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IV: explicit computations of one dim’l cases

via Fourier-Laplace
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Aim:
o illustrate how the two approaches to the irregular Riemann-Hilbert problem

Stokes-filtered local systems, Enhanced ind-sheaves,
Deligne-Malgrange-Sabbah d'Agnolo-Kashiwara

cp. Claude's talks cp. Andrea’s talk

can be applied to determine the Stokes structure for some one-dimensional
holonomic D-modules arising as
o the Fourier transform

. iven as
of a less complicated module g

) ) e linear Stokes data,
in a topological way (without (multi-)summation) oo
o Stokes multipliers

cp. Claude’s talk on Monday
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Example of a Fourier transform, applying Deligne-Malgrange-Sabbah’s approach

(on a joint work with C. Sabbah, Rend.Sem.Math.Univ.Padova 2015)
Situation:

e p:uwrst=uP aramification map,

e o(u) € uT*C[u™"] an exponential of pole order g,

e R a regular singular connection at u = 0 with monodromy data (V, T),
extended to a free C[u, u™*]-module having regular singularity at 0 and oo

e and
M :=El(p,—¢,R) := p:(E77 @ R).

Consider the Fourier transform M, which has a formal structure (Fan, Sabbah)
M ~EI(, &, R),
where

e ramification order of pis p + q,

e pole order of (70\ is g (in particular, have only 1 level assuming p, g coprime),

°
e R has monodromy (V,(—1)T). lN k Russburs
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Aim: -
Determine the Stokes structure of pt M
(i.e. avoiding ramification. To include it, this would amount to understand 1, 4-action)
in terms of linear Stokes data (recall Claude’s talk on Monday):
e vector spaces and isomorphisms as in

the picture,
e increasing filtration Fe Leyen, Ls Lo
e decreasing filtration F°®L ‘/O 3 O‘\L

I 1 I dd
? L4o 54 52 512 o 1

e opposed to each other with respect to 3 X

the isomorphisms S/, S3 So I

LS o0
Loy = @Dy Frlap N 522,‘:_1(’:‘(1-2#71) 5 \S? 5910
5]
Lopss = @y Frlopia 0 SzszH(FkLz;L) o  §7 S

6 8 g OLQ
L6\ S7 / here: g =5
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Topological computations:

Geometric D-module Fourier transform
In the notation
At X Gmm

Ay Gm

(5" M)ow = C({n}) @y T (w* M @ E~/27),

M

we have

Let £ be the local system of M at the circle SL. at infinity.

Stokes filtration via moderate deRham complexes
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Topological computations:

Geometric D-module Fourier transform
In the notation
At X Gmm

N
Ay Gm,n

we have . _
(P M)oo = C({n}) Acin,n-1 T(rTM® Eit/p(n))

Let £ be the local system of M at the circle SL. at infinity.

Stokes filtration via moderate deRham complexes

DR™® (5" M @ £791) =, RF.DR™® (r+* M @ E~00-1/20)[1]

ZESZ

Isomorphism due to T. Mochizuki. [ ]
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Topological computations:

There is a problem here:
M E—m)—t/p(n)

for the necessary choices ¥(1) = 3(¢/n) for ¢ € piptq
(the exponentials of the Fourier transform)
contains exponentials

¢(u) = B(n) — p(u)/A(n)
with indeterminancies.

Consequently

DRmOdD(W+M ® Eiz(n)—t/ﬁ(n))

is not concentrated in one degree and therefore hard to understand (in
particular its R7.).
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Blowing-up

these indeterminancies gives rise to a good situation in Mochizuki's sense and
hence the possibiliy to compute the R7. of a sheaf, one can understand rather
easily (and not a complex).

~~ topological computation — even better: can define topological Fourier transform of
Stokes-filtered local system compatible with the D-module version.

Example of such a sheaf:
In the case p = 4,q = 5, typical fibres w.r.t. 7 are

The sheaf restricted to this fibre, call it G, is

e determined by the local system L inside the turquoise region and

e zero inside the red region. °
—~ Universitit
(£<$)9 = Hcl(fibre over 6;G) for 0 € SL. l_N k Augsburg
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Conclusion for M = El(p, ¢, R)

e Can compute the linear Stokes data of ﬁ“ﬂ/(/l\ at oo purely topologically

(direct images of R-constructible sheaves, Leray-covering, ...)
e Example: p=4,9g=5 R=(V,T):

pt+q—1
L=V = B Vel forallj,
k=0
Filo, =P Vel

v<k

Flloun =P Vvel
v>k
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[y
—
o

-1 0
e Example continued: 0 1 1 1 0
0 -1 0
seen = 01 1 1 0
0 -1 0
01 1 1 0
0 -1 0
0 1 1
1 0 T
1 1 0
0 -1 0
01 1 1 0
odd. = 0 -10
0o 1 1 1 0
0 -1 0
0 0 1 1 1
0 0 -1

all the same with exception of Sg which includes T.
o
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Another example: Airy
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Example of a Fourier transform, applying d’Agnolo-Kashiwara's approach

d'Agnolo-Kashiwara's R-H correspondence:
Let X be a complex analytic manifold. Then we have:

E
Sol’y

DE(Dx) =5 EE(CX®) — D"(Dx)

S \

fully faithful reconstruction functor

Important ingredients/constructions:
e bordered spaces
e convolution
e R-constructibility
the 'usual’ functors like Efy, Ef 71, ... and their compatibilities,

e OF and hence Solf
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Some definitions/facts:
R (C)E< o |i_>m“ Ciesep
c— 00

o Fully faithful embedding

e : D°(C%®) — EE(CX°),F — Cx @ 7 '(F).

o £f/x =Dxe?(xY) for UC X, Y =X\ U.
Proposition
We have
—e¥
=Cu/x

+ Su
SOIX(ES %) = C% ® Clerre 0y € ER(CX).

—_.E¥
7'EU/X
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Fourier transform in various colours

AxA* xR
P
AxR A A* xR — > P* xR

no R, no™, ™

e D-module:
" : Dyot(Di,00) = Dioi(Doc)
M 5 M = Dq.(E2% 4+ jpxp @ Dp*M).
e Enhanced sheaves:
4 B e(Caxyoo) = Efc(Caxr,oo)
F s F* = RGI(el% pe pxee ® P 1F).
e Enhanced ind-sheaves:
" EL(CEY) - EL(CH)
K K" = Equ(Ef%pe joxee @ p~*F).
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Fourier transform of a perverse sheaf
(on a joint work with A. d’Agnolo, G. Morando and C. Sabbah)

The setting:

e M a regular singular D-module on the affine line A, localized at co
(notation Mod(Dy,«)), With singularities ¥ C A,

o F := Solp(M)]a the solutions complex, a perverse sheaf on A.

Known facts about the Fourier transform M:
o regular singular at 0, irregular singular at co and no other singular points,
e the Hukuhara-Levelt-Turritin formal decomposition has the form

M~ PE @R

ceEX

in the coordinate x of P* centered at oo.

Aim: °
Universitit
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Aim:
Determine the Stokes structure of the Fourier transform M at co € P*.
We know a priori:

e exponential factors are {¢(x) = < | c € L} of slope 1,

e hence, after choosing a starting direction € S%, of the real oriented
blow-up of P* at oo, it suffices to consider two sectors:
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Linear algebra data associated to F, the quiver of F :

After choice of a suitable pair (a, 8) € A x A" (fixing a prefered direction/orientation)
e vanishing cycles ®.(F) := RT(A; Cpx ® F)
e (local) nearby cycles W (F) := RI(A;Ce, ® F)
o (global) nearby cycles W(F) := RIc(A; Couey @ F)

***************************************

| a}“ﬂ N |
1 x | 1 x | 1 00 i |
: c | : c | : H o |
! v - ANty |
and linear maps
Uc
—_—
V(F) ®(F)
Ve

such that 1 — uv is invertible.
°
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Consider the projections/inclusion

Ax A" xR
/ l\
P
AXR A A" XxR—>P* xR

Corollary of to the functorialities in E2 _(C5P)
Let M € D2(Ds,0) and F := Solp(M)|a, then

+ o~ o~ _—
Solf- (M) =~ CE- @ Rk RGI(C(t1re(am)>0y @B F)[1].

complex of usual sheaves on P* x R

Define K := RGi(CytsRe(zw)z0; @ P 'F).

M. Hien
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Decomposition in sectors

Let Hiq := {w € A" \ {0} | £Reaw > 0} be the two (closed) sectors and
H,.NH_, = hﬂ U h_/g.

There are natural isomorphisms:

sta 1 Solf(M)|y, — P (0c(F) @ E™)

ceEX

(where ... |y =77 1Cy ® ...).
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Lemma, cp. [d'A-K, last section]
e If S is a small sector such that Re (cw — dw) > 0 on S, then
cw dw
HOmE]g_C((C;u*b)(E ,E™)=0.

e If S contains exactly one Stokes line for each pair (¢, d) in X with ¢ # d
(e.g. S = Hiy), then

EndEDg_c(C%uf)(ED b ®EY|s) ~t,

where

t := @) End(®.) C End(EP .)

cex ceEX

are the block diagonal matrices.
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Stokes glueing isomorphism

We have both isomorphisms s+, on the common boundary half-lines of Hi,
and K is determined by the glueing isomorphisms

025 = Salney 0 (saln,) ™ ED(®(F) @ E™) — @D(c(F) @ E).
cex ceX
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Consequences from Lemma 2 slides before:

e the decomposition isomorphisms si. are unique up to base change in t
(block diagonal matrices),

e the glueing isomorphisms o1z are upper/lower block triangular matrices,
notation End®, with complex coefficients.

Note that « induces an ordering
<alC<qg..-<a Cn
by ordering of Re (« - ¢).

Stokes multipliers
We obtain the glueing matrices, the Stokes multipliers

Sis € End™ (€D Oc(F)).

ceEXL

The monodromy of the local system of solutions is

T=5,"S3
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Topological computation
Recall:

+ o o~ _—
Solf- (M") =~ CE- ® Rki RGI(Cetre(aw)>0y @B F)[1].

=K

o Consider the stalk of K at some (w,t) € A* X R:
K(W’t) ~ RFC(A;(CZ(WJ) ® F),

Zwy ={z€A|t+Rezw >0} = —(t/|w))W + {z € A|Rez > 0}w

a closed half-space, W := w/|w|.
° Z(w,t) D) Z(w,s) for s < t.
® L CZuyy == c€Zy,y = t+Recw > 0.
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e for |w|>> 0 and t > 0, we have ls C Z s), then

Kiw) ~ RTc(A; Cz,, , @ F) ~ @D RT(A; Co, ® F) = @D de(F
ceX ceEX

e Can be globalized to obtain the decomposition isomorphisms s+.
e The Stokes phenomenon is associated to the following easy observation:
rotating w with |w| > 0, we can use
e /. as above for the direction « for w inside one half-space = sector,

e
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Result

Result - d'Agnolo, H , Morando, Sabbah
For F € Pervs(Cy) with quiver (W, ®;, uj, vi)ex, there is a topological way to
compute the Stokes multipliers of its enhanced Fourier-Sato transform and the

result is
1 wmw wmvs uiVvy
1 A% U Vp
Sp = 1
1
T,
—uv; T,
57@ = —u3vi —u3v
—UpVi  —UpV2 —upVp—1 T
Remark: Cp. the above with o Universiti
® a general procedure by T. Mochizuki using rapid decay cycles, lN k G:}Qﬁ::‘i

® Malgrange's book, chapter XII.

M. Hien
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Monodromy
The monodromy of the Fourier transform M around oo is

U1T2T3--~T,7V1 LI1T2T3---T,,V2 u1T2T3~~~Tnvn
U2T3~--T,,V1 U2T3~~-T,,V2 U2T3---T,,Vn
-1
55 S g=1- :
Un—1Thw1 Un—1Thva . Un—1TnVn
unpvi UnpVvo e UpVn

(This can also be obtained by determining the quiver of Sol(M) at 0).
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Airy function

G.G. Stokes observed the Stokes phenomenon by studying the Airy function, an
entire solution to
(9] —y)uly) =0.
We have
._ 2 x3/3\A
A:=Dc/Dc(0) —y) ~ (£777)
Let us study the Stokes structure of the Airy equation as a Fourier transform.

2

e De-ramify via r: C, — C,, v— y = v, i.e. consider r ' A.

e Consider the sectors and their intersections in C, at v = oo:

0o %)
H,
Hs Hi
43 Le
H, He
Hs

[ ]
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e coordinate change C, x CX —» Cx x CJ given by

{x: vV=Tuv,

L (1)

and

f:Ch,—C,=A, u+—>u3f3u,
g:C, = Cy=A" v V/-1V¥/3

so that xy + x*/3 = xv* + x*/3 = f(u)g(v) = zw.
o Set
F := RACc,[1] € D®(Cy).
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Recall
F := RfiCc,[1] € D°(Cy).

Then F € Pervs(A) for ¥ = {—2,2}, and the quiver of F is

Key observation

ErtAlgx ~ Eg ' ((eF)")|cx-

M. Hien
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Exponential components of (eF)* at co are E¥2",

Stokes multipliers are

-1 0 1

Eg—lEi2W ~ Ei% 13
g8 'Ho = Uy Hok—1, g 'H-o =, Hax and

hence
Sok =S, Sok—1= 5:[13-

M. Hien
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