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Problem Statement

C:= degree-δ curve in Cn defined by

f1 = . . . = fk = 0 where fj ∈ R[X1, . . . ,Xn].

Let g ∈ R[X1, . . . ,Xn]  sum at most t monomial (g is t-sparse).
V:= algebraic set defined by g(x) = 0.

Problem
Assume that (V ∩ C) is finite. Can we find a nice bound on ](V ∩ C) ∩ Rn

A bound which only depends on δ and t (and not on deg(g))?

Why?
Quantitative results in real algebraic geometry

 premise of better algorithms
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State of the art

Sparsity matters over the reals.
Univariate case  Descartes’ rule.
Multivariate case?

Theorem (Khovanskǐı (1983) )
System of n equations, n variables with ony n + l + 1 distinct monomials.
Then, number of positive real solutions bounded by

2(
l+n
2 )(n + 1)l+n.
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State of the art

Sparsity matters over the reals.
Univariate case  Descartes’ rule.
Multivariate case?

Theorem (Khovanskǐı (1983) – Bihan, Sottile (2007))
System of n equations, n variables with ony n + l + 1 distinct monomials.
Then, number of positive real solutions bounded by

2(
l+n
2 )(n + 1)l+n  

e2 + 3
4

2(
l
2)nl .

Situations where bounds are polynomial in l?
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State of the art

Theorem (Koiran, Portier, T. (2015))
Let f ∈ R[X1,X2] of degree d ≥ 1 and g ∈ R[X1,X2] t-sparse.

Then the real solution set to f = g = 0 has at most

O(d3t + d2t3)

connected components.
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Problem Statement

C:= degree-δ curve in Cn defined by

f1 = . . . = fk = 0 where fj ∈ R[X1, . . . ,Xn].

Let g ∈ R[X1, . . . ,Xn]  sum at most t monomial (g is t-sparse).
V:= algebraic set defined by g(x) = 0.

Problem
Assume that (V ∩ C) is finite.
Can we find a bound polynomial in δ, n, t on ](V ∩ C) ∩ Rn?
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Main result

C:= degree-δ curve in Cn defined by

f1 = . . . = fk = 0 where fj ∈ R[X1, . . . ,Xn].

Let g ∈ R[X1, . . . ,Xn]  sum at most t monomial (g is t-sparse).
V:= algebraic set defined by g(x) = 0.

Theorem (Safey El Din, T.)
Assume that (V ∩ C) is finite.
Then

](V ∩ C) ∩ Rn ≤
(
1
3
nt3δ2 + δ3t

)
(1+ o(1)).

Note: Constants are known
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Outline of the proof: Ideal case

1) Parametrization of the curve C: xi = φi (y)
2) To bound number of real zeros of g(φ1(y), . . . , φn(y)) = 0

g(φ1(y), . . . , φn(y)) =
t∑

k=1

akφ
αk1
1 φαk2

2 . . . φαkn
n (y)

Claim: Sufficient to bound the number of zeros of

W (φα11
1 . . . φα1n

n (y), . . . , φ
αt′1
t′ . . . φ

αt′n
t′ (y)).

= (monomial in φ1, . . . , φn) · T (φ1, . . . , φn)

with T of low degree.
It finishes the proof.
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Wronskian, a tool for bounding real roots

Definition: Let f1, . . . , fk ∈ Ck−1(l) with I ⊆ R. The Wronskian of the
family is the determinant of the matrix:

W (f1, . . . , fk) = det


f1 f2 . . . fk
f ′1 f ′2 . . . f ′k
...

...
...

f
(k−1)
1 f

(k−1)
2 . . . f

(k−1)
k



Pólya, Szegö (1925) used it for proving Descartes’ rule.
Some connections with the number of roots of a sum already known
by Voorhoeve and van der Poorten (1975).
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Facts about the Wronskian

Observation
If the family (f1, . . . , fk) is linearly dependent, then W (f1, . . . , fk) = 0.

Lemma
If the functions fi are anaytic, then the reverse is true.

Lemma (Koiran, Portier, T.(2013))

ZR(f1 + . . .+ fk) ≤ k − 1+ 2
k−2∑
j=1

ZR(W (f1, . . . , fj))

Why does it help? (depends on the parametrization)

W (f1, . . . , fk) =

(monomial in φ1, . . . , φn) · (low-degree polynomial in φ1, . . . , φn)
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Outline of the proof: Ideal case

1) Parametrization of the curve C: xi = φi (y)
2) To bound number of real zeros of g(φ1(y), . . . , φn(y)) = 0

g(φ1(y), . . . , φn(y)) =
t∑

k=1

akφ
αk1
1 φαk2

2 . . . φαkn
n (y)

Claim: Sufficient to bound the number of zeros of

W (φα11
1 . . . φα1n

n (y), . . . , φ
αt′1
t′ . . . φ

αt′n
t′ (y)).

= (monomial in φ1, . . . , φn) · T (φ1, . . . , φn)

with T of low degree.
It finishes the proof.
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Outline of the proof
1) Parametrize the curve C: xi = φi (y)

Kronecker’s system:
q0(y , z)x1 = p1(y , z)

. . .

q0(y , z)xn = pn(y , z)

u(y , z) = 0.

(1)
u, q0, p1, . . . , pn

degree-δ polynomials

→ xi = φi (y).

Intersection of V with System (1)
equivalent to g(φ1(y), . . . , φn(y)) = 0.

2) To bound number of real zeros of g(φ1(y), . . . , φn(y)) = 0
Sufficient to bound the number of zeros of

W (φα11
1 . . . φα1n

n (y), . . . , φ
αt′1
t′ . . . φ

αt′n
t′ (y))

“ = ”(monomial in φ1, . . . , φn)T (φ1, . . . , φn).
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Parametrization

Rationnal parametrization of the curve.

Kronecker’s System: (y , z generical position)
q0(y , z)x1 = p1(y , z)

. . .

→ xi =
pi (y ,φ(y))
q0(y ,φ(y))

= φi (z)

q0(y , z)xn = pn(y , z)

u(y , z) = 0

→ z = φ(y)

.

u, q0 = ∂Zu, p1, . . . , pn of degree ≤ δ.

CAD for u bivariate

Separately, handle case ResZ (u, ∂Zu) = 0.
Find solutions on interval where ResZ (u, ∂Zu) 6= 0,
(and so q0 6= 0).
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Cylindrical Algebraic Decomposition

y

z

I

z = φ(y)
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Parametrization

Rationnal parametrization of the curve.
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Computation of the Wronskian

W = W (φα11
1 . . . φα1n

n (y), . . . , φαt1
1 . . . φαtn

n (y))

u(y , φ(y)) = 0

∂ky → ∂kφ =
1

qvalue
0

S(y , φ(y)) (S of low degree )

q0(y , φ(y))φj(y) = pj(y , φ(y))

∂ky → ∂kφj =
1

qvalue
0

Sj(y , φ(y), φj(y)) (Sj of low degree)

→W =
1

qvalue
0

 n∏
j=1

φ
∑
αkj−t2/2

j

T (φ1(y), . . . , φn(y)).

where deg(T ) ≤ 1
2(n + 2)δt2.
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Outline of the proof
1) Parametrize the curve C: xi = φi (y)
Kronecker’s system:

q0(y , z)x1 = p1(y , z)

. . .

q0(y , z)xn = pn(y , z)

u(y , z) = 0.

(1)
u, q0, p1, . . . , pn

degree-δ polynomials

→ xi = φi (y).

Intersection of V with System (1)
equivalent to g(φ1(y), . . . , φn(y)) = 0.

2) To bound number of real zeros of g(φ1(y), . . . , φn(y)) = 0
Sufficient to bound the number of zeros of

W (φα11
1 . . . φα1n

n (y), . . . , φ
αt′1
t′ . . . φ

αt′n
t′ (y))
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What happens if T is identically zero?

W

φα11
1 . . . φα1n

n (y)︸ ︷︷ ︸
η1(y)

, . . . , φαt1
1 . . . φαtn

n (y)︸ ︷︷ ︸
ηt′ (y)


=

1
qvalue
0

(φ
∑
αk1−t2/2

1 ) . . . (φ
∑
αkn−t2/2

n )T (φ1(y), . . . , φn(y))

It implies that the Wronskian is zero,
i.e. the family (η1, . . . , ηt) is dependent:

∑t
j=1 bjηj = 0.

A branch of C satisfies
∑t

j=1 bjX
αj1
1 · · ·Xαjn

n .
(Remember g =

∑t
j=1 ajX

αj1
1 · · ·Xαjn

n )
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Perturbations of the monomials of g

Remark: “Exponents of g can be real".
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Perturbations of the monomials of g

Remark: “Exponents of g can be real".

g = a1X
α11
1 · · ·Xα1n

n + . . .+ atX
αt1
1 · · ·Xαtn

n

↓

g ′ = a1(X
α11
1 · · ·Xα1n

n )1+η1 + . . .+ at(X
αt1
1 · · ·Xαtn

n )1+ηt .

Values for the (ηj)’s?
Defined everywhere: odd denominator
Continuity of X 7→ X 1+ηj : even numerator

ηj =
2pj

2qj + 1
∈]1/2, 1/2[ (pj ∈ Z, qj ∈ N)
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Perturbations of the monomials of g

Remark: “Exponents of g can be real".

Lemma
There exists such a g ′ such that

the family

(φα11
1 · · ·φα1n

n )1+η1 , . . . , (φαt1
1 · · ·φαtn

n )1+ηt

is linearly independent
#(C ∩ V) ≤ #(C ∩ V ′)
where V ′ is defined by g ′ = 0.

We assume that g has the independence property
and so T is not identically zero.
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Outline of the proof
1) Parametrize the curve C: xi = φi (y)
Kronecker’s system:

q0(y , z)x1 = p1(y , z)

. . .

q0(y , z)xn = pn(y , z)

u(y , z) = 0.

(1)
u, q0, p1, . . . , pn

degree-δ polynomials

→ xi = φi (y).

Intersection of V with System (1)
equivalent to g(φ1(y), . . . , φn(y)) = 0.

2) To bound number of real zeros of g(φ1(y), . . . , φn(y)) = 0
Sufficient to bound the number of zeros of

W =
1

qvalue
0

 n∏
j=1

φ
∑
αkj−t2/2

j

T (φ1(y), . . . , φn(y))

where deg(T ) ≤ 1
2(n + 2)δt2.
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Conclusion

C be a non-degenerated degree-δ real curve.
Let V be the algebraic set defined by g(x) = 0 where g is t-sparse.
If the number of intersections between C and V is finite,

#(C ∩ V) ≤
(
1
3
nt3δ2 + δ3t

)
(1+ o(1)).
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An improvement

Assume now that
C is defined by a reduced regular sequence (f1, . . . , fn−1) with
deg(fi ) ≤ D.

Then:
no need of Kronecker representation + CAD step for C
up to a generic linear change of coordinates, one can “invert” between
the critical values of the projection on the first coordinate.

Gain: saves a factor δ
](C ∩ V) ≤

(1
3n

2Dt3δ + nDδ2t
)
(1+ o(1))
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Perspectives

Find algorithms from the proof:
Detecting/counting/isolating the real solutions?
Intersection of sparses

f (x , y) = g(x , y) = 0 where f and g are t-sparse.

Number of connected components between a sparse hypersurface and
a low-degree variety.
Zeros of

g(y) = a1(φ
α11
1 · · ·φα1n

n ) + . . .+ at(φ
α11
1 · · ·φα1n

n )

If the φj are sparse (but possibly high-degree) polynomials.

If you want to play:
Maximal number of zeros of fg + 1 when f and g are t-sparse?
Between linear and quadratic on t...
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Thank you!
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