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Que sont les nombres p-adiques ?

p — nombre premier fixé
Dans les exemples, on prendra toujours p = 2
Les entiers p-adiques
...dpdpn—1...82a14qo
=ay+aip+ap®+ -+ ap1p" ' +ap"+ -
Les nombres p-adiques

...dpdn-1...8ayd , a-1ad-o2...4a—y

=a.,p '+ +a+ap+ap’+--+ap’+--



Structure d’anneau



Structure d’anneau

Addition



Structure d’anneau

Addition

- O

o o

—_ -

- O

—_ -

—_

o o

o o

o —

- O




Structure d’anneau

Addition

- O

o o

—_ -

- O

—_ -

—_

o o

o o

o —

—_ | - O



Structure d’anneau

Addition

- O

o o

—_ -

- O

—_ -

—_

o o

o o

—_ O —

—_ | - O



Structure d’anneau

Addition

- O

o o

—_ -

- O

—_ -

—_

o o

oo O

—_ O —

—_ | - O



Structure d’anneau

Addition

10010
10001

00101

0111

-

00 1



Structure d’anneau

Addition

10010
1000 1

00101

0111

-

1

00O01



Structure d’anneau

Addition

10010
1000 1

1
1

0

1

1
1

0
0

-

1

1000 1



Structure d’anneau

Addition

10010
1000 1

e

- O

111
010001

0

-

1



Structure d’anneau

Addition

10010
1000 1

e

- O

11

1010001

1

0

-

1



Structure d’anneau

Addition

10010
1000 1

1010001

e

- O

0111

1

-

1



Structure d’anneau

Addition

10010
1000 1

1010001

e

- O

111

0

1

1

1



Structure d’anneau

Addition

10010
1000 1

e

- O

111
1010001

0

-

1

-1 1



Structure d’anneau

Addition

Soustraction

—_ | =

o= O~

—_ | =

O|— —

oo O

oo O

—_ O —

—_ | - O



Structure d’anneau

Addition

10010
1000 1

e

- O

0111

-

10100011

-1 1

Soustraction

10010
1000 1

00101

.

111

0




Structure d’anneau

Addition
11 1 1
010 1 0010
10111 000 1
-1 1101 0011
Soustraction
- 0101110 1 00110
M0 1A 0 00 1
-01110 000 1
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Valuation p-adique

valp(x) est la positive du dernier chiffre non nul de x

valp(...10110010) = 1
val(...10000010,001) = -3
val,(. . .00000000) > 8

Valeur absolue p-adique

IX|p = p*V*ﬂp(X)
X+ ylp < max(’X‘pa Mp)
Résultats et observations

Qp est complet, Q est dense dans Qp
Zp = Bo,(1), Zy = Sg,(1)
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P+ttt ekl

—4 — (t-2)2 + (t-2)°
—(t-2)* + - e k[t-2]

Spec k[{] Spec k[[t—2

—1 0 1 2 3 Specklt]
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Le point de vue de la géométrie algébrique

...102001100 € Z3

909
5 €Q

...412541634 € Z7

Spec Z3 Spec Z7
2 3 5 7 11 SpecZ
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Xip1 =

X1

f(x;)

~ f(x)

Xo
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Lemme de Hensel
Soit f : Z, — Qp une fonction de classe C2.
Soit a € Zp tel que :

! 2
f@)l < - et If(@) <IF(a).

Alors, la suite récurrente définie par

f(xi)
'(x;)

Xo=a ; X1 =X —

converge vers un zéro de f.

f'(a)l

100

C’est le seul dans la boule de centre a et de rayon
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[tération de Newton

Calcul de ¢! pour c € Z
)

Xo=c 'modp ; Xxi1=2x —cx?

[CX,'+1 —-1= —(CX,‘ — 1)2]
Calcul de /c pour ¢ € Z,
fx)=x>—-c ; f(x)=2x

Xo=+vcmodp sip>2
=ycmod8 sip=2

Xip1 =3 (X + 2)
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Outil < numérique > pour les problemes arithmétiques

» Factorisation des polynémes sur Q
» Calcul de la forme normale de Hermite/Smith
» Inversion de la matrice de Hilbert

Division par p en caractéristique p
» Résolution d’équations différentielles
» Calcul de produits composés
» Calcul d’isogénies

Les nombres p-adiques sont déja la

» Equations différentielles p-adiques
» Géométrie et cohomologies p-adiques
» Correspondance de Langlands p-adique
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Exemple : la matrice de Hilbert

La matrice de Hilbert

1 1/2
1/2 1/3
1/3 1/4
1/4 1/5

Son inverse

15.9999999999998 —119.999999999997
—119.999999999997  1199.99999999996
239.999999999992 —2699.99999999989
—139.999999999995  1679.99999999993

1/3
1/4
1/5
1/6

1/4
1/5
1/6
1/7

239.999999999992

—2699.99999999989

6479.99999999972

—4199.99999999981

139.999999999995
1679.99999999993
—4199.99999999981
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Exemple : la matrice de Hilbert

La matrice de Hilbert
1 1/2 1/3 1/4
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1/4 1/5 1/6 1/7

Son inverse

15.9999999999998 —119.999999999997 239.999999999992 139.999999999995
—119.999999999997  1199.99999999996  —2699.99999999989 1679.99999999993
239.999999999992 —2699.99999999989 6479.99999999972  —4199.99999999981
—139.999999999995  1679.99999999993  —4199.99999999981 2799.99999999987

taille de
la matrice 5 6 7 8 9 10 | 11 | 12 | 13

nombre de
chiffres corrects 40 | 34 128 | 25119 | 14 9 4 0




Exemple : la matrice de Hilbert

La matrice de Hilbert

Son inverse

16
~120
240
—140

1

1/2
1/3
1/4

—120
1200
—2700
1680

1/2
1/3
1/4
1/5

1/3
1/4
1/5
1/6

1/4
1/5
1/6
1/7

240
—2700
6480
—4200

—140
1680
—4200
2800



Son inverse

...000000000001000
..111111110001000
...000000011110000
..111111101110100

La matrice de Hilbert

1 1/2
1/2 1/3
1/3 1/4
1/4 1/5

..111111110001000
...000010010110000
..111010101110100
...000011010010000

Exemple : la matrice de Hilbert

1/3 1/4
1/4 1/5
1/5 1/6
1/6 17

..000000011110000
..111010101110100
..001100101010000
..110111110011000

..111111101110100
...000011010010000
..110111110011000
...000101011110000



Exemple : la matrice de Hilbert

La matrice de Hilbert

1 1/2 1/3 1/4
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1/4 1/5 1/6 1/7
Son inverse
...000000000001000 ...111111110001000 ...000000011110000 ...111111101110100
..111111110001000 ...000010010110000 ...111010101110100 ...000011010010000
...000000011110000 ...111010101110100 ...001100101010000 ...110111110011000
..111111101110100 ...000011010010000 ...110111110011000 ...000101011110000
taille de
la matrice 5 6 7 8 9 10 | 11 | 12 | 13 | 100
nombre de
chiffres corrects 52 | 52 | 51 | 51 | 51 | 51 | 51 | 51 | 51 48
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Larithmétique zélée

Représentation

a+ O(pN) = ...ay-18N—2...a8ap, a-1a-o2...

2017 + O(22) = ...011111100001

Opérations



Larithmétique zélée

Représentation

a+ O(pN) = ...ay-18N—2...a8ap, a-1a-o2...
2017 + O(2'2) = ...011111100001
Opérations

(a+ O(PN)) + (a/ + O(pN’)) — a+4d+ O(pmin(N,N’))



Larithmétique zélée

Représentation

a+ O(pN) = ...ay-18N—2...a8ap, a-1a-o2...
2017 + O(2'2) = ...011111100001
Opérations

(a+0(M) + (@ +0(Y)) = a+a+O(pmhN)
(a+ O(pN)) - (a/ + O(pN’)) — a—4d+ O(pmin(N,N’))



Larithmétique zélée

Représentation

a+ O(pN) = ...an—-1an-2...a818,a-1a-2...
2017+ 0(2'?) = ...011111100001
Opérations
(a+0(p")) + (& +O0(p")) = a+a +O(pmn(V:N)
(a+0(pN)) — (& +Oo(PN)) = a—a+ o(pmnN:N)
(a+ O(pN)) X (a/ + O(pNI)) = ad+ O(pmin(v—i-N/,N—o—v/))
(a+O(pY)) + (& + O(pN)) = &+ O(pmntvN =2/ N-v))

[v =val(a), V' = val(a)]
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def x(N):

# return an approximation of x at precision O(p")
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Représentation
def x(N):

# return an approximation of x at precision O(p")

Opérations



Larithmétique paresseuse

Représentation

def x(N):
# return an approximation of x at precision O(p")
Opérations

def x plus_y(N):
return x(N) + y(N)



Larithmétique paresseuse

Représentation

def x(N):

# return an approximation of x at precision O(p")

Opérations

def x_plus_y (N):
return x(N) + y(N)



Larithmétique paresseuse

Représentation

def x(N):

# return an approximation of x at precision O(p")

Opérations

def add(x,vy):
def x_plus_y (N):
return x(N) + y(N)
return x_plus_y



Larithmétique paresseuse

Représentation

def x(N):

# return an approximation of x at precision O(p")

Opérations

def add(x,vy):
def x_plus_y (N):
return x (N) + y(N)
return x_plus_y

def x_moins_y (N):
return x(N) - y(N)
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Opérations



Larithmétique paresseuse

Opérations
def x_fois_y(x,y):
vx = val (x)
vy = val(y)
(

Y
return x (N-vy) = y(N-vx)



Larithmétique paresseuse

return x

Opérations
def x_fois_y(x,y):
vx = val (x)
vy = val(y)
(

Yy
N-vy) = y(N-vx)

(a+ O(pN)) X (a/+ O(pN’)) — ad + O(pmin(V+N’,N+v’))



Larithmétique paresseuse

Opérations
def x_fois_y(x,y):
vx = val (x)
vy = val(y)
(

Yy
return x (N-vy) = y(N-vx)
def val (x):
for N in N:
v = valp (x (N))
if v < N: return v
return oo



Larithmétique paresseuse

Opérations
def x_fois_y(x,y):
vx = min (0, valp(x(0)))
vy = min (0, valp(y(0)))
return x (N-vy) » y (N-vx)

def val (x):
for N in N:
v = valp (x (N))
if v < N: return v
return oo



Larithmétique paresseuse
Opérations

def x_sur_vy(x,vy):
vx = min (0, Valp(X(O)))
vy = val(y)
return x (N+vy) / y (N+2*vy—-vx)

def val (x):
for N in N:
v = valp (x (N))
if v < N: return v
return oo
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Représentation

class RelaxedPAdicInteger:
# Variable
digits # list of (already computed) digits

# Virtual method
def next (self)
# compute the next digit and append it to the list



Larithmétique détendue

Représentation

class RelaxedPAdicInteger:
# Variable

digits # list of (already computed) digits

# Virtual method
def next (self)
# compute the next digit and append it to the list

def _ getitem_ (self,N):
n = len(self.digits)
while n < N+1:
self.next ()
n += 1
return self.digits[N]
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Larithmétique détendue

Opérations

class x_plus_y (RelaxedPAdicInteger) :
# Additional variable

carry # the current carry

def next (self):
n len(self.digits)
S x[n] + y[n] + self.carry
self.digits[n] = s % p
self.carry = s // p



Larithmétique détendue

Opérations

class x_fois_y (RelaxedPAdicInteger) :
# Additional variable

carry # the current carry

def next (self):
n len(self.digits)
S self.carry
for 1 in 0,1,...,n
s += x[1] * y[n—-1i
self.digits[n] = s
self.carry = s // p
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Larithmétique détendue

class x_fois_y (RelaxedPAdicInteger) :

def next (self):
n = len(self.digits)
m=n+2; £ =0; s =0
while m > 1:
# The contribution of the first square of size 2°

s += x[2°0 -1, ..., 2°(+1) - 2]
* y[(m-1)*2"4 - 1, ..., mx2"4 - 2]
# The contribution of the second square
if m > 2:
s 4= y[2°¢ -1, ..., 27 ({+1) - 2]
* x[(m=1)*x2"¢ - 1, ..., mx2°f — 2]
if misodd: break
m=m// 2
l +=1
s += self.carry
self.digits[n] = s % p

self.carry = s // p
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N N
pY—1 pY—1
<
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» 0
» NaN
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Fonction d’arrondi
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Larithmétique flottante

Représentation

N N
pY—1 pY—1
<
5 %573

» p°s avec

» 0
» NaN

et PGCD(s,p) =1

Fonction d’arrondi

0:Qp— QF telque [x—o(x)| <p x|

Opérations
X+py=0X+y) ; X—rpy=0Xx-y)

X Xpp ¥y = 0(XY) ;. X+ y =0(})
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def nth_term(n):
u =0
for i in 1,2,...,n: u = f(u)
return u
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Quelques points de comparaison

Zélé ou paresseux ?

Utilisation différente

Zélé : précision donnée sur les entrées
Paresseux : précision cible sur la sortie

Larithmétique paresseuse est un peu plus lente

Larithmétique paresseuse requiert plus de mémoire

def nth_term(n):
u =0
for i in 1,2,...,n: u = f(u)
return u

Intervalle ou flottant ?
Résultats prouvés en arithmétique d’intervalle

Résultats plus précis en arithmétique flottante
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...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

Arithmétique zélée :
detM = O(2'9)



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

Arithmétique zélée
detM = O(2'9)

Arithmétique flottante -
detM =219 x ...0001001101



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000

M| 1101011001 .. 1101000111

—| ...0111100011 ...1011100101

..0000111101 ...1101110011
Arithmétique zélée :

det M = O(21°)

Arithmétique flottante -
detM =219 x ...0001001101

Arithmétique zélée :

xu(X) = X4 + (...0001000010) X3 +
+ (...0011100000) X +

...1011001000
...0111001010
...0010100110

..0011010010

...0011000100
...0101110101
...1111110111

..1001100001

(...1000101100) X?
(... 0000000000)



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

Arithmétique zélée :
detM = O(2'9)

Arithmétique flottante -
detM =219 x ...0001001101

Arithmétique zélée :
xm(X) = X4 + (-..0001000010) X3 + (-..1000101100) X2
+ (-..0011100000) X + (... 0000000000)

Arithmétique flottante :
xm(X) = X4 + (...00001000010) X34+  (...111000101100) X2
+ (...110100011100000) X + (219 x ...0001001101)
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Exemple : factorisation LU

M=

...0101110000
...1101011001
...0111100011

..0000111101

...0011100000
...1101000111
...1011100101

..1101110011

...1011001000
...0111001010
...0010100110

..0011010010

...0011000100
...0101110101
...1111110111

..1001100001



Exemple : factorisation LU

...0101110000 ...0011100000

M—|[ 1101011001 ... 1101000111

—\ ...o0111100011 ...1011100101

..0000111101 ...1101110011
Arithmétique zélée :

1
[ — 274 x...001111 1
- 274 x...010101 ...100011

2=4x...001011 ...010101

...1011001000
...0111001010
...0010100110

..0011010010

1
...110 1

...0011000100
...0101110101
...1111110111

..1001100001



Exemple : factorisation LU

...0101110000 ...0011100000 ...1011001000 ...0011000100
M- | ---1101011001 ...1101000111 ...0111001010 ...0101110101
—| ...0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001
Arithmétique zélée :
1
[ — 274 x...001111 1
~ | 27*x...010101 ...100011 1
274 x...001011 ...010101 ...110 1
Arithmétique flottante :
’
[ — | 27%x...1010001111 1
— | 27*x...0110010101 ...0011100011 1

2=4x...0101001011

...0111010101 00010110110 1
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Exemple : coefficients de Bézout

P=X*+(...1101111111) X3 + (...0011110011) X2
(...1001001100) X + (...0010111010)

Q=X*+(...0101001011) X3 + (...0111001111) X2
(...0100010000) X —+ (...1101000111)



Exemple : coefficients de Bézout

P=X*+(..1101111111)
+ (...1001001100)
Q= X*+(...0101001011)
+ (...0100010000)

Arithmétique zélée :

U= (...101100) X° +
+ (...100) X +
V= (...010100) X +
+ (...100) X +

..0011110011) X?

)
..0010111010)
)
)

..0111001111) X2

..1101000111

(...101100) X2
(...1011

)
)
(...100100) X2
(...101)



Exemple : coefficients de Bézout

P=X*+(...1101111111) X3 + (.
+ (...1001001100) X + (
Q=X*+(...0101001011) X3 + (
+ (...0100010000) X + (.
Arithmétique zélée :
U= (...101100) X° +
+ (...100) X +
V= (...010100) X +
+ (...100) X +

Arithmétique flottante :

..0011110011) X2

..0010111010

..0111001111
..1101000111

)
)
) X2
)

(...101100) X2
(...1011)

)

)

(...100100) X2
(...101

U=(...101011101100) X3 + (...111100101100) X2
+ (...100000110100) X + (...0110001011)

V = (...010100010100) X3 + (...001011100100) X2
+(...000100111100) X + (...1111100101)
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Exemple : évaluation et interpolation

P = (...0111001110) X® + (...0101010001) X’ + (...1000001100) X®
+ (...1010001101) X® + (...1111000100) X* + (...0011101101) X®
+ (...1010010111) X® + (...0011011010) X + (...0001011110)



Exemple : évaluation et interpolation

P = (...0111001110) X® + (...0101010001) X’ + (...1000001100) X®
+ (...1010001101) X® + (...1111000100) X* + (...0011101101) X®
+ (...1010010111) X® + (...0011011010) X + (...0001011110)

Arithmétique zélée :

(...110) X® + (...001) X7 + (...100) x®
+ (...101) X% + (...100) X* + (...1101) X3
+ (...10111) X2 + (...1011010) X + (...0001011110)



Exemple : évaluation et interpolation

P = (...0111001110) X® + (...0101010001) X’ + (...1000001100) X®
+ (...1010001101) X® + (...1111000100) X* + (...0011101101) X®
+ (...1010010111) X® + (...0011011010) X + (...0001011110)

Arithmétique zélée :

(...110) X® + (...001) X7 + (...100) x®
+ (...101) X% + (...100) X* + (...1101) X3
+ (...10111) X2 + (...1011010) X + (...0001011110)

Arithmétique flottante :

(...00001001110) X +  (...1011010001) X7 + (...001010001100) X®
.0010001101) X5 + (...000011000100) X* + (...01011011101) X3

+ (.
+ (...0010010111) X2+ (...11011011010) X + (...00001011110)



Exemple : évaluation et interpolation

P = (...0101101001) X'® + (...1101000011) X'® 4+ (... 0011001110) x17

+ (...0011100111) X'® 4 (... 0110101110) X™ + (...0111111001) X3

+ (... 0100000100) X! + (... 0000110000) x1° + (... 1110101010) X°

+ (. ..0100010001) X + (...0101010000) X® + (...0111101111) X®

+ (...0100000001) X3 + (...1000010010) X*> + (...0000100000) X

Arithmétique zélée :

0(2~8) x'° + 02~ %) x'8 1

+ 0(27%) X1 + 0(2%) x5 +
+ 02 %) X' + o(27%) x12 +
+ 0(2=%) x10 + 0@~ % x° +
+ oe~*x" + o2~ %) x5 +
+ o~ "y x* + (..1)Xx% +
+ (...100000) X + (...0001111110)

Arithmétique flottante :

(273 x ...1110011011) X" 4+ (275 x ... 0000000011) X'& + (23 x
+(27% x ...1100111101) X'6 4 (...11111100110) X" + (2% x .
+ (272 x ...0000010011) X'® + (2% x ...1010001101) X' + (273 x .
+(27% x ...0100101111) X0 + (273 x ...0000110011) X® + (25 x
+ (272 x ...0010000101) X7 + (272 x ...1101100111) X® + (.
+ (27" x...0011100111) X* + (...0101110101) X3 + (.-
+ (...oooooooo1100000)x + (...00001111110)

.1001011010) X'
.1011010111) x1
.1111101100) X
.1100010011) X

)

+ (-
+ (-
+ (-
+ (-
+ (-..0001111110

O(Z*S)X”
0(2-8) x4
0(2—) X
o(2~% x8
0(2—2) x5
(...010) X2

..0001011111) X7
..0110100011) X4
..0010000011) X'

.1010101001) X8
.1101101111) x5
.11011101010) X2

6
2
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Arithmétique zélée et itération de Newton

Objectif
Calcul de v/...11110010010000111001

Schéma de Newton

1 c
=1 Xi+1:§ Xi+;
1

Résultats
X1 ...1111001001000011101
Xo : ...001110100011110101
X3 : ...10111010001010101
X4 : ...0111010001010101
X5 : ...111010001010101

Xg : ...11010001010101



Arithmétique zélée et itération de Newton

Objectif
Calcul de v/...11110010010000111001

Schéma de Newton

1 c
X=1; Xi+1:§ Xi+;
1

Résultats
Xi: ...00000000000000000101
Xo: ...00000000000000010101
X3 : ...00000000000001010101
X4: ...00010111010001010101
X5 : ...1010111010001010101

Xg : ...1010111010001010101



Troisieme partie

Suivi de la
précision p-adique
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Réseaux dans les espaces vectoriels p-adiques

4 I

o |x|[g=0iffx=0
o [[Axl[e = [Al- lIx]le
|© IX + ylle < max(||x|[e, lylle)
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Manipulation de réseaux

Réduction de Hermite

...0101110000
...1101011001
...0111100011

..0000111101

..0011100000
...1101000111
...1011100101

..1101110011

..1011001000
...0111001010
...0010100110

..0011010010

...0011000100
...0101110101
.o 1111110111
..1001100001



Manipulation de réseaux

Réduction de Hermite

...1101011001
...0101110000
...0111100011

..0000111101

...1101000111
...0011100000
...1011100101

..1101110011

...0111001010
...1011001000
...0010100110

..0011010010

...0101110101
...0011000100
.o 1111110111
..1001100001



Manipulation de réseaux

Réduction de Hermite

1
...0101110000
...0111100011
...0000111101

..1110011111
...0011100000
...1011100101

..1101110011

...0011011010
...1011001000
...0010100110

..0011010010

...1101111101
...0011000100
.o 1111110111
..1001100001



Manipulation de réseaux

Réduction de Hermite

o O O =

...1110011111
..0001010000
...0111101000
..1010010000

...0011011010
..0101101000
...0101011000
..0011100000

...1101111101
..0100010100
...1100100000
..0011011000



Manipulation de réseaux

Réduction de Hermite

o O O =

...1110011111
..0111101000
...0001010000
..1010010000

...0011011010
..0101011000
...0101101000
..0011100000

...1101111101
..1100100000
...0100010100
..0011011000



Manipulation de réseaux

Réduction de Hermite

1
0
0
0

...1110011111

23
...0001010000
...1010010000

...0011011010
..0000111000
..0101101000
..0011100000

...1101111101
..0110100000
...0100010100
..0011011000



Manipulation de réseaux

Réduction de Hermite

1
0
0
0

...1110011111
23

0

0

..0011011010
..0000111000
..1100111000
..1011110000

...1101111101
..0110100000
...0011010100
..0001011000



Manipulation de réseaux

Réduction de Hermite

1 ...1110011111 ...0011011010 ...1101111101
0 2% ...0000111000 ...0110100000
0 0 2% ...000001100
0 0 ...1011110000 ...0001011000



Manipulation de réseaux

Réduction de Hermite

1 ...1110011111 ...0011011010 ...1101111101
0 2% ...0000111000 ...0110100000
0 0 2% ...000001100
0 0 0 ...111110000



Manipulation de réseaux

Réduction de Hermite

1 ...1110011111 ...0011011010 ...1101111101
0 2% ...0000111000 ...0110100000
0 0 2% ...000001100
0 0 0 24



Manipulation de réseaux

Réduction de Hermite

7 ...1110110010 ...0010011101
23 ...0000111000 ...0110100000
0 23 ...000001100
0 0 24

o O O =



Manipulation de réseaux

Réduction de Hermite

1 7 2 ...1100010101
0 2% ...0000111000 ...0110100000
0 0 2% ...000001100
0 0 0 24



Manipulation de réseaux

Réduction de Hermite

1 7 2 ...1100010101
0 23 0 ...101001100
0 0 2% ...000001100
0 0 0 24



Manipulation de réseaux

Réduction de Hermite

o O O =

23

23

12
12
24
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Réduction de Hermite

1 7

0 28 0
0 0 28
0 0 0

Corollaire

Les réseaux sont représentables de maniére exacte

Mais aussi...
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Manipulation de réseaux

Réduction de Hermite

1 7

0 28 0
0 0 28
0 0 0

Corollaire

Les réseaux sont représentables de maniére exacte

Mais aussi...

Les opérations sur les réseaux
(somme, intersection, image directe, image inverse)
sont aisément implémentables

12
12
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Le lemme de précision

4 E\
- J

f
—

classe C!

4 F\
- J

f(x+H) = f(x) + dfx(H)
Hypothéses : df; surjective, H suffisamment < bien >
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Précision optimale
Contexte de l'arithmétique zélée
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Précision optimale
Contexte de l'arithmétique zélée

pM

phn

= G G Cm

Précision optimale sur la j-iéme composante de ¢(x) :
O(pval(Cj))



Exemple jouet



Exemple jouet

2 Qp[X]§1 — ny
P(X) ~ (P(0),P(p))



Exemple jouet

2 Qp[X]§1 — ny
P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)



Exemple jouet
v QX — Q

P(X) = (P(0),P(p))
aX+b ~— (bap+b)

s = (9 %)

Jacobienne



Exemple jouet
¢ QpXl<t — Q%

P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)

s = (9 %)

Conséquence sur la précision

Jacobienne



Exemple jouet
¢ QpXl<t — Q%

P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)

s = (9 %)

Conséquence sur la précision

Jacobienne

Si a et b sont donnés a précision O(pN), alors :



Exemple jouet
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P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)

s = (9 %)

Conséquence sur la précision
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Exemple jouet
¢ QpXl<t — Q%

P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)

s = (9 %)

Conséquence sur la précision

Jacobienne

Si a et b sont donnés a précision O(pN), alors :

P(0) estconnu a précision O(pN)
P(p) O(p")




Exemple jouet
¢ QpXl<t — ny

P(X) = (P(0),P(p))
aX+b +~— (b,ap+b)

s = (9 %)

Conséquence sur la précision

Jacobienne

Si a et b sont donnés a précision O(pN), alors :

P(0) estconnu a précision O(pN)
P(p) O(p")
mais  P(p)—P(0) O(p"*1)
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4 E\ 4
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Précision optimale
Contexte de l'arithmétique paresseuse

p~M

J(@)x -
p~Mm

L

Ln

Précision optimale requise sur la i-ieme composante de x :
O(p—val(L/))



Exemple : déterminant, polyndme caractéristique



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

Arithmétique zélée :
detM = O(2'9)

Arithmétique flottante -
detM =219 x ...0001001101

Arithmétique zélée :
xm(X) = X4 + (-..0001000010) X3 + (-..1000101100) X2
+ (-..0011100000) X + (... 0000000000)

Arithmétique flottante :
xm(X) = X4 + (...00001000010) X34+  (...111000101100) X2
+ (...110100011100000) X + (219 x ...0001001101)
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Exemple : déterminant, polyndme caractéristique

o1 My(Qp) — Qp[X]cq
M — det(XId—M)—Xd

Différentielle
d
detM = Z(—1 )H_j . m,-J- - det M,’J
j=1
[developpement selon la i-ieme ligne]

0 det
8x,-7j

(M) = (=1)™ . det M,



Exemple : déterminant, polyndme caractéristique

o1 My(Qp) — Qp[X]cq
M — det(XId—M)—Xd

Différentielle
d
detM = Z(—1 )H_j . m,-J- - det M,’J
j=1

[developpement selon la i-ieme ligne]

O det N+ N
— a0, (M) = (—1)"* - det M,
— ¢ (M) = (—=1)" - det (XIy—M);

8x,-,j



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

(i)  Xx° X2 X 1
(1,1) 1 ...0110110010 ...0111111000 ...0001000000
(1,2) 0 ...0011100000 ...1011010100 ...1110100000
(1,3) 0 ...1011001000 ...1001001000 ...0011000000
(1,4) 0 ...0011000100 ...1111100100 ...0110100000
2,1) 0 ...1101011001 ...1010010000 ...1001000000
(2,2) 1 ...1110001001 ...1001001100 ...1100100000
(2,3) 0 ...0111001010 ...0110011000 ...0111000000
(2,4) 0 ...0101110101 ...0111111100 ...0100100000 | _ ;o
(3,1) 0 ...0111100011 ...1010000000 ...1001000000
(3,2) 0 ...1011100101 ...1110100000 ...1110100000
(3,3) 1 ...0011101000 ...1001000100 ...1001000000
(3,4) 0 ...1111110111 ...1111100100 ...1100100000
(4,1) 0 ...0000111101 ...0010111000 ...0110000000
(4,2) 0 ...1101110011 ...1101011000 ...1001000000
(4,3) 0 ...0011010010 ...1101001000 ...0010000000
(4,4) 1 ...1010100011 ...0111010000 ...1101000000



Exemple : déterminant, polyndme caractéristique

...0101110000 ...0011100000 ...1011001000 ...0011000100

M — ...1101011001 ...1101000111 ...0111001010 ...0101110101
~—\ ...o0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001

Arithmétique zélée :
detM = O(2'9)

Arithmétique flottante -
detM =219 x ...0001001101

Arithmétique zélée :
xm(X) = X4 + (-..0001000010) X3 + (-..1000101100) X2
+ (-..0011100000) X + (... 0000000000)

Arithmétique flottante :
xm(X) = X4 + (...00001000010) X34+  (...111000101100) X2
+ (...110100011100000) X + (219 x ...0001001101)
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Exemple : factorisation LU

...0101110000 ...0011100000 ...1011001000 ...0011000100
M- | ---1101011001 ...1101000111 ...0111001010 ...0101110101
—| ...0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001
Arithmétique zélée :
1
[ — 274 x...001111 1
~ | 27*x...010101 ...100011 1
274 x...001011 ...010101 ...110 1
Arithmétique flottante :
’
[ — | 27%x...1010001111 1
— | 27*x...0110010101 ...0011100011 1

2=4 % ...0101001011

...0111010101 00010110110 1
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Exemple : factorisation LU

o My(Qp) — La(Qp)
M & L-l tq. M=LU

Différentielle
M=LU

dM = dL-U + L-dU
L=.dM-U~" = L~"-dL + dU-U~"
Low(L~"-aM-U~") = L~"-dL
Upp(L~"-aM-U~") = dU-U-"



Exemple : factorisation LU

o My(Qp) — La(Qp)
M & L-l tq. M=LU

Différentielle
M=LU

dM = dL-U + L-dU
L=.dM-U~" = L~"-dL + dU-U~"
Low(L~"-aM-U~") = L~"-dL
Upp(L~"-aM-U~") = dU-U-"

—  doy: dM—dl=L-Lo(L~"-aM-U™")
siM=LU



Exemple : factorisation LU

M=

...0101110000
...1101011001
...0111100011

..0000111101

...0011100000
...1101000111
...1011100101

..1101110011

...1011001000
...0111001010
...0010100110

..0011010010

...0011000100
...0101110101
... 1111110111
..1001100001



Exemple :

M=

(1,1)

(2,3)
(2,4)

(8,2)
(3,3)
(3,4)
(4,1)
(4,2)
(4,3)

factorisation LU

...0101110000 ...0011100000 ...1011001000 ...0011000100
...1101011001 ...1101000111 ...0111001010 ...0101110101
...0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ..1101110011 ..0011010010 ...1001100001
3.2) 4.2) (4.9)
...1100101 ...1100010 ...001,01
...110101,1 . 011111 ...100,01
0 0 ...1011,1
0 0 0
...0111001110 ...11100010 ...0110,111
...0100001001 ...0011111 ... 1111,011
0 0 ..10111,01
0 0 7 = J(Phw
...00110100110 ...00000000 R RRR I B
...0111011101 ...0000000 ...1000,11
0 0 ..11010,1
0 0 0
0 ...00110100110 ...1010,011
0 ...0111011101 ...0100,111
0 0 ..00100,01
0 0 0

(4,4)



Exemple : factorisation LU

...0101110000 ...0011100000 ...1011001000 ...0011000100
M- | ---1101011001 ...1101000111 ...0111001010 ...0101110101
—| ...0111100011 ...1011100101 ...0010100110 ...1111110111
..0000111101 ...1101110011 ...0011010010 ...1001100001
Arithmétique zélée :
1
[ — 274 x...001111 1
~ | 2-*x...010101 ...100011 1
274 x...001011 ...010101 ...110 1
Arithmétique flottante :
’
[ — [ 27%x...1010001111 1
— | 27*x...0110010101 ...0011100011 1

2=4x...0101001011

...0111010101 00010110110 1
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Exemple : coefficients de Bézout

P=X*+(...1101111111) X3+ (...0011110011) X2
+ (...1001001100) X + (...0010111010)
Q= X*+(...0101001011) X3 + (...0111001111) X2
+ (...0100010000) X + (...1101000111)
Arithmétique zélée :
U= (...101100) X3 + (...101100) X?
+ (...100) X + (...1011)
V= (...010100) X3 + (...100100) X2
+ (...100) X + (...101)
Arithmétique flottante :
U= (...101011101100) X3 + (...111100101100) X?
+ (...100000110100) X + (...0110001011)
V = (...010100010100) X + (...001011100100) X?
+ (...000100111100) X + (...1111100101)



Exemple : coefficients de Bézout



Exemple : coefficients de Bézout

o1 (QlXl<a)® — (Qp[X]<q)®
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1



Exemple : coefficients de Bézout

o1 (QlXl<a)® — (Qp[X]<q)®
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1

Différentielle



Exemple : coefficients de Bézout

o1 (QlXl<a)® — (Qp[X]<q)®
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1
Différentielle

UP+VQ=1



Exemple : coefficients de Bézout

o1 (QlXl<a)® — (Qp[X]<q)®
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1

Différentielle

UP+VQ=1
dU-P + dV-Q = —(U-dP + V-dQ)



Exemple : coefficients de Bézout

o1 (QlXl<a)® — (Qp[X]<q)®
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1

Différentielle
UP+VQ=1
dU-P+dV-Q=—(U-dP + V-dQ)
du=-U-(U-dP+ V-dQ) mod Q



Exemple : coefficients de Bézout

("2 (QP[X]<d)2 — (Qp[X]<d)2
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1
Différentielle
UP+VQ=1
dU-P+ dV-Q = —(U-dP + V-dQ)

dU = —U - (U-dP + V-dQ) mod Q
dV = -V (U-dP+ V-dQ) mod P



Exemple : coefficients de Bézout

("2 (QD[X]<d)2 — (Qp[X]<d)2
(P,Q) ~ (U, V)
tg. U-(X94P)+ V(X94+Q) =1
Différentielle
UP+VQ=1
dU-P+ dV-Q = —(U-dP + V-dQ)

dU = —U - (U-dP + V-dQ) mod Q
dV = -V (U-dP+ V-dQ) mod P

—  dygpg  (dP,dQ) — (U-dR mod Q, V-dR mod P)
siUP+VQ=1,dR=—U-dP— V-dQ



Exemple : coefficients de Bézout

P=X+ (..

+(..
Q=X*+(...
+(..

1101111111
1001001100

0101001011
0100010000

) X3+ (...

)X + (...
) X3+ (...
)X + (...

0011110011) X2

0010111010

0111001111
1101000111

X2

~— ' —



Exemple : coefficients de Bézout

P=X*+(...1101111111) X3 + (...0011110011
+(...1001001100) X + (...0010111010

Q= X*+(...0101001011) X3 + (...0111001111
+(...0100010000) X + (...1101000111

(dP, dQ) X3 X2 X 1
(X3,0) ...0100111 ...0001000 ...1000000 ...1010000
(XZ,O) ...1010000 ...0010111 ...0111000 ...1000000
(X,0) ...1000000 ...0010000 ...1010111 ...0111000
(1,0) ..1111000 ..1101000 ..0011000 ..1010111
(O,XS) ...1011001 ...1111000 ...0010000 ...1110000
(O,Xz) ...1110000 ...0101001 ...0001000 ...0010000
(0, X) ...0010000 ...0100000 ...0011001 ...0001000
(0,1) ..1001000 ..0101000 ..1011000 ..0011001

)
)
)
)

X2

X2

= J(‘P)(f{é)



Exemple : coefficients de Bézout

P=X*+(...1101111111) X3 + (...0011110011)
+(...1001001100) X + (...0010111010)

Q= X*+(...0101001011) X3 + (...0111001111)

+ (...0100010000) X + (...1101000111)

(dP, dQ) X3 X2 X 1
(X3,0) ...1011001 ...0100000 ...1000000 ...0100000
(XZ,O) ...0110000 ...0101001 ...0110000 ...0000000
(X,0) ...1000000 ...1110000 ...1101001 ...0110000
(1,0) ..0001000 ..0111000 ..0001000 ..1001001
(O,XS) ...0100111 ...1100000 ...1100000 ...1100000
(O,Xz) ...0010000 ...0010111 ...0010000 ...0100000
(0, X) ...1110000 ...0100000 ...1100111 ...1010000
(0,1) ..0111000 ..0111000 ..1001000 ..0000111

X2

= J(‘P)(f{é)



Exemple : coefficients de Bézout

P=X*+(...1101111111) X3+ (...0011110011) X2
+ (...1001001100) X + (...0010111010)
Q= X*+(...0101001011) X3 + (...0111001111) X2
+ (...0100010000) X + (...1101000111)
Arithmétique zélée :
U= (...101100) X3 + (...101100) X?
+ (...100) X + (...1011)
V= (...010100) X3 + (...100100) X2
+ (...100) X + (...101)
Arithmétique flottante :
U= (...101011101100) X3 + (...111100101100) X?
+ (...100000110100) X + (...0110001011)
V = (...010100010100) X + (...001011100100) X?
+ (...000100111100) X + (...1111100101)



Exemple : évaluation et interpolation



Exemple : évaluation et interpolation

P = (...0101101001) X'® + (...1101000011) X'® 4+ (... 0011001110) x17

+ (...0011100111) X'® 4 (... 0110101110) X™ + (...0111111001) X3

+ (... 0100000100) X! + (... 0000110000) x1° + (... 1110101010) X°

+ (. ..0100010001) X + (...0101010000) X® + (...0111101111) X®

+ (...0100000001) X3 + (...1000010010) X*> + (...0000100000) X

Arithmétique zélée :

0(2~8) x'° + 02~ %) x'8 1

+ 0(2%) X1 + 0(2%) x5 +
+ 0(2=%) X' + 0(27%) x12 +
+ 0(2=8) x10 + 0(2=% x° +
+ oe~*x" + o2 %) x5 +
+ o~ "y x* + (..1)Xx% +
+ (...100000) X + (...0001111110)

Arithmétique flottante :

(278 x ...1110011011) X"® 4+ (25 x ... 0000000011) X'& + (23 x
+(27% x ...1100111101) X6 4 (-..11111100110) X5 + (2% x .
+ (272 x ...0000010011) X'® + (2% x ...1010001101) X' + (273 x .
+(27% x ...0100101111) X% + (273 x ...0000110011) X® + (25 x
+ (272 x ...0010000101) X7 + (272 x ...1101100111) X® + (.
+ (27" x...0011100111) X* + (...0101110101) X3 + (.-
+ (...oooooooo1100000)x + (...00001111110)

.1001011010) X'
.1011010111) x1
.1111101100) X
.1100010011) X

)

+ (-
+ (-
+ (-
+ (-
+ (-..0001111110

O(Z*S)X”
0(2-8) x4
0(2~8) X
o(2~% x8
0(2—2) x5
(...010) X2

..0001011111) X7
..0110100011) X4
..0010000011) X'

.1010101001) X8
.1101101111) x5
.11011101010) X2

6
2
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Exemple : évaluation et interpolation

e Qp[X]cg — Q,‘,’
P — (P(1),P(2),...,P(d))



Exemple : évaluation et interpolation

e Qp[X]cg — Q,‘,’
P — (P(1),P(2),...,P(d))

Différentielle



Exemple : évaluation et interpolation

e Qp[X]cg — Q,‘,’

P — (P(1),P2),...

Différentielle

o est linéaire



Exemple : évaluation et interpolation

e Qp[X]cg — Q,‘,’

P — (P(1),P2),...

Différentielle
o est linéaire :
11
1 2
Jp)=|1 3
1 d

det J(p)=1Ix2I x---



Exemple : évaluation et interpolation

e Qp[X]cg — Q,‘,’
P — (P(1),P(2),...,P(d))

Différentielle
o est linéaire :
1 1 1
1 2 2d-1
Jp)=|1 3 - 3
1 d ... g9

det J(p) =1Ix2I x--- x d!

=  valp(1I x 2! x--- xdl) > g’—; chiffres de précision diffus



Exemple : évaluation et interpolation

P = (...0101101001) X'® + (...1101000011) X'® 4+ (... 0011001110) x17

+ (...0011100111) X'® 4 (... 0110101110) X™ + (...0111111001) X3

+ (... 0100000100) X! + (... 0000110000) x1° + (... 1110101010) X°

+ (. ..0100010001) X + (...0101010000) X® + (...0111101111) X®

+ (...0100000001) X3 + (...1000010010) X*> + (...0000100000) X

Arithmétique zélée :

0(2~8) x'° + 02~ %) x'8 1

+ 0(27%) X1 + 0(2%) x5 +
+ 02 %) X' + o(27%) x12 +
+ 0(2=%) x10 + 0@~ % x° +
+ oe~*x" + o2~ %) x5 +
+ o~ "y x* + (..1)Xx% +
+ (...100000) X + (...0001111110)

Arithmétique flottante :

(273 x ...1110011011) X" 4+ (275 x ... 0000000011) X'& + (23 x
+(27% x ...1100111101) X'6 4 (...11111100110) X" + (2% x .
+ (272 x ...0000010011) X'® + (2% x ...1010001101) X' + (273 x .
+(27% x ...0100101111) X0 + (273 x ...0000110011) X® + (25 x
+ (272 x ...0010000101) X7 + (272 x ...1101100111) X® + (.
+ (27" x...0011100111) X* + (...0101110101) X3 + (.-
+ (...oooooooo1100000)x + (...00001111110)

.1001011010) X'
.1011010111) x1
.1111101100) X
.1100010011) X

)

+ (-
+ (-
+ (-
+ (-
+ (-..0001111110

O(Z*S)X”
0(2-8) x4
0(2—) X
o(2~% x8
0(2—2) x5
(...010) X2

..0001011111) X7
..0110100011) X4
..0010000011) X'

.1010101001) X8
.1101101111) x5
.11011101010) X2

6
2



[tération de Newton



[tération de Newton

Théoreme
Soit f : Bg(1) — F une fonction de classe C2.
Soit a € Zp tel que :

A
a)|| <
@) < [ ori

et [f(a)ll < |ldfall.
Alors, la suite récurrente définie par

Xo=a ; Xi1=2X— df)g1 (f(x;))
converge vers un zéro de f.

[

C’est le seul dans la boule de centre a et de rayon TS




[tération de Newton

Objectif

Calcul de v/...11110010010000111001

Schéma de Newton

Résultats

X1
Xo :
X3 :
X4 :
X5 :

X0:1

X6 :

...00000000000000000101
...00000000000000010101
...00000000000001010101
...00010111010001010101

...1010111010001010101

...1010111010001010101



[tération de Newton



[tération de Newton

U — ouvert (d'un sous-ev) de C?(Bg(1), F)



Itération de Newton
U — ouvert (d'un sous-ev) de C?(Bg(1), F)

Z: U — Vv
f — x tqg. f(x)=0



Itération de Newton
U — ouvert (d'un sous-ev) de C?(Bg(1), F)

Z: U — Vv
f — x tqg. f(x)=0

N: UxV — V
(f,x) — x—dfx_1(f(x))



Itération de Newton
U — ouvert (d'un sous-ev) de C?(Bg(1), F)

Z: U — Vv
f — x tqg. f(x)=0

N: UxV — V
(f,x) +— x—df'(f(x))

Différentielles



Itération de Newton
U — ouvert (d'un sous-ev) de C?(Bg(1), F)

Z: U — Vv
f — x tqg. f(x)=0

N: UxV — V
(f,x) +— x—df'(f(x))

Différentielles

azs: S *df§(1f)(¢(z(f)))



Itération de Newton
U — ouvert (d'un sous-ev) de C?(Bg(1), F)

Z: U — Vv
f — x tqg. f(x)=0
N: UxV — V
(f,x) +— x—df'(f(x))
Différentielles
dz: = —df ] (9(2()

d-/\[(f,x): (0,8) = _dfx (SO(X))
+ df (P (€, (X))
+ dfy ' (dex(f(x)))
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La méthode de la précision adaptative

Contexte de l'arithmétique zélée

(

X+H

X +H'

E\

)
©(X)+
d‘Px(H)
Y+Hzae
J
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La méthode de la précision adaptative

Contexte de l'arithmétique zélée

(

X/+H/

X+H

E\

)
e(x)+
d‘Px(H)
Y+Hzqe
@(X)+Hmax
J




La méthode de la précision adaptative
Contexte de l'arithmétique zélée

def Phi stabilized vl (x):
lift x at precision H’
y = Phi (x)
return y at precision Hpax
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La méthode de la précision adaptative
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La méthode de la précision adaptative
Contexte de l'arithmétique zélée

E;

1

Ep

o2

~
2,



La méthode de la précision adaptative
Contexte de l'arithmétique zélée

E;

1

Ep

pj = 0j 0001

Xi = @i(x), Hj = dy;x(H)



La méthode de la précision adaptative

Contexte de l'arithmétique zélée

Tj—1

@pj=0j0:--001, Xi = SOI(X)’ H’ = dSOI'X(H)

-

Ei_

\

1

Oj

Oj+1



La méthode de la précision adaptative

Contexte de l'arithmétique zélée

Tj—1

@pj=0j0:--001, Xi = SOI(X)’ H’ = dSOI'X(H)

-

Ei_

\

1

Oj

Oj+1

Hi,min C Hi



La méthode de la précision adaptative

Contexte de l'arithmétique zélée

Tj—1

@pj=0j0:--001, Xi = SOI(X)’ H’ = dSOI'X(H)

-

Ei_

\

1

Oj

Oj+1

Hi,min C Hi



La méthode de la précision adaptative

Contexte de l'arithmétique zélée

Tj—1

pj=0j0-- 007, Xj = QO,'(X), Hi — dSpi,x(H)

-

Ei_

\

1

Oj

Oj+1

Hi,min C Hi



La méthode de la précision adaptative

Contexte de l'arithmétique zélée
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La méthode de la précision adaptative
Contexte de l'arithmétique zélée

Tj—1

-

Ei_

\

1

Oj

Xi+Hj

YitHimin

Oj+1

pj=0j0-- 007, Xj = QO,'(X), Hi — dSpi,x(H)

Hi,min C Hi



La méthode de la précision adaptative
Contexte de l'arithmétique zélée

Tj—1

-

Ei_

\

1

Oj

Xi+Hj

YitHimin

Oj+1

@pj=0j0:--001, Xi = SOI(X)’ H’ = dSOI'X(H)

Hi,min C Hi



La méthode de la précision adaptative
Contexte de l'arithmétique zélée

Tj—1

-

Ei_

\

1

Oj

Xi+Hj

YitHimin

Oj+1

@pj=0j0:--001, Xi = SOI(X)’ H’ = dSOI'X(H)

Hi,min C Hi



La méthode de la précision adaptative
Contexte de l'arithmétique zélée

def Phi stabilized v2(x):
Yo = X
for /i in 1,2,...,n:
lift y, 4 at precision H |,
yi = Stepi(yi-1)
return y, at precision Hpmax



La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse



La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse
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La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse
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La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse

4 E\ 4




La méthode de la précision adaptative

Contexte de l'arithmétique paresseuse

(

E\

-

(%)

H/




La méthode de la précision adaptative

Contexte de l'arithmétique paresseuse

(

E\

-

p(X)+H

(%)




La méthode de la précision adaptative

Contexte de l'arithmétique paresseuse

(

E\

-

p(X)+H




La méthode de la précision adaptative

Contexte de l'arithmétique paresseuse

(

E\

-

p(X)+H
= p(x)+H




La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse

def Phi stabilized vl (x):
# Casou H' = p"Z,
def Phi of x(N):
xapp = x (P"H)
return Phi (xapp) % p"
return Phi_of x



La méthode de la précision adaptative
Contexte de l'arithmétique paresseuse

def Phi stabilized v2(x):

# Casou H' = p"Z,

def Phi of x(N):
Yo = X(pNHO,min)
for /i in 1,2,...,n:

yi = stepi(vi1) % PVHimin

return y, % p"

return Phi_of x



Exemple : la suite de Somos 4

uy = a, U2:b, Uz = C, us=d

2
UnyilUpys +Upin

u =
n+4 un
Phénomeéne de Laurent
Us = 13 (C + bd)
Us = ﬁ (c® + bed + ad®)
U= 25 (bc* +2b°c?d + ac’d + b®d? + abed® + & d°)
U= = (BPC® + ac’ + 36°¢*d + 3abc®d + 3b* P + 3abPc®?

+2a°c*d? + b°d® + ab’cd® + 3aPbc?d® + & bPd* + a’cd?)
Uy = a3b202d (b?c® + ac® + 4b>c®d + 3abc’d + 6b*c*d? + 6ab*c°d?
+382c%d? + 4b°c%d® + 7ab®c®d® + 6a2bctd® + bPa?
+3ab*ca* + 5a°b°cPa* + 3a°cd* + 2a8°b°d° + 3a’bed® + a*d®)



Exemple : la suite de Somos 4

Us = 1(c®+ bd)

Us = = (¢® + bed + ad?)

Uy = ﬁ (bc* +2b°c?d + ac®d + b*d® + abed® + & d°)

Us = b (b°¢® + ac’” + 3b°c*d + 3abc®d + 3b*c?d? + 3ab®c®d?

+28c*d® + b°d® + abPcd® + 3a°bcPd® + & bPd* + a’ca*)
Uy =z (b?c® + ac® + 4b°c®d + 3abc’ d + 6b*c* d® + 6ab®c®d?
+32°c%d? + 4b°c?d® + 7ab®ccd® + 622bctd® + bPa*
+ 3ab*cd* + 5a°b*c?d* + 3a’c’a* + 2a°b°d° + 3aPbed® + a*dP)



Exemple : la suite de Somos 4

Us = 1(c®+ bd)

Us = 2 (c® + bed + ad®)

Uy = ﬁ (bc* +2b°c?d + ac®d + b*d® + abed® + & d°)

Us = b (b°¢® + ac’” + 3b°c*d + 3abc®d + 3b*c?d? + 3ab®c®d?

+28c*d® + b°d® + abPcd® + 3a°bcPd® + & bPd* + a’ca*)

Uy =z (b?c® + ac® + 4b°c®d + 3abc’ d + 6b*c* d® + 6ab®c®d?
+3a8°c8%d? + 4b°c%d® + 7ab®c®d® + 6a2bctd® + bPat
+ 3ab*cd* + 5a°b*c?d* + 3a’c’a* + 2a°b°d° + 3aPbed® + a*dP)

Utg = m (b*c'® +2ab?c' + & c'? + 5b°cd + 11ab’c®d + 6a°bc'’d
+106%c%a? + 24ab*c’d? + 1782b%cPd? + 4a°c®a?
+10b"c*d® 4 26ab°c®d® + 28a2b°cPd® + 15a°bc’ d®
+5b8c?d* 4+ 14abPca* + 27282b* c* d* + 24a° b2 d*
+6a*c®d* + b°d® + 3ab’cd® + 14a2b°2d® + 198°b° 3 d®
+12a*bc*d® + 3a2b8d® + 6a°b*ed® + 9a*b?c2d®

°cPd® + 3a*b’d” + 3a’bed” + a°ad®)



Exemple : la suite de Somos 4

Evaluation de la suite de Somos 4

def somosl(a,b,c,d,n):
X,v,2,t = a,b,c,d
for i in 1,2,...,n-4:
X,v,2,t =vy, z, t, (y*xt + zxz)/x
return t

def somos2(a,b,c,d,n):
X,Y¥,2,T = A,B,C,D
for i in 1,2,...,n-4:
X,Y,%2,T =Y, 2, T, (Y+T + Z%2)/X
return T (A=a, B=b, C=c, D=d)



Exemple : la suite de Somos 4



Exemple : la suite de Somos 4

uy ...0000000001
up ...0000000001
us ...0000000001

Uy ...0000000001



Exemple : la suite de Somos 4

Laurent method

vy ...0000000001
Uy ...0000000001
Uy ...0000000001
us  ...0000000001
us  ...0000000010
Us  ...0000000011
u;  ...0000000111
Ug  ...0000010111
Ug  ...0000111011

U1g ...0100111010



Exemple : la suite de Somos 4

Laurent method

vy ...0000000001
U ...0000000001
U ...0000000001
Uy ...0000000001
us  ...0000000010
Us  ...0000000011
¢;  ...0000000111
U ...0000010111
Uy ...0000111011
uo  ...0100111010
Usy  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010
Ug ...0000000011
uz ...0000000111
Ug ...0000010111
Ug ...0000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011
uz ...0000000111
Ug ...0000010111
Ug ...0000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111
Ug ...0000010111
Ug ...0000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111
Ug ...0000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011 ...000111011
Uo ...0100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011 ...000111011
Uo ...0100111010 ...100111010
Usgp  ...0000011010

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011 ...000111011
Uo ...0100111010 ...100111010
Usgp  ...0000011010 ...0

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011 ...000111011
Uo ...0100111010 ...100111010
Usgp  ...0000011010 ...0
Usq4 ...0100101001 BOUM

Usoo  ...1111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith.
uy ...0000000001 ...0000000001
U ...0000000001 ...0000000001
us ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001
Us ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011
uz ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111
Ug ...0000111011 ...000111011
Uo ...0100111010 ...100111010
Usgp  ...0000011010 ...0
Usq4 ...0100101001 BOUM

Usoo  ...1111110010 —



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith.

uy ...0000000001 ...0000000001 ...0000000001
U ...0000000001 ...0000000001 ...0000000001
us ...0000000001 ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001 ...0000000001
Us ...0000000010 ...0000000010

Ug ...0000000011 ...0000000011

uz ...0000000111 ...0000000111

Ug ...0000010111 ...0000010111

Ug ...0000111011 ...000111011

Uo ...0100111010 ...100111010

Usgp  ...0000011010 ...0

Usq4 ...0100101001 BOUM

Usoo  ...1111110010 —



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith.
uy ...0000000001 ...0000000001 ...0000000001
U ...0000000001 ...0000000001 ...0000000001
us ...0000000001 ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001 ...0000000001
Us ...0000000010 ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011 ...0000000011
uz ...0000000111 ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith. Relaxed arith.
uy ...0000000001 ...0000000001 ...0000000001
U ...0000000001 ...0000000001 ...0000000001
us ...0000000001 ...0000000001 ...0000000001
Uy ...0000000001 ...0000000001 ...0000000001
Us ...0000000010 ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011 ...0000000011
uz ...0000000111 ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith. Relaxed arith.
uy ...0000000001 ...0000000001 ...0000000001 —
U ...0000000001 ...0000000001 ...0000000001 —
us ...0000000001 ...0000000001 ...0000000001 —
Uy ...0000000001 ...0000000001 ...0000000001 —
Us ...0000000010 ...0000000010 ...0000000010
Ug ...0000000011 ...0000000011 ...0000000011
uz ...0000000111 ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith. Relaxed arith.
uy ...0000000001 ...0000000001 ...0000000001 —
U ...0000000001 ...0000000001 ...0000000001 —
us ...0000000001 ...0000000001 ...0000000001 —
Uy ...0000000001 ...0000000001 ...0000000001 —
Us ...0000000010 ...0000000010 ...0000000010 precisionon vy : 10
Ug ...0000000011 ...0000000011 ...0000000011
uz ...0000000111 ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith. Relaxed arith.
uy ...0000000001 ...0000000001 ...0000000001 —
U ...0000000001 ...0000000001 ...0000000001 —
us ...0000000001 ...0000000001 ...0000000001 —
Uy ...0000000001 ...0000000001 ...0000000001 —
Us ...0000000010 ...0000000010 ...0000000010 precisionon vy : 10
Ug ...0000000011 ...0000000011 ...0000000011 precisionon vy : 10
uz ...0000000111 ...0000000111 ...0000000111
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Laurent method Zealous arith. Float. arith. Relaxed arith.
uy ...0000000001 ...0000000001 ...0000000001 —
U ...0000000001 ...0000000001 ...0000000001 —
us ...0000000001 ...0000000001 ...0000000001 —
Uy ...0000000001 ...0000000001 ...0000000001 —
Us ...0000000010 ...0000000010 ...0000000010 precisionon vy : 10
Ug ...0000000011 ...0000000011 ...0000000011 precisionon vy : 10
uz ...0000000111 ...0000000111 ...0000000111 precisionon vy : 10
Ug ...0000010111 ...0000010111 ...0000010111
Ug ...0000111011 ...000111011 ...0000111011
Uo ...0100111010 ...100111010 ...10100111010
Usgp  ...0000011010 ...0 ...11000011010
Usq4 ...0100101001 BOUM ...1100101001

Usgp ...1111110010 — ...01111110010



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10
11



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10
11
11



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10
11
11
19



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10
11
11
19
20



Exemple : la suite de Somos 4

Uy
us
us
Uy
Us
Us
uz
Ug
Ug
Uig
Uso
Usy

Usoo

Laurent method

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
..0100111010
..0000011010
..0100101001
..1111110010

Zealous arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
...000111011
...100111010

..0

BOUM

Float. arith.

..0000000001
..0000000001
..0000000001
..0000000001
..0000000010
..0000000011
..0000000111
..0000010111
..0000111011
...10100111010
...11000011010
...1100101001
...01111110010

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

precision on u4

10
10
10
10
11
11
19
20
:109



Exemple : la suite de Somos 4



Exemple : la suite de Somos 4

Uy
up
usz
Uy
Us
Us
uz
ug
Ug
Uio
Uy4
U2
U3
Uig
Uis
Ue
uiz7
uig
Ug

Laurent method

... 0000000001
...0000000001
...0000000001
...0000000011
...0000000100
...0000001101
...0000110111
...0111010111
...0111101111
...0000010010
...1000111001
...0011111101
...0000110101
...1101010011
...0000000000
...0101011101
...1001101011
...0011110011
..0000000111

Zealous arith.

...0000000001
...0000000001
...0000000001
...0000000011
...0000000100
...0000001101
...0000110111
..0111010111
...11101111
...00010010
...00111001
... 11111101
...00110101
...1010011
...0000000
...1011101
...1101011
...1110011
BOUM

Float. arith.

...0000000001
...0000000001
...0000000001
...0000000011
...000000000100
...0000001101
...0000110111
...0111010111
...1111101111
...11000010010
...0000111001
...0011111101
...0000110101
..1101010011
0
...0101011101
...1001101011
..0011110011
BOUM

Relaxed arith.

precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :
precision on uy :

precision on uy :

10
10
10
10
12
12
12
12
12
13
13
13
13
13
23



Exemple : la suite de Somos 4



Exemple : la suite de Somos 4

o Qf’, — Qf;

t+ 22
(Xayaz7t) = (y,t,Z,yX )

2
0o o0 o -ZF
1 0 o0 L
J(O’)(X = X
7}’72:0 2
0 1 0 Z
0 0 1 L

i Ui UjpoUi3Uj4
det J(U’)(a,b,c7d) = abcd

J(o)(ap,c.a) € Ma(Zp)

= p“) x (inversible)

pV(i)Zg c daéa,b,c,d) (Zg) C Z?)



Exemple : la suite de Somos 4



Exemple : la suite de Somos 4

pN+V(i)Z4P C daéa,b,c,d)(pNZg) c pNZg



Exemple : la suite de Somos 4

j j N
pN+V(I)Z4P C daéa,b,c,d)(pNZg) - p Zg

H



Exemple : la suite de Somos 4

N+v(i) 74 i N4 N4
pNYOIZE C dol,peq)(PVZy) o PNZ
—_——— ~—— ——

Hl',min H Hl',mz\x



Exemple : la suite de Somos 4

pN+V(i)Z4P C daéa,b,c,d)(pNZg) - pNZ??

~— S~ S~~~
Hi,min H Hl',mz\x
4 4) ( )
Qp Qp
vi+H;
o X _)0- Wi+Hi,min
Wi+H; 74




Exemple : la suite de Somos 4

N+-v(i) 74 i N4 N4
pNYOIZE C dol,peq)(PVZy) o PNZ
—_——— ~—— ~——

Hl',min H Hi,mz\x

def somos _stabilized(a,b,c,d,n):

X,vy,z2,t = a,b,c,d

for i in 1,2,...,n-4:
u = (y*xt + z*z)/x
v = valp (y) + valp(z) + valp(t) + valp(u)
if v>N: raise PrecisionError
lift x,y,z,t at precision O(pN*tvtvae(x))
X,y,2,t =vy, z, t, (y*xt + z*xz)/x

return t at precision O(pN)



Exemple : la suite de Somos 4

pN+WDZg C dﬁgaqw(PNzg) - pNZg

— ~—~— S~
Hl',min H Hi,mz\x

def somos_stabilized(a,b,c,d,n):
def nth_term(N):
X,v,2,£t = a(N),b(N),c(N),d(N)
for i in 1,2,...,n-4:
u = (y*t + z*xz) / x
v = valp(y) + valp(z) + valp(t) + valp(u)
if v>N: raise PrecisionError

X,v,2,t =y % p", z & p'v,
t s PV, u s pMtv
4

return t % pV
return nth_term



Exemple : la suite de Somos 4

N+v(i)y74 i N4 N4
pNYOIZE C dol,peq)(PVZy) o PNZ
—_——— ~—— ~——

Hl',min H Hi,mz\x

def somos_stabilized(a,b,c,d,n):
def nth term(N) :
X,v,2,£t = a(N),b(N),c(N),d(N)
for i in 1,2,...,n-4:
u = (y*t + z*xz) / x
v = valp(y) + valp(z) + valp(t) + valp(u)
if v>N: return nth_term(2xN)

[ N+v

X, ¥,2,t =y %5 P ; 2 %5 P 0
t s PV, u s pMv

return t % pV
return nth_term



C’est fini, les amis

Metcide votre attention !




