fi,f*,f',®, R# om) for algebraic graded
polarizable mixed Hodge modules, compatible with 6-operations
for regular holonomic Z-modules.

@ For any projective morphism f:X — Y and any M € PHM(X,w),
we obtain fi(M) € PHM(Y,w +1i).




We say a mixed Hodge module is “locally free” if the underlying algebraic
2-module is a flat bundle.

p
Theorem (M. Saito)
Let X be a smooth algebraic variety.

@ “Locally free” polarizable pure Hodge modules of weight w on X
correspond to polarizable variation of pure Hodge structure of
weight w —dimX on X.

9@ “Locally free” algebraic mixed Hodge modules on X correspond to
admissible graded polarizable variation of mixed Hodge structure
on X.




Mixed twistor Z-modules
Mixed twistor Z-modules are holonomic Z-modules with mixed twistor
structure (studied by Sabbah and M).

For any smooth complex algebraic variety X, we have the category of
graded polarizable algebraic mixed twistor D-modules MTM2(X) with the
forgetful functor Zpg : MTM¥¢(X) — Hol¥8(X). We have the semisimple
full subcategories PTM*2(X,w) of algebraic polarizable pure twistor
2-modules of weight w.

Theorem

@ We have the 6-operations for algebraic graded polarizable mixed
twistor Z-modules which are compatible with 6-operations for
algebraic holonomic Z-modules.

@ For any .7 ¢ PTM¥8(X,w) and any projective morphism f:X — Y,
we obtain f1.7 € PTM¥&(Y,w +i).




A mixed twistor Z-module is called “locally free” if the underlying
algebraic Z-module is a flat bundle.

P
Theorem
Let X be a smooth algebraic variety. Let X be any algebraic smooth
compactification.

@ “Locally free” algebraic pure twistor D-modules of weight w on X
are wild harmonic bundles, up to shift of the weights.

@ “Locally free” graded polarizable mixed twistor D-modules on X
correspond to graded polarizable admissible variation of mixed
twistor structure on (X,X).

~N




Weight
A polarizable variation of twistor structure of weight m on X naturally gives a pure
twistor structure of weight m.

On dx-dimensional smooth variety X, the following is commutative.

var. of pure Hodge str.
weight m

l l

var. of pure twistor str. QA 0,0 ,Cy)
AL IN
weight m

) ———  PHM(X,m+dx)

PTM(X,m+dy)



Examples (easy case)

@ Let f be an algebraic function on X. We have the wild harmonic
bundle (Ox,df,hy) on (X,X), where ho(1,1) =1, and the associated
T (f) € PTM¥8(X,dimX). The underlying Z-module is isomorphic to
(Ox,d+df).

@ If M c Hol¥8(X) is semisimple, we have .75, € PTM¥2(X,w) such that
EDR(ﬂ) ~M.

We can construct many mixed twistor Z-modules by applying 6-operations.



General Issue

Many holonomic Z-modules are enhanced to mixed twistor Z-modules.
But, in most cases, we know only the existence.

We would like to relate mixed twistor Z-modules with objects in other
area of mathematics.

We would like to describe some interesting classes of mixed twistor
Z2-modules as explicitly as possible.

Plan of talk
@ Z%-modules

@ V-filtrations



Z%-modules

For any complex manifold X, let p; : C; x X — X denote the projection.
Let Zx C Yc, xx be the subalgebra generated by 4p;®x over Oc, .x.
For example, Zcn = O¢, «c (A0, ...,A0,). We consider left Zx-modules.

® An Zx-module is equivalent to O, .x-module .#Z with a meromorphic

relative flat connection
Ve — AT iy @, VoV =0
® Epr(A) =1, (M /(A —1).4) is called the underlying Z-module.
(11 : {1} x X — Cj x X denotes the inclusion.)

@ Z-modules naturally appear in other areas of mathematics
(Gromov-Witten theory, singularity theory, tt*-geometry,
WKB-analysis, etc.)



Mixed twistor Z-modules are (.#,.#>,C,W)
@ ;i Xx-modules
@ C: sesqui-linear pairing
@ W: weight filtration

@ some conditions

We focus on #Zx-modules in this talk.

In this talk, for a mixed twistor 2-module 7 = (.41, .#,,C,W),
@ ./, is called the underlying %-module of 7.
@ Epr(#,) is called the underlying Z-module of .



Issue
Describe Z-modules of interesting classes of MTM.

Example

Let X be a projective manifold with a hypersurface H. Let f € Ox(xH).
We have the Z-module

L.(f,H) := (Ox(«H),d +df)

on X. We naturally have the mixed twistor Z-module 7, (f,H) such that
Epr(Z:(f,H)) ~ Li(f,H). Let Z.(f,H) be the underlying Zx-module.

If (f)oN (f)= =0 and |(f)s| =H,
Z(fH) = (Oc, xx(+(Cy x H)),dx +dx (A" f))

But, in general, it is hard to describe %, (f,H) explicitly.



Example

Let X be a smooth projective variety.

Let (E,dx,0) be a stable Higgs bundle on X with c,(E) = 1. We have a
pluri-harmonic metric 7. We obtain the Chern connection B +Jg, and
the adjoint 6, of 6.

Let (&£,V™!) denote the Zx-module underlying the corresponding pure
twistor Z-module.

Let p) : C;, x X — X denote the projection.
Then, & = (p;}(E),dr + A6, +d7), and

V=0, 17108 — A ¢ piQx

It is difficult to explicitly describe / and hence (&,V™).



It is significant to describe explicitly the Z-modules underlying some
interesting classes of MTM.

@ Better behaved GKZ-systems

@ Toda-like harmonic bundles (tz*-Toda equations)



Better behaved GKZ-systems
Let &7 ={ay,...,an} CZ" be a subset generating Z".

Kr (o) 1= {i ria;

rie RZO}, K():=Z"NKg ()

K(27)° :=Z" N (the interior part of Kg(%)).

Let I' C K(«/) be any subset such that I'+-a C T for any a € «/.
Let B = (B1,...,Bn) €C".

p
GKZ(«/,T',B): the system of differential equations for (P;|c €T

Oy P = Peig; (VeelVj=1,....m)

(Zaj,ija\-, +Cf—ﬁf)<1>c =0 (Meel)Vi=1,...,n)
J

Let M(«/,T’,B) denote the associated Z-module on C™.

\\




We are particularly interested in
My, :=M(o K(7),0), My, =M ,K()°,0).

We have the algebraic function F, :=Y x;% on (C*)" x C". We obtain the
algebraic 7-module L(Fy) := (O(csynxem,d +dFoy).
Let w: (C*)" x C" — C™ be the projection.

Lemma
My . ~71lL(Fy), My, ~m'L(Fy).

By the description, we have T, , ¢ MTMalg((C’") (x=1x,!) over M ,.
Namely, we have .7 (F,;) € MTM®2((C*)" x C™) associated to F,,.

Tt 1= 7 (Fy) (x=x,)
Because Epgr(7 (Fy)) = L(F,/), we obtain Zpr(T .y ,) ~ My ,.

Let .#Z, . be the Zcn-module underlying T, ..



Let us consider the %-modules .#5%% (o7 ,T",B) given by the following
system GKZ4(</,I',B) for tuples of functions (P |c €T

A0y @ = Pcia;, (Veel,j=1,....m)

(l(Cf—Bf) + i aj,,-lxjaxj)@c =0, (Veel,i=1,...,n)
=1

Theorem (Reichelt-Sevenheck, M)

%Q{*Z%GKZ(,,Q%,K(JZ{),O), %0{,!2%GKZ(d,K(d)O70)

o M (ot K(H),0), M K(7)°,0) and My, (x=x,!) are
enhanced to %’Cm-modules where %Cm = ZRem(A?0)).

For /%%, (320 +nd+ Y Axjd,, ) &e =0,

@ The isomorphisms are also compatible with the actions of 129 .



@ According to Givental, Iritani, Mann, Mignon, Reichelt, Sevenheck, the
Zen-modules .27/ %2 (o7 [ K(7),0), .# K% (of K (2/)°,0) are important in the
mirror symmetry for weak Fano manifolds, the mirror symmetry for
hypersurfaces in toric Fano manifolds, and the local mirror symmetry for line
bundles on toric Fano manifolds.

@ By using the above isomorphisms, we can deduce an isomorphism of the
quantum 2-modules for some local mirror symmetry from the mirror
symmetry for toric weak Fano manifolds. We can also compare the weight
filtration and pairings on the A-side studied by Konishi-Minabe, and the
natural weight filtration and pairing on the B-side.

A0 () () (2)
—a-{(4) (%))



For the proof (x = x), take an n-dimensional projective toric manifold Xx. Let
Dy :=Xy \ (C*)". Let 1: (C*)" x C™ — Xy x C™ denote the inclusion. Let .Z, 5(F,,)
denote the Zx, c»-modules underlying 1,7 (F,/) € MTM28 (X5 x C™).

Z,.x(Fy) is described explicitly and easily.

Let 7y : Xy x C" — C™ denote the projection. Let g: C; x Xy x C" — Xy denote
the projection. Set ﬁf(x = )ffq*Qj{E.

Mo =12, L5 (Foy) =~ R 7, (ﬁ;(x ®$*,2(EQ¢))

Let ﬁf.(z(log Dy):= l*jq*Q{(E(logD);).

Lemma We have the following quasi-isomorphism:

QY © L3 (Foy) = (0%, (108 D5) @ O(+(Fuy)) s + A~ e Foy )

We can obtain

R'ms. (%, (108 Ds) © O(+(Fiy)er) s + A7 s Foy ) = (K (7),0).



A special case
In the case

() (5) (3]

the mixed twistor Z-modules T, , are naturally mixed Hodge modules. In
particular, ./, , are the analytification of filtered Z-modules (M, ,.F). For the
computation of F, it is enough to see the action of 129;.

We have the natural surjections

@ ﬁ@m(‘,’ —>M97* @ ﬁ@nze _>Mpyl
ceK () ceK()°

Fj My, are the image of

@ ﬁ({jmt’(()% @ ﬁ@ne(())

ceK () ceK()°
en<jtn en<j+n

If K(/) = Z>0- <7, then Fj(M.; ) = FPS (Mo ).



Toda-like harmonic bundles and Toda equations
Let .7 (r,1) be C; — {r-square matrix}:

I (i=j+1)
H(r)ij=9 q ((,j)=(1,r)
0

(otherwise)

We have the Higgs field 6 on E =@ O¢-e¢; given by e =e % (r,1)dq/q.

Theorem
Harmonic metrics / on (E,0) such that det(h) = Alog|g| are classified by
a=(ay,...,a;) €ER"such that a; >a, >--- >a, >a;— .

For a € R", we have a unique harmonic metric /, such that
® Yloghg(ei,e;) = — Y ailog|q|>.
@ loghy(ei,ei) +ailog|q|* = 0(10g(log|q|’1)) around ¢ = 0.
@ We have /iz(ej,ej) =0 (i # j).



For each a € R’, we have the pure twistor Z-module corresponding to
(E, B,h,,). Let .#, denote the underlying %-module.

Theorem Ma(xq) ~ (@le ﬁcﬂcza,vrcl):

. 1
rel> _ ~ :
qVye= e(— diaglay,...,a;] + I%(r, l))

In this case, V™! is naturally extended to a meromorphic flat connection
Vi Ma(vq) — Ma(+q) @A 'QL, ¢, (log2)

by the following action of 19 :
-

/lV,{eV:’ev(diag[l,...,r] +rdiaglay, ... ar) = £ # (r 1))

The Stokes matrices at ¢ = o can be easily computed in terms of the
parabolic weights. The Stokes structure at A =0 is essentially the same.



Outline of the proof

Let p; :(CA x C* — C* be the projection. We have

&=(p (E),0p+A0"+0;) and V¥l =9 +1710:6 — £ 1p

The bundle E = @}_, Oc-¢; is Sl-equivariant, where 1*¢ =g, l*e,- = l’ei.

We have (0 =16. We obtain t*h; = h,.

& is naturally S'-equivariant with respect to the action 1(A,q) = (tA,1"q), for
which Vel = vrel,

By using the S'-action, V' is extended to the meromorphic connection
V:&— A0 log).

We have a connection V| of E for which V' =V + 1710, (Key step)

The bundle E is p, = {7t € C|1" = 1}-equivariant, where "¢ = ¢, T"¢; = Te;.
We have 70 = 0 and t*hg = h,.

& is naturally p,-equivariant with respect to the action 7(4,q9) = (tA,q), for
which 75Vl = vrel,

It implies V; is u,-equivariant and C*-equivariant. and hence we have b; € C
such that V; (e,‘) =¢ bidq/c/.

The eigenvalues of Res(V™) on Grg?)(é") are —a; = b; = —a;.



Relation with tt*-Toda equations

These harmonic bundles (E,0,h,) are closely related to solutions of the
Toda equations studied by Cecotti-Vafa:

20-0.w; — Wi i) L AW =w) — 0y, = (i € Z)

From the harmonic metric /,;, we obtain a solution
. 1 (1) .
wi(z) = —(i—1)log|z/r| + Elog(ha (ei,€)g=(zyrr) (i=1,...,r)

Any solution (w;) satisfying Y/, wi(z) + 3r(r— 1)log|z/r| +alog|z/r| = 0 is
obtained in this way.

Note that for any solution, we have } w;(z) = Re(f)+Alog|z| for a
holomorphic function f on C* and A € R. We can normalize it as above.

Remark Guest and Lin, with Its, studied these equations in a system-
atic way from a viewpoint of t*-geometry on the mathematical side:
classification of solutions, the associated Stokes structures, etc.




V-filtrations

V-filtrations with nilpotent Higgs residue

Let .7 be a mixed twistor Z-module on Y =Yy x C,. Let .# be the underlying
Z-module of 7.

A V-filtration of .# along ¢ with nilpotent Higgs residue is an increasing filtration
Vat (a € R) satisfying the following conditions:

® Vol (a€R) are O, «y-submodules of .#. We have .# = J,cg Va-# and
Vol = Np<q Vat .

@ The relative flat connection V™ is logarithmic with respect to V,.#, i.e.,

VUV, ) C Vol @ (x—lg}m/c(log:))

@ AV, -t+Aa are nilpotent on Grl, (#) = V(M) /V<a(.#) for any a € R.

@ 1:Vyll — V1.4 are isomorphisms if a <0, and AV, : Gry (.4 ) — Grl,(A)

are isomorphisms for a > —1.
® Gr) () are flat over O, .

@ V,(#) satisfy some “coherence condition”.



Remark
In general, the underlying Z-module of a MTM does not necessarily

have V-filtration with nilpotent Higgs residue. Their V-filtrations are
characterized by a more complicated condition.




Functoriality

Let Zy be any complex manifold, and let W be any projective manifold.
Set Y=27yx C,xW and Z=27y xC,. Let p:Y — Z be the projection. We
set Oy == A /g, Q1 where gy : C; x Y — W denotes the projection.

For any %Zy-module .#, p!./ are defined as

RIHEmW (10 5 o), (ﬁ;v ® %1)

Proposition (Sabbah, Saito)

Let .#Z be the Z-module underlying a mixed twistor Z-module on Y.
Suppose that .# has a V-filtration along ¢ with nilpotent Higgs residue.
Then, each pf/// also has a V-filtration along ¢ with nilpotent Higgs
residue, and the following holds:

Valplott) = RIS (id xp). (O @ Vot ) (a € R).




Locally free property
Let .# be the Z-module underlying a MTM .7 on Y x C,. Suppose

® Epr(7)jyxc; is a locally free 0-module. Moreover, it is regular
singular along ¢ = 0.

@ ./ has a V-filtration along ¢ with nilpotent Higgs residue.

Proposition
Vol (a <0) are locally free O¢, «yxc,-modules.




Kontsevich complexes

Let X be any smooth projective variety. Let H be a normal crossing
hypersurface of X. Let f: X — P! be a morphism such that f~!(«) C H.
Let (f)~ denote the pole divisor of f. Let Q} be the kernel of

df : @ (logH) — Q4 (logH) & Ox((£)-) /@4 (1og )

Then, for any (1,7) € C2, we obtain the complex of sheaves
(Qf,Adx +Tdf).



Kontsevich complexes and MTM
Set X():=X x C; and HY := H x C,. _
Let gx : C; x X) — X denote the projection. Set O := A gy Q.

A(f) = (ﬁ},dx n ;L—lmxf) ~ (g% Q% Ady + Tdx f)

We have the meromorphic function 7f on (X, H(1)), We have the
%-module L, (Tf, W)= (Oya) (+HW), dx—f—dx(‘rf)) We have the natural
MTM Z,(tf,H"Y) over L.(tf,HY). Let Z.(tf,H")) denote the underlying
Ky 1y-module.

' N\
Theorem

o Z.(tf,HY) has a V-filtration along T with nilpotent Higgs
residue.

@ We have a natural quasi-isomorphism

R(f) — Oy @ V1 Z(vf,HY)




We may revisit the following theorem.

Theorem (Esnault-Sabbah-Yu, Kontsevich, M. Saito) For any (1,7) € C?
dimH/ (X, (Q},Ad + tdf)) are independent of (1,7).

Let 7: X() — C; denote the projection.

@ By the functoriality of V-filtrations,

RIFIMX (i 5 1), R(f) =~ RITIMX (id x 1), (O @ Vo1 Zu(tf,HY))
~ V,lnloi’;(rf,H“))

o EDR(ﬂgiﬂ*(rj',Hm)) are regular singular along 7 =0, and locally free on Cj.
o V_lﬂ{n%*(rj}H(l)) are locally free O, «c,-modules.
@ Ri(id xm),&(f) are locally free &-modules.

In this way, we obtain an alternative proof of the theorem.



Nahm transform of harmonic bundles on P!
Szilard Szabo has been studying Nahm transform under some assumptions
on the singularity of (E,gg, 0,h).

Wild harmonic bundles Wild harmonic bundles
(E,dr,0,h) — (E,90;,6,h)
on (P!,DU{e}) on (P',DU {=})
4 ™\
We have the Higgs bundle L(t1) = (Oc,«c,,d(tt)) with the metric
ho(1,1) = 1.

We obtain the wild harmonic bundle on P! x P!:
Pi(E,dE,0,h) @ L(tt)

Here, p; is the projection onto the first component. By taking the push-
forward to the second component, we obtain a wild harmonic bundle on
PL.

\\

It is also “Fourier transform” for pure twistor Z-modules on P'.



Recently, Szabo and | studied the Nahm transform of wild harmonic
bundles (E,dx,0,h) on (P',DU{}) satisfying the following conditions:

@ tame at each point of D,
@ unramifiedly good wild of Poincaré rank 1 at oo,

We established the basic properties such as the comparison with the
algebraic transforms of parabolic Higgs bundles, the involutivity, etc.

One of the key steps is the description of the parabolic structure of
(E, dz,0,h) at the points of DU {oo}.

More recently, | obtained an alternative proof to use the functoriality of
V-filtrations.

We explain it in the case of the induced parabolic for (I/f,ggﬁ) at oo, under
the assumptions (i) D = {0}, (ii) Resy 6 is nilpotent.



The associated parabolic bundles

For any (a,b) € R?, we extend E to the bundle PapE on P! by considering the local
sections s satisfying s, = O(|z| 7€) (Ve > 0) around 0, and |s|, = O(|z|"*€) (Ve > 0)
around oo,

Let (Eag,éﬁ) be the Nahm transform of (E,dr,0,h).

Let U.. be a neighbourhood of < in P'. For each a € R, (I:A‘ﬁg)‘ﬁw\{m} is extended

to a holomorphic vector bundle 325,“)1?[7 .

In particular, we have the vector bundle l@éw)ﬁaw. The fiber l@éw)fawlm is equipped
with the filtration § indexed by —1 <a <0:

3a(yém) Aﬁm‘m) = Im(ﬁ’éw) Aﬁwlw — tgzéw) Aﬁm‘w)

We would like to describe (@(()w) AUm and the parabolic filtration F in terms of
(Z4pE|(a,b) € R?) and 6.




Algebraic description of the parabolic filtration at oo
We have the endomorphism GrS)) (Resp(6)) of Grf)o) (E) :==Pyo(E)/ P<00(E). Let G,
be the kernel of

Gy (E)

<@0_’aE 0 a
ImGr, "’ Res(0)

(skyscraper sheaf at 0)

Let U.. be a small neighbourhood of « in Pl. Let 7:={"!. Let p; be the projection
of P! x U.. onto the i-th component. We have the following complex %:

0 dz
Pt Pogl O (0 010} +2{c0)))

In the case a =0, we obtain a holomorphic bundle Egg = Rpy.%; on U... Moreover,
for —1 <a <0, we set

BalE® )= I (Rpa. (65 — Eg® ‘W)

We obtain the induced filtration & on Ela}lg|

Theorem (M-Szabo)
The parabolic bundle (Egg,%) is isomorphic to ((@(()@EUJS).




Revisit from a twistor viewpoint
We have the algebraic pure twistor Z-module 7 on P! associated to (E,d,0,h).
Let .# denote the Z-modules underlying 7.

We have the algebraic function z{ on C; x C¢. We have the associated pure
twistor 2-module 7 (z{). Let £ (z{) be the underlying %Z-module.

p
Proposition

We have the following quasi-isomorphism

o — (% ®V,1(p‘f//l@f(zé’)))‘{o}xplxﬁw

As a result, we obtain E%lf ~ V,lpgf(p’f,//l®$(z§))‘{0}xﬁw o~ @éw>fﬁ

\

~

How to describe V_;_,p)+ (pl///@)f(zé))‘{o}xu ~ @}{g ) 0.7

In general, ;7 and (QPI ®Va_1( 1///@.,2”(14')))l{o}xﬂmxl7 are not quasi-isomorphic.



To compare the parabolic filtrations, it is convenient to consider the mixed twistor
Z-module 7[0] (i.e., y1*7 for 1: P\ {0} — P!).
Let .Z[!0] denote the Z-modules underlying .7[!0]. We have the morphisms:

V1921 (P (A 10) © 2/(26)) — Varrps (i () 2 2(:0) )
For —1 < a <0, the induced morphisms
Gri_y pos (Pi(A10) & Z(28) ) — Gr_y pas (P (4) 0 Z(20))

are isomorphisms.

Proposition
For —1 < a <0, we have the following quasi-isomorphism:

Go — (O @Var (#]0] ®$(ZC)))|{0}XM@'




ga(gzé”)ﬁaw‘w)

= Im(V,Hapﬁ (p’f//l@f(zr))w — V_1pos (PT///®$(”))|(0,°°))

)
= Im(v_1+ap2+ (p’f///['O] ®$(Z’F))‘<0_’w) — V_1po+ (p?//@f(zf))l(ow))

= 1 (R2p (7)o — R0 (0)) = BB )



Theorem of Donagi-Pantev-Simpson

Let A:={r € C|Jt|] < 1}. Let X be a complex surface with a projective morphism
F :X — A. Assume the following:

@ F~1(A\{0}) — A\ {0} is smooth.
@ The divisor F~!(0) is normal crossing.

Let F~1(0) = Ujea, Cj be the irreducible decomposition.

Let (E,dz,0,h) be a harmonic bundle on X\ F~1(0) which is “tame” along

F~1(0). We also assume that (E,d,6,h) ;-1 (p) are irreducible for any P € A\ {0}
with rank £ > 1.

@ We obtain vector bundle °E on X by considering local holomorphic sections s

such that [s|, = O(|F|~¢) for any € > 0. We also have locally free sheaves 9,E
for any a € R%,

@ Under the tamenees assumption, 0 is logarithmic with respect to °E. We
have the endomorphisms Resc,(0) of °E|,. We assume that Resc,(0) are
nilpotent.



Set A* :=A\{0}. On X*:=X\F~1(0), we have the relative Higgs complex

E@Qy. 5

® E;:=R'F(E®Q}

*/A*) is a locally free 0x--module.
@ It is naturally equipped with Higgs field 6;, Hermitian metric /;, so that

(E1,61,h1) is a harmonic bundle on A*.

@ We have the associated parabolic bundle. Namely, for any a € R, we have the
locally free sheaf &7,E, obtained as the extension of E; across 0, whose
sections are characterized by the condition |s|;, = O(]z|7¢~¢) for any € > 0.



Donagi, Pantev and Simpson asked how Z2,E; are obtained directly from the tuple
(PyE|a e R™) and 6.

They introduced the following complex.

For each a € R, we have the following vector bundle &r,E obtained as the
extension across F~1(0) whose local sections s are characterized by the growth
condition |s|;, = O(|F|~%¢) for any £ > 0. We have °E = & E.

We have the following complex Dol,(E, 0,h):

Prak —2— PpE Q) ,(10gF)

Theorem (Donagi-Pantev-Simpson)

PE| ~ R'F,Dol,(E,0,h).




Let T be the pure twistor Z-module associated to (E,d,0,h). Let € denote the

underlying %Z-module.
Let i : X — X X A be the graph embedding.

Theorem (Donagi-Pantev-Simpson)
For any a < 1, we have a natural quasi-isomorphism:

Dol*(E [o¥ ( . ) .
1Fs Oa( ,9,/1)—) x @ | Va—11p+ € {0} xXxA

@ We obtain R'F, (Dol}(E,0,h)) ~ Va1 FP(€) 10} xa-
@ The theorem of Donagi-Pantev-Simpson follows from the relation between
V-filtrations and the parabolic filtration.
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