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Some Mahler equations

o Integers partitions:
b>2

u(n) = # of partitions n = Zskbk with e, € N>o

k>0
1
(@) =) uma" = [ %
n>0 >0

(1 - 2)u(=) = u(a”)

Mahler operator
y(z) — y(z®)
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Some Mahler equations

o Integers partitions
o Words:

u(n) = # of 1’s in the binary expansion of n

u=0,1,1,2,1,22,3,1,2,23,2,3,3,4,1,2,2,3,2...

u(@) = (1L +2)u@®) + =

Mahler operator
y(z) — y(a?)
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Some Mahler equations
o Integers partitions
o Words
e Divide-and-Conquer strategy:

u(n) = # of ring multiplications used to multiply two
degree-n polynomials in Karatsuba’s algorithm

u=1,3,7,9, 17, 21, 25, 27, 43, 51, 59, 63, 71, 75, 79, 81, 113, 129...
u(z) = (14 z)(2 +x)u(m2) -1

Mahler operator
y(z) — y(a?)
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Some Mahler equations

o Integers partitions
o Words
e Divide-and-Conquer strategy

o Transcendence

Kurt Mahler
1903-1988
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Some Mahler equations

o Integers partitions
Words
Divide-and-Conquer strategy

Transcendence: Fredholm series

> transcendental function
+oo %
u(z) = Z z?
k=0
> Mabhler equation
w(z) = z + u(z?)

> algebraic number 0 < |a] < 1

I ok Kurt Mahler
then u(a) = Z o transcendental 1903-1988

k=0

Mabhler operator
y(z) — y(a?)
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Mbotivation

e transcendence revival
(Loxton and Van der Poorten 1977
Adamczewski & Faverjon 2015, Bell & Coons 2015,
Dreyfus, Hardouin & Roques 2015, Roques 2015, 2016)

o classical topic in computer algebra
(Liouville 1833, Abramov 1989. ..
PhD 1993)
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Rational solutions

Classical approach:
@ search for a denominator

o solution for numerator

We search for
(a common denominator of the)
rational solutions
of a
linear homogeneous Mahler equation.
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Rational solutions

Classical approach: 012345678

@ search for a denominator

o solution for numerator

We search for
(a common denominator of the)
rational solutions
of a
linear homogeneous Mahler equation.

D......................
000000000000000000000

1
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0

r—1 T
D Mp M™p M"p
VR Nt Y N ) A -0
<0q+ 1Mq+ + 1M7"—1q)+ Mrq
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0

p., , Mp M™'p M"p
RN Y Sl ) Bt
(0q+ qu+ + 1M7"—1q>+ Mg 0
multiplication by M"q X u.(q), wr(q) = Ol<cr21 Mq

<j<r

(Lofiop + LrfnMp + - - - + fr—lllr—lMT_lp) + Lrpir(q) M p = 0.
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0

p., , Mp M™'p M"p
RN Y Sl ) Bt
(0q+ qu+ + 1M7"—1q>+ Mg 0
multiplication by M"q X u.(q), wr(q) = Ol<cr21 Mq

<j<r

(Lofiop + LrfnMp + - - - + fr—lﬂr—lMT_lp) + Lrpir(q) M p = 0.

™
p, q coprime = M'q | lrpr(q)

M"q | ik, 0§k<r}
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0

p., , Mp M™'p M"p
RN Y Sl ) Bt
(0q+ qu+ + 1M7"—1q>+ Mg 0
multiplication by M"q X u.(q), wr(q) = Ol<cr21 Mq

<j<r

(Lofiop + LrfnMp + - - - + fr—lﬂr—lMT_lp) + Lrpir(q) M p = 0.

= qu | £rpir(q)

M"q | ik, 0<k<r
P, q coprime

g(a) =0 and ﬁbr =a = (. (B)=0or (q(o/) = 0 for some o’ = Bbj, i< 1")
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A geometric intuition

bo()y(z) + () My(x) + - - + Lr(z) M y(x) = 0

linear homogeneous equation with polynomial coefficients and £of, 7# 0

p., , Mp M™'p M"p
RN Y Sl ) Bt
(0q+ qu+ + 1M7"—1q>+ Mg 0
multiplication by M"q X u.(q), wr(q) = Ol<cr21 Mq

<j<r

(Lofiop + LrfnMp + - - - + fr—lﬂr—lMT_lp) + Lrpir(q) M p = 0.

= qu | £rpir(q)

M"q | ik, 0<k<r
P, q coprime

g(a) =0 and ﬁbr =a = (. (B)=0or (q(o/) = 0 for some o’ = Bbj, i< 1")

M7"q | £y except if...
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Action on polynomials

Mahler f(z)

f(=")

root « roots a!/®
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Action on polynomials

Mabhler f(z)

f(@")

root « roots a!/®

G
Griffe Resy(yb —xz,9(y)) ~— g(x)

root 8° root [

Ph. Dumas (Inria) Linear Mahler equations



Action on polynomials

oriented graph:
@ node = prime polynomial

e edge from f to Gf
(as a matter of fact VG)
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Action on polynomials

oriented graph:
e node = prime polynomial

o edge from f to Gf
(as a matter of fact VG)

b=6,K=0Q ¢

» — 2216

ZANN

7 /\\
// \ G| |Mm
z—2 z4T-2 2? —2c4+4 2?2244
26 — 2 20 +2 212 — 226 +4 212 4240 44

bi-infinite tree
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Action on polynomials

oriented graph:
e node = prime polynomial

o edge from f to Gf
(as a matter of fact VG)

b=6,K=0Q ¢

_ 9216

D7 N
AN

z — 26

/)’ ‘i\ AL Gz 4+2)=a— 20

z2 — 2z + 4 22 + 2z + 4

i f !

26 — 2 20 +2 212 — 226 +4 212 4240 44

t t f t r

bi-infinite tree
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Action on polynomials

oriented graph:
e node = prime polynomial

o edge from f to Gf
(as a matter of fact VG)

f 216
7N
N
// \\

b=6,K=Q

‘1—2 z2 72z+4 12+21+4‘
i + ! |
26 — 2 20 +2 12 226 44 212 4240 44

t f

bi-infinite tree

Ph. Dumas (Inria)

Linear Mahler equations

M

Mz —2%) = (x — 2)(z +2)

x (22 — 20 + 4)(2? + 22 + 4)

JNCF 2017
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Action on polynomials

oriented graph:
e node = prime polynomial

o edge from f to Gf
(as a matter of fact v/G)

b=6,K=0Q $

» — 2216

ZANN
2NN

6.

: Ga® —2) = (2 - 2)°
2// ‘i\ G| |m

x + 2 z2 —2x+4 22 + 2z +4
T deg Gf = deg f

z% — 2 26 42 212 — 246 14 212 4226 44 deg M f = bdeg f

f t r

bi-infinite tree

Ph. Dumas (Inria) Linear Mahler equations JNCF 2017 7/ 14



Action on polynomials

oriented graph:
@ node = prime polynomial

e edge from f to G f
(as a matter of fact v/G)

b=6,K=Q
z — 9216
N )

23600 b N z
AN
/7 S\Q al |m

x — 2 T+ 2 % — 2z + 4 x° + 2z + 4

GT GT 12 Ts 12 6

x°’ — 2 x° + 2 T —2zx° +4 =z +2z° + 4

t t t
bi-infinite tree fixed point
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Action on polynomials

b=6,K=0Q b=6, K=0Q(a)
491 /¢66,1
$33,2 b2 2
$66,2 ’ $33,1
/ I \ \vr/A;//m“ -
2

66 6113 ‘\\¢22,1
SACA T
®132  Pog P198 P396 \ g11.1 Y 660
I I I I I 33,3 //\ ,
P11 33,0
: . : : . 22,0

T
e
$66,3 o1rs
/ ’
$22,4 //
#83.4 $66,4
10
:<+< ,¢:1272wz+1
2
infinite tree with a loop at its root infinite trees rooted on a cycle

cyclotomic case
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Searching for a denominator

to(z)y(x) + ba(x)My(x) + - + Le(z) M y(z) = 0
_ J
pr(q) = lem Mg

Proposition
Let q be a nonconstant polynomial, with q(0) # 0, such that

o Mq| & pir(q)-
Then there exists a nonconstant polynomial u such that:

Q either M"u | £,

Q@ or M"'u | 4. and q | Gu.

Ph. Dumas (Inria) Linear Mahler equations JNCF 2017
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Sketch of proof
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Sketch of proof

M"q | brpr(q)
f a prime factor of ¢

/ \ e prime factors of ¢
o . Pure cyclic case:
\ f / (all prime factors in cycles)
1 vf3af
./ \. o Vji>0,GIf#f
. / I \. . /: \. ° ilc())oiz;iltc; (}f q in the subtree
ATV
G| |m /\ T o MU MS | Mg
I I ./ \ ’ j\V/}E}if:LTE]: and Gu = le
]
A
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Sketch of proof

M"q | Lrpur(q)
f a prime factor of ¢

/ \ e prime factors of ¢
o . Pure cyclic case:
(all prime factors in cycles)
N P o
/ \f °Vi>0.G'f#]
./I \. ./’I ‘\. ° ?Soiizt?; (}f q in the subtree
I ./ [ ] ./\. 1 ./ L] ./I\. then
G| |m /\ T o MU MS | Mg
I I ./ \ ’ EEE;;TZ: and Gu = f=!
]
A
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Sketch of proof

M"q | Lrpr(q)

f e (£)

A
4

4
‘ll....llb.
4n 4

¢ oo HMT—lf

Ph. Dumas (Inria) Linear Mahler equations

f a prime factor of ¢
e prime factors of ¢

Pure cyclic case:
(all prime factors in cycles)

vf3f
°oVji>0,Gf£f
e no factor of ¢ in the subtree
rooted at f

then
o M| M| M7q

o with u=f
My | - and Gu = le

JNCF 2017 10 / 14



Sketch of proof
M"q | Lrpr(q)

f a prime factor of ¢
e prime factors of ¢
. Pure cyclic case:
ek (all prime factors in cycles)

y vi3ar
/.< \f urlf) : j:) ;C()‘c’ofi{;éir{the subtree
R AI o ./:f \. rooted at f
NN AN then
‘ ° o 0 ol ° ,’ e ¢ o \QHMT—lf
G| M M f o MTTUf [ MTf| M

* 0 e o withu=f '
I I ./ \. M u | L, afld. Gu = f=! A

AT T A L T

| /N1
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Sketch of proof

M"q | brpr(q)
f a prime factor of ¢
e prime factors of ¢

y Generic case:
/ \ (not all prime factors in cycles)
\ /‘\ then
o e with f prime factor of ¢
/ X / T\ not in a cycle and
T without prime factor of ¢
G| M / \ T below it

[ ] [ ]

j \ o M'f| Mg

. . o withu=f, M"u |,
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Sketch of proof

M"q | Lrpur(q)
f a prime factor of ¢
e prime factors of ¢

° Generic case:
/ \ (not all prime factors in cycles)
ViaNEAaN then
YA a o2 B e with f prime factor of ¢
T / / \ T / \ / T\ not in a cycle and
cente T ceee without prime factor of ¢
G| M / \ below it
BEPAY L1
o o . * o withu=f, M"u |,
A
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Sketch of proof
M"q | trpr(q)

y /.\. Tf o
VAN
ALA o

S N Y M"f

Ph. Dumas (Inria)

Linear Mahler equations

f a prime factor of ¢
e prime factors of ¢

Generic case:

not all prime factors in cycles
Yy

then

e with f prime factor of ¢
not in a cycle and
without prime factor of ¢
below it

e M"f| MT"q
o withu=f, M"u |,

JNCF 2017 10 / 14



Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M"q| Ly pr(q).

Then there exists a nonconstant polynomial u such that:
Q either M"u | ¢,
Q@ or M" 1y | ¢ and q | Gu.

Ph. Dumas (Inria) Linear Mahler equations



Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M"q| lr pr(q).

Then there exists a monconstant polynomial u such that:
Q either M"u | ¢y,
Q@ or M"'u |4, and q | Gu.

b—1
sections of £: L(z) = Z 2Ty (")
s=0
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Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M"q| lr pr(q).

Then there exists a monconstant polynomial u such that:
Q either M"u | ¢y,
Q@ or M"'u |4, and q | Gu.

b—1
sections of £: Uz) = Z 2Ty (") U(z) = Tool(z®) + 2To1 (2%)
s=0
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Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M"q| lr pr(q).

Then there exists a monconstant polynomial u such that:
Q either M"u | ¢y,
Q@ or M"'u |4, and q | Gu.

b1
sections of ¢: (= Z x® MTy ¢ £=MTr 0l +xMT>,

5=0
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Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M"q| lr pr(q).

Then there exists a monconstant polynomial u such that:
Q either M"u | ¢y,
Q@ or M"'u |4, and q | Gu.

b1
sections of ¢: (= Z x® MTy ¢ £=MTr 0l +xMT>,

5=0

Lemma

The polynomial ¢ is divisible by Mwu if and only if all its sections Ty s£ are divisible
by u, that is gcdg;é Ty, ¢ is divisible by u .

Ph. Dumas (Inria) Linear Mahler equations JNCF 2017 11 / 14



Computing a denominator bound

Proposition

Let q be a nonconstant polynomial, with q(0) # 0, such that
o M7q| t i (q).

Then there exists a nonconstant polynomial u such that:
Q cither M"u | ¢y,
@ or M"'u | £, and q | Gu.

Algorithm
In A linear Mahler operator L of order r with ¢y # 0.

Out A denominator ¢* for the rational functions solutions of Ly = 0.

Q Set ¢ = /., then repeat for k =1,2,...:

a set up = gch;BI Tyr oL
b set £ = (£/M"ug)pr(ug)

until deg uy = 0.
Q Set u = gcdgzol_l Tyr—1 L.

© Return ¢* = u; - - - ugp—1 Ga.

Ph. Dumas (Inria) Linear Mahler equations JNCF 2017
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Computing a denominator bound

L:€0+€1M+'--+£TMT
deg, L =d deg,, L =r

Theorem

Assume Ly = 0 with y = m%} and q(0) #0. Then, q | q*.

Ph. Dumas (Inria) Linear Mahler equations



Computing a denominator bound

L=0+06M+---+ 4. M"
deg, L =d deg,, L =r

Theorem

Assume Ly = 0 with y = w%q and q(0) #0. Then, q | q*.

Theorem

With D =d ifb=2, D =d/b" " ifb> 3,
o degq* <D <d
o algorithm runs in O(D M(d)logd) ops

Ph. Dumas (Inria) Linear Mahler equations



Example

L =

13 12
T —

(:1)15 _ 39014 _3 P

T (=20 422 45518

— 32 + 920 +92° + 328 + 27 — 32
— 322 42!~ 3210 1408 — 1547 — 825 — 527 — 112% — 1243 — 3% M

b=2 K=0Q

6 _32% — 2% — 323 + 927 + 92 + 3) M2

+ (2 — 201% — 522 4 42 +122% 4 1428 + 827 + 112% + 22° + 32%).

xT xT
=0, L

L—— =0
22 + 1 z —3

=% +1)(z - 3)



Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)




Example

=%+ 1)(a* —3)(x® — 322 — 32— 1) g= (22 +1)(z—3)

r=2  ly=
0= (28 + 1)(a* = 3)(2® — 322 — 3z — 1) degt =15
:v(-—)l :c—T81
LA
z+1 x4+9 x-—9 :
RN |
G||M 2?2 4+1 22+4+9 -3 z+3 23—2191‘21—211‘—1
R T
zt 41 m4T+9 z? -3 a:ZTJr3 2% — 1522 + 30 — 1
T !
zST-H z4T—3 :|:c3—3:c2—3x—1 23 4322 — 3z +1 |
' ) 1

Linear Mahler equations




Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)

l:($8+1)(w4—3)(;&3—3982—396—1) degt =15

J

up = (2> +1)(z—3) =2 -3z +2 -3

8
-
8
0
=

0= 215 _3p14 _ 3,18 _ 12 5,11 4 g 10

[
8
©
8

— s — ..

8

+92% 4+ 32% + 27 — 326 — 32° — 2*
— 323 + 922 + 92 +3

Q

S

8

M

-

8“

©

8

@ ©
. /
)

'

Tyl =—a%+322 —2 43
Ty 1= —32% + 922 — 3z +9
Tyl = —3z% + 922 — 3z +9

H
8
'~
©
8
M)
> —
w
8
[V
— —+
w

— — —+

8

—
8
'S
|
w

8
0

T |

T413€:zsf3zz+zf3
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Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)

L= (2> +1)(z* + 1)(z — 3)(2? — 3)(2® — 322 — 3z — 1) degl =12

ui = (2® + 1)(z — 3)

ugz = (z+1)

Linear Mahler



Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)

L= (z+1)(z? +1)%(z — 3)(2? — 3)(2® — 322 — 3z — 1) degl =11

)

81 up = (22 4+ 1)(z — 3)

8
¥
8

1

ugz = (z+1)

8

-

8
-
8
'S
|
w

8
—>+—>+b—-+—|>
=
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Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)

L= (x+1)(z% +1)%(z - 3) (2% —3) (2% — 322 — 3z — 1) degl =11

ui = (2® + 1)(z — 3)

(z+1)

u2

uz =1

= (z+1)%(x—3)
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Example

r=2 ="+ -3) = —322 -3z -1) g= (22 +1)(z—3)
L= (z+1)(z? +1)%(z — 3)(2? — 3)(2® — 322 — 3z — 1) degl =11

ui = (2® + 1)(z — 3)

ugz = (z+1)
G||M uz =1
= (x+1)%(x —3) Gi = (z — 1)%(z — 9)
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Example

ty = (2% +1)(a* = 3)(z® — 322 — 32— 1) g= (22 +1)(z—3)

r=2
: £=(z+ 1)@+ 1)?(@ - 3)(2® = 3)(2® — 32> =32 — 1) degl =11
2 ! .
wfl /w,—fl uy = (22 +1)(z — 3)
z«fl a:#T»Q zfg\ ug = (z+ 1)
GIIM z?2+1 22+9 WT3 -’C-f3 uz =1
z4T+1 ac4T+9 z2f3 a:ZT+3 = (x+1)%(x—3) Gi = (z —1)%(x —9)
w81+1 z4T—3

Linear Mahler equations

Ph.



Example

ty = (2% +1)(a* = 3)(z® — 322 — 32— 1) g= (2% +1)(z—3)

r=2
: L= (z—3)(z+3)(z—9) (2> — 322 -3z — 1) degt =6
2 f .
mfl /:L"—T81 uy = (z° 4+ 1)(z — 3)
z«fl a:#T»Q zfe\ ug = (z + 1)
GIIM z?2+1 22+9 xTB -’C-f?) uz =1
z4T+1 ac4T+9 z2f3 a:ZT+3 = (x+1)%(x—3) Gi = (z —1)%(x —9)
z81+1 : z4T—3 : 7* = (- D@+ 1)(=? + Dz - 3)(z - 9)

Linear Mahler equations
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Conclusion

Solutions type Output size Complexity

Text available on arXiv:1612.05518.
Computing solutions of linear Mahler equations
Frédéric Chyzak, Thomas Dreyfus, Philippe Dumas, Marc Mezzarobba
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Conclusion

Solutions type Output size Complexity
rational functions denominator
presented algorithm (2" = 1) Oo(d/b"™) O(dM(d) log(d)/b")
variant O(dlogd) O(dlogd)

Text available on arXiv:1612.05518.
Computing solutions of linear Mahler equations
Frédéric Chyzak, Thomas Dreyfus, Philippe Dumas, Marc Mezzarobba
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Conclusion

Solutions type Output size Complexity
rational functions denominator
presented algorithm (2" = 1) Oo(d/b"™) O(dM(d) log(d)/b")
variant O(dlogd) O(dlogd)
series
formal series at precision z O(rd? + r2 M(d) + (r + d)n)
polynomials o(d/b™) O(d?/b™ 4+ M(d))
Puiseux series in K((z!/Y)) at precision z" O(r2Nd(d + n))

Text available on arXiv:1612.05518.
Computing solutions of linear Mahler equations
Frédéric Chyzak, Thomas Dreyfus, Philippe Dumas, Marc Mezzarobba

Ph. Dumas (Inria)
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Conclusion

Solutions type Output size Complexity
rational functions denominator
presented algorithm (2" = 1) Oo(d/b"™) O(dM(d) log(d)/b")
variant O(dlogd) O(dlogd)
series
formal series at precision z O(rd? + r2 M(d) + (r + d)n)
polynomials o(d/b™) O(d?/b™ 4+ M(d))
Puiseux series in K((z!/Y)) at precision z" O(r2Nd(d + n))
rational functions

b=2
b>3

0O(27d?) = O(d3)
(d?/b")

O

Text available on arXiv:1612.05518.

Computing solutions of linear Mahler equations
Frédéric Chyzak, Thomas Dreyfus, Philippe Dumas, Marc Mezzarobba
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Conclusion

Solutions type Output size Complexity
rational functions denominator
presented algorithm (2" = 1) Oo(d/b"™) O(dM(d) log(d)/b")
variant O(dlogd) O(dlogd)
series
formal series at precision z O(rd? + r2 M(d) + (r + d)n)
polynomials o(d/b™) O(d?/b™ 4+ M(d))
Puiseux series in K((z!/Y)) at precision z" O(r2Nd(d + n))

rational functions

b=2 0O(27d?) = O(d3)

b>3 O(d?/b")
reduction

lo #0 O(rb” M(d/b"™))

GCRD d<d
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Conclusion

Solutions type Output size Complexity
rational functions denominator
presented algorithm (2" = 1) Oo(d/b"™) O(dM(d) log(d)/b")
variant O(dlogd) O(dlogd)
series
formal series at precision z” O(rd? + r2 M(d) + (r + d)n)
polynomials O(d/b") O(d?/b" + M(d))
Puiseux series in K((z!/Y)) at precision z" O(r2Nd(d + n))

rational functions

b=2 0O(27d?) = O(d3)

b>3 O(d?/b")
reduction

Lo #0 O(rb” M(d/b™))

GCRD d<d

future work
infinite-products
rational solutions of Riccati-type equation
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Conclusion

o — 2216

o _ 936

\

z—2 z+2 1‘2721‘4»/1 L2+21+1
20— 2 6 4+ 2 212 — 226 4+ 4 z'? +22% +4
A A A

Thanks for your attention!
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