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Flat rank 2 connections

Let X be a smooth projective variety over C.

DEFINITION: A flat meromorphic connection (E,∇) of rank 2 is

• E → X is a rank 2 vector bundle,

• D > 0 an effective (polar) divisor on X,

• ∇ : E → E ⊗Ω1
X(D) connection,

• flatness condition: ∇ · ∇ = 0.
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Flat rank 2 connections

Let X be a smooth projective variety over C.

DEFINITION: A flat meromorphic connection (E,∇) of rank 2 is

• E → X is a rank 2 vector bundle, E|U
∼→ C2

• D > 0 an effective (polar) divisor on X, A ∈ gl(Ω1
U(D))

• ∇ : E → E ⊗Ω1
X(D) connection, ∇|U : Y 7→ dY +AY

• flatness condition: ∇ · ∇ = 0. dA+A ∧A = 0
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Projective and birational equivalence

DEFINITION: 1) Projective equivalence: (E1,∇1) ∼proj (E2,∇2)

⇔ ∃(L, ζ) rank 1 flat meromorphic connection s.t. (E2,∇2) = (L, ζ)⊗(E1,∇1).

A =

(
α β
γ δ

)
∼proj

(
α+ ω β
γ δ + ω

)
2) Birational equivalence: (E1,∇1) ∼bir (E2,∇2)

⇔ ∃φ : E1
//

$$

E2

}}

X

birational bundle tranformation such that ∇1 = φ∗∇2.

A ∼bir M−1dM +M−1AM, M ∈ GL2(MX)

3) Projective-birational equivalence: (E1,∇1) ∼ (E2,∇2)

⇔ ∃(E3,∇3) s.t. (E1,∇1) ∼proj (E3,∇3) ∼bir (E2,∇2).
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Motivation

Let (E → X,∇ : E → E ⊗Ω1
X(D)) flat meromorphic connection of rank 2.

THEOREM: Corlette-Simpson

Assume

- D has simple normal crossing

- ∇ is regular-singular

- ∇ has rational residual eigenvalues along D

- its monodromy has Zariski dense image in PSL2(C).

Then we are in one of the following cases:

(1) ∃ f : X 99K C (curve) such that (E,∇) ∼ f∗(E0,∇0)

(for a meromorphic connection (E0,∇0) on C);

(2) ∃ φ : X̃ → X generically finite such that φ∗(E,∇) ∼ (OX̃ ×OX̃ ,∇0)

with ∇0 = d+

(
ω 0
0 −ω

)
or

(
0 ω
0 0

)
, ω closed meromorphic 1-form;

(3) ∃ φ : X → H Shimura polydisk and (E,∇) ∼ f∗(E0,∇0)

for one of the tautological connections (E0,∇0) on H.
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Result

Let (E → X,∇ : E → E ⊗Ω1
X(D)) flat meromorphic connection of rank 2.

THEOREM: Corlette-Simpson + Cousin-Pereira + L.-Pereira-Touzet

Assume nothing more

- D has simple normal crossing

- ∇ is regular-singular

- ∇ has rational residual eigenvalues along D

- its monodromy has Zariski dense image in PSL2(C).

Then we are in one of the following cases:

(1) ∃ f : X 99K C (curve) such that (E,∇) ∼ f∗(E0,∇0)

(for a meromorphic connection (E0,∇0) on C);

(2) ∃ φ : X̃ → X generically finite such that φ∗(E,∇) ∼ (OX̃ ⊕OX̃ ,∇0)

with ∇0 = d+

(
ω 0
0 −ω

)
or

(
0 ω
0 0

)
, ω closed meromorphic 1-form;

(3) ∃ φ : X → H Shimura polydisk and (E,∇) ∼ f∗(E0,∇0)

for one of the tautological connections (E0,∇0) on H.
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Today:

Let (E → X,∇ : E → E ⊗Ω1
X(D)) flat meromorphic connection of rank 2.

THEOREM: Corlette-Simpson + Cousin-Pereira + L.-Pereira-Touzet

Assume ∇ irregular

- D has simple normal crossing

- ∇ is regular-singular

- ∇ has rational residual eigenvalues along D

- its monodromy has Zariski dense image in PSL2(C).

Then we are in one of the following cases:

(1) ∃ f : X 99K C (curve) such that (E,∇) ∼ f∗(E0,∇0)

(for a meromorphic connection (E0,∇0) on C);

(2) ∃ φ : X̃ → X generically finite such that φ∗(E,∇) ∼ (OX̃ ⊕OX̃ ,∇0)

with ∇0 = d+

(
ω 0
0 −ω

)
or

(
0 ω
0 0

)
, ω closed meromorphic 1-form;

(3) ∃ φ : X → H Shimura polydisk and (E,∇) ∼ f∗(E0,∇0)

for one of the tautological connections (E0,∇0) on H.
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First reductions:

Can pass to generically finite maps φ : X̃ → X if needed.

Can assume X is a surface.

9



A factorization theorem F. Loray

Sabbah’s good formal model:

Now X is a smooth projective surface and (E,∇) a meromorphic connection.

THEOREM: Up to a generically finite map and projective-birational equiv-

alence, we can assume D simple normal crossing and at any p ∈ |D| we have

one of the following models:

(1) d+

(
ω 0
0 −ω

)
with ω = λx

dx
x + λy

dy
y ;

(2) d+

(
0 ω
0 0

)
with ω = λx

dx
x + λy

dy
y ;

(3) d+

(
ω 0
0 −ω

)
with ω = df

fκ+1 + λx
dx
x + λy

dy
y ;

(4) d+

(
ω 0
0 −ω

)
+

(
∗ ∗
∗ ∗

)
︸ ︷︷ ︸

holomorphic

with ω = df
fκ+1 + λdff .

where (x, y) local coordinates, f = xpyq and λx, λy, λ ∈ C.
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