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* Given: an N*N random Hermihun mo.Jrrix, Au-

~ Quesl-iom wlw.l clo JrLe eijenw.lues look Iike.?

N) )
N)
a(u a‘l a'l

N random ParJri cles



¢ Hcrmilian on&-maJ’rix model : Pro‘D“L"‘Ii]‘)’ measure on NxN Hcrmilfom matrices

wilL clensil)/ ]orororl'iono»l lo

-NTr V(A ,
(A ), \/= "foi'en‘lio.l .

) For A"‘ * ro.nJom So.mlale Irom JFL“S Aisjfritml»ion, ‘H—;e cfjenvo.lues orm o Cou.loml: So.s
wi“n C.On‘[‘irﬁnj Fol’enkal v

b _n'us means: JrLe Fro\oaLH Jro oLserve a ">y ay! a} s‘pecnrcecl Ioco.Jnons a2 .. xaq,
I.S FFOFOYLIN’\&‘ I‘O

6—N2£(0..,...,a,,) EM( Lay)= l—N Z\/ %Z].loj (a-;-aj )

=1\

~






° _H\e COu\OmL jas L\as a unulue jrounJ sta.le conrijurajrion - ’I'—ekejre Foimls, i

> EXamFIe: i{: V(x)=‘lzxz is “'-e Gaw.ssian Polcnl(ioj, '“wen I:;,I’\el‘c PoinJrs are “'\e zeros or
h
n\z N He.rmijfa Fo\ynomial.

[ ] Law or l,arje NumLers: Qas N—-vw' cijcnva‘ues Treeze ' arounJ jrounJ Sl'mle conrijura.lion.



-NT- V(A) .
L4 AN a random So.mr‘e rrom e ‘ ( ) e'je"wa ues a.‘“’z...zaf.") ramlom sam,a'a

rrom 6—N E(a., . ..,a...)‘

L4 EmFirical erJral measure: ra.nJom FFOLaL'lH/ Méasure G wLi:‘.\n r‘aus e«lual mass o.lr eacL\

Parlicle.

Law o£ Larje Numl;ers: As N"’“, Oy can\/erjcs Weakl , In rroLaLi\iLy, Jro Jrl-\e unictue

minimizer o, ol; H\c aclion

Sle) = [V o) - [[logle-y) otan) oldy)

Mihimiler O, IS l\w, "etv‘il;Lrium measwc."



N)

® Densil-/ o¥ Hne eo"uiliLrium measure 0, IS “ne “ \imijr sLaPc" o{: )(L\e ens:lee a(.")z...zo.f‘.

° Examrle‘ i£ V(x) =llxz, |imil‘ SL\a]De is u\e \J\{ijner Semicircle,

/_\%u") ) ith VH-x" dx

-2' 2

.T)[\ V i a PULWL&LWH ol"\ Jsz Gaussian Polfenjr'ual, O, is o rerlurLo.l'ion ol\- ‘“\e, semicirc'e.,

0 (dx) = W(x)V(x+a) (x-b) dx
Aej\nl = cleJV'Z




® C‘auaie ﬂzylcson, _Sean-BernarA Zu\aer (Hn) \4\”-\0,‘— can Le saicl a\:oul 'I'Le, as7'mr‘l°‘ll'05
o£ lrLe J'oinl' Slaecl'rum o& o cwrlec[ ’Paif A,..BM o£ ram]om Hermilim maJ(ric,es.?

-na)ll(son, |‘13&- |7?5 ZuLer, l?LW"



° _Drzyl(son-zul:er l’wo-m.Jrrix T FroLaLilil/ measure on f)o.irs (A'B) o]: N >N
Hermi]riam matrices wi“\ Jensil): ?roForLional Jro

-NTe (V(A) +W(B) - 2AR)
e

'Ezramelcr Z1s JfLe "cw’alinj i = e sjfrenJJrL A e [bllcon A, and B,

wL\u& (AM,BN) a ranJom Samla'e.

.\!JL\al is “'\a Jo'ml‘ c\isjrriLulf‘uon o{ ‘“wa e'ljenvalues o.f“’ 2. Za(:) and l)""’ > 3 l:,fm P



> 20 and L>:~72...2Lt) L)eLave. |||&a a ',‘wo-com,ao»qcn'l CoulomL
30-5 Wil‘L Bo“amann ‘L\a.c:l'or

O TL\e, eijenValues a®

—NzE(a.,...,a“,L,,...,E,,)
e

wLer&

\"4 W

€l ok, b) =& arman) +E(b, b - % (0, raubi b

and

is ‘“’\G I"’Z)"‘(SOH'Z{AL&I’ l’free, enerj)z. ’
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¥y 19°°°) M} Vyeee) ON



_IJ( Zy I<son = Zu.Lgr Con\"eclure (l 778)

Consider -l'uo seiuences
W
a(l) b|
| (2) )
Cl.m a(z) a.nA Ll I?;.
('3) 1 KRN AN
Q, a.,‘_” 0-,;3 ) .l .z 3

oF Aejrerminis"-ic ro.rjricle confijuro. ions

5. 20" and bz 2by

accumuln[inﬁ n a comlmal interval [’M, M].

Surrose 'H\a} 'Mr\e. emrificaJ measures 0(‘\ “nr.se_ confijum.l‘ions Lonverje, n momcnjfs 8 ‘”\e ‘imi‘s

XK = ||m ﬁ ]DK (Q,M,..., a(:)) anJ yk = \IM
N—°

N—00

le FK(L:“))-"; L(:’)

RN ~ \

exis]r ror ea_cL Exel keN.



Associalecl Jro 'H\is clo.l'a are -l-uo Sezluences o‘r {uncl‘ions:

02 [ [ Jul g:']“:u i Bl [N [l e

N du
) we)

\_/-\/\_/ ~

entire o.nalfha neor =0
TZ Analyjrica.l‘ Limil—inj Free enerjy exiS'l‘s.

There  exishs €50 such ot o}N(Z) converges uniformly on comrac‘-
subsets oF flzl< 2,75 ) Ioul'

EACE e ¥e)
IZ ComLir\a orio.l‘ Limijrinj {Iree. ener37 is a jenera:ling I:mclion..

(@
Foch derivative o}w (0) s a FO‘ynomial in Xk and vy Yases

‘DiL\oMOjeneouS o\[ Jejreeal wilL resFecl Jv JrLe jraJinj Aej(Xu)= 323(‘/k)=k'; with
'lnlejer Coeﬂ‘icicnls:

FE0)= ) T2 f)xevs, T2(«,p) e Z.

oty Brd



0}:‘)(0) is Hr\e )[\o“owi'\j FOlyhomia.l i Xi,Xa, X3, Xy and MOCYINLE

Oxayy — Vxyyy - Rxyy2 +60xyy; = 30xy
=2xgxyq + F6xx o s + M8y, v2 = 210Xy yy? +120x,x,y,!
“dyy + G Yoy F BV —108Cyayr 52y
+60%:x Yy = 205X ysy = 108Xy2 + 5763, yoyE — 288x,2,!

=30x'yy  +120x'yy *+5Hxiyy —23gx'qy‘\/‘z """""x:'yf'

° _J]'Zyl(son a.r\cl Zu‘oer were aUe -L» r.omrwle. ‘u\cse Iimil‘inj Aerivajr'wcs ul: l‘o orc‘er 8\

Exclamadion , noJr rncloria\



'Pre\/ious o.]:t:rOa.cLes (Mo.“ylrsin, Guionne‘}—Zd‘ourﬁ): Tz analyvlico,‘ ['\irsL.

+ New agproach (Goulden, Guay - Faqeh, Nowk): T2 cambialori Fk

. Conceplua‘ L>rwk”nroujl1:_ﬂ\e T_J,zykson_zul,e,. numbers TZ(a,ﬂ) are Hurwilz numbers.
TL\us, JfLey L)e,lon3 'l‘o 'u'w. worlcl o{‘\ enumera,Jrive, a.ljeLaro.'lc Tomejrr/ (Gromov-\lsliu’en invario.nl’s 914)

'Tkis reo.lizo.Jrion j‘nves o w"\o‘e new Fersreclfive on wl'm.l ?N (Z) is, anJ o new ser
0{'\ 1lools wi“\ wLic,"L Lo aJJress ‘H«e szykson~ZuLer con]ccjrure.



(1) Probably invented the (2) Fiesh bo "ot sacuces”

EXPonen*io.l Formula

W= el
all sjrmc-}uz \ connected

structures

ADOLF HurwITZ

(3) InVenJreJ the beaid groups: (L‘) Tnvcnled mnalom malm'ces:

B (ﬂ)=<°1r")a-n ] 0703, 0% = 0y & Gy, GOz =0i 07 F l.‘-j]>j> Tnva:ia-" lmeasurcs o
TR Compact Mafrix 3rour5



FACT= Evﬁry L\o\omorlzlnic ‘Rncl‘ion 1;rom o comPa.cl', connecLeJ Riemo.nn Sur{'\ace. -L> Jrl-uc,

Riemann sP‘ne.re. is o hrancLec\ cwarinj.

COMF[&X _Brus %

- o WL

Riemann gFL\erc

Typieal: (NREG)Y)

EX‘e["I"o“ﬂ-l [)(l) 3'1)

Conver‘Sely) j‘uven o l’OFO‘OjiC—o.l l:ranc'r\ecl coVerinj 1C= 5_’"), “«\m is a uniclue comrlex
S“‘rucjrurc on S wLic'n hna.l(es f LolomorPLiC-



(123) (23)(12) = N R)B)H)

e
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(EOMETRY < > (OMBINATORICS

'l'rams'll"nve ‘Facl’oriz-o.]'ians of
> (N...(4) n S(d) with Fackors

w P(‘esu}bea] conjujo.?' classes

deSree d beranched covers
O'F W W!'H\ 3Nf.|n fAM\'I:ICa-“'-w\
dato

A




DouBLF. HuRWITZ N umBERs : Hj (“;5)

| a

o

Coy S

/

| s
; o
e

I. — I SiMPle [orancL roinJrs
() / .
) =o... 7T,

. { < )’rl>"')'rf) > 'l'r‘a-nsi'l'ive

\\i’”"f"e * RieMann- l-lurwi{l—'- r= 23'2"1("‘) +4(p).




Tl'\e Gr‘ou]) S(LI)




Bio.ne—st’ar\\ey eA3e~la.L>euinj or S(L‘)
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L EADING DERTVATIVES THEOREM (Goulden, Guoy-Taqueh, Novek)

E)r“ any l ds N H\e J Jer.va.\lnvc o[ “na TJrz kson - Zuber Jr\ree. enerqy

exPo.sz as o 351’\“0}‘"3 ‘Funo ion  tfor mono‘-one Aouue Hu.rwu"i numLers ol:

C\ejree A

00« )4-2(#) —) :N), 0 )) 0s (L( N) M)

(}(d) o) = Z @ 2 1) »ﬁ) et N2 ' Nm)

31:0 o, prd

_H‘ne series is G_Lso\u‘e‘y conVerjernl-

. Leaalinj order is j=0=

F90)~ Y Y By

d.‘m—d



CO(‘O“OX}I Or \.DT
Fof eo.c\r\ Srixecl c\eN, ‘H,\e, limi\ T—I::n(()) L= |im GS](O) Cxislfs-.

N=o00

20T ey

o,prd

Achmlly, qu LDT yialcls more : i?
':;IFK (G.:“‘,...’ “ ,) X + D(N ) anA ':IJ‘FK(E:‘,,..., u:‘) = >/l< + o(N-n)

as N—»oo’ H\en

I(d)’fl(ﬂ—’
EMORDI YN U L RAECH)

h
30



° Now \do.an l’Lc ano.\\/lica,l Par* OL une ley‘(son- ZuLe,r con;lec‘urg: qu l:ree e““j)’
a}N(Z) Converges unh[\ormly on comracjr subsels of a comF]ex domain.

C Al— Fresenjr, only know r.onverjcnce_ op eacL Aerivo.Jr'Nc, !\l&\m 0}:”(0) = gi\(O)' 'I'Oj&“"fa"
wi“'\ a l:ea.u.]rh[\ul LVJ' suL“e comLinaloria‘ a‘escrirlrior\ ol: H\e \imi]r.

0 Sjrrmlejyz eslaLl.-sh o.Lsolu}c Summo.lbi\'\l/ o{: JrLe rormo.‘ Power series

Tole) =2 RO

H\er\ comFarc analylic [’\uncl‘ions...



O Qucsl'ion: \I\/Luo.l is I(nown aLOU‘l’ monolone Hurwhlz hMMLC-rS.?

. Answcr: EXachl/ wLaJ’ Is l{nown aLoqu c[a.ssical Hurwhlz numLers.

* T"usjrmjrc “»is Via ex]alichl {;rmulas.



Tl’\eorcm (Hurwilz, IZTI) :

H(5 @) = (0t a*

_H\corem (Goulclen, Guay-PaTAeL, N', 20(2.)=

H O @) = 0t (53)



Tlneorem (Hurwilz , lgﬂ) :

2(#)

H (15 6) - g (d+A(8)-2)! ‘“‘”m.

Thearem ( Goulden, Guay - Bquek, N, 2012):

—— J(8)

H,(1°8) = lA.A (244) T ()

J=!




_ﬂncorcm (Va.kﬂ, 200|)’

4(8) ,éfj 40)

H(I lg) ‘Au’r(ﬁ)l (A*J(ﬁ))lw (5_‘“ 24 ( CIHF)‘ Aﬂ(m |

j-——‘ K=2

Theorem ( Goulden, Guay - Bquel, N, 2012):

2(8) — 4)

lAuumW(zg;’) a0 = 32 ™ =Y (el )

K=2

Z(k )ldﬂﬁ) -k ('8)

)

(26)



TL\eorcm (ELSV/ 200‘): For ca.c‘r\ Pair (3’2) { i(o,l), (O,Z)L 'u\er'e exisjfs o ro\ynovnia\
F3 in 1 variables sucL\ JrLa.lr

Y/
H(l ﬂ)zmu}f A‘JJ'ZS ﬂ‘,@ﬁ (5 be)

i=

ror a.“ Farjrihons 5 winn A rarl's, w\nere cl=l,3|

-ﬂneorem (Gouuen, Guo?/ E\Ve _'?1) Fc;r e.o.ch Fmr (3 2) 4 { (0,1), (o, 2)} ‘Hv\gre ex|sls o ro\ynovmo\
Pﬂ n ﬁ Varxa,ues suth n\a"

1000 Gl () Ble.

4
J=

{:or all fo.rJriJrions K with £ rar'l's, w\nere A=],3\



—H\eorcm (GO\AHEH) GUOY‘ET;QL NWa.k)

Er any 320, Hv\e series

— 9 d -
H.) =20 & 2 Hes)
3 d=| o(,,su-.l
L and o most ;27’

L\as radius o¥ c.onvcrjence aJr leasJ( gy oM

Remark= Con\‘leclrura.u/, each o{‘ JrLese series Las radius 29:-7 —n\us, L)’ ,Prinsslweim,

'Hney L\ave o. common dominant sinjularil‘y of ZC=%- This common sinjular
Le\mviour s a \m“mark oF Tnerml’ins Funcl'ioras r‘e|a|'eA Jro ZD acmnlrum jrwily,
Remoxr‘< (Du anusco)‘ l—ejf I-:; A"‘Je “or isomorrl\ism c‘msSes o{} jrours op order FN TLa\

Iim n'i [03 r:‘ = %7 'ojr.

N—o



_ﬂncorem (Gou‘c‘en, Guay —‘Bcluejf, Nomk)
\_eL b(\)

Q.m : ) @)
2
(:) @) O.nd L' L“
a Q
! 2 LG) Ltz) Lts)
) a :(_s) a_;s) ; ! .2 ‘3

Q,

Le ero Seiue.nces o{'\ Far]ricle con£i3uro.l'ions o.ccu.mula"inj n ‘H'\e, ori3in— cen]rrecl disc oF‘
rodius M. Sulprosc. the limits

__I_ ~N) (&)
lim < FK(L,. e b

XK =l‘im ﬁ FK (af“’,..., a(:)) aﬂJ >/K = \|W\

CXiSJr 1[\or eacl'\ ﬁxec\ ke N. Associa.]m qu JrL\is Aa.l‘a. ‘H’ae runcl‘ion Secluences

(N)
t

0l be? 7 ap? . a
2= ALl "‘":']uau AR CAONL f"'zm[ < ."’(:‘]uau

wN) wn)

o ~

entire ana\)nlic neor Z=0

b d c.orl)f ,A



TLerc exis-Ls 2>O suc\r\ Hmjr G‘N(Z) r.onverjes l‘o H‘-e Senerajrinj ¥unc, ion

d 20+ 4(8)
:lZT. ﬁ'l) H,(d,ﬂ)xdyp

00
d =l 4(,‘55-

) -

{‘or jenus Zero mono*one Aou‘ole Hurwilt numLers, ur\i'porml/ on Comracl‘ SuLsmls 0( §|zl< gg'

’Tlnis Frovcs JrLc conJeoLwe, of _ﬂzykson and ZuLer, and exP|ains wLa_,[ “nc IimiLinj fm

energy is.

* ‘ﬂ is Froka‘oly imrossiUe l—o jive. an exrliciL Iormu‘a ll\or 1,(2).



ConTECTURE (Goulden, Gua-y-a,vel, Novak )
\.Cl’ m
0} b‘
Q.l L(n L(l)
qu) o.:.2.) a.ncl ' 2

@)
3) L:” Lz L;”

3
) 0.,(_” aj

0.,

lae -Luo Sequences o{'\ Parjﬁcle con¥i3uro}ions accumuloc"irj n ‘H-\e_ orisin— cemlrecl Aiso o{'

rodius H Suﬂ:ose ‘“n&rc exisls LGN Suc,L 'n\al'

(M)

NPK a: - %y )" X+ O(N ) and ‘T‘Fk(w’;-“;u:,) =>’k*°(N-ZR)
as N‘”m 'ror eacL\ k‘N —nlen, Jer cxis;s >0 s‘ucL H\a:l’
h
Fl2) =2 w0+ o)
3-0
Uni‘pormly on comrar,l- suLse“s 0{: {IZl‘E%, w\r\er&

00

1(-«)+1(.4)
z) 2%2(—0 (d ))(M%'g

d=t oL #Pd



.TLe Tjrzy‘(son- Zu.Ler inl‘e. ra‘ is close.l/ rc‘aJreJ lo 'M\c rerrcsml‘o.lrion “ne.or/ o('\ Gl_ . ((1:)

¢ —I—L\ls connechon is clue L‘) HarisL-C‘nanalra..

1123 - 1983



C Rer JrLeor/ o‘j (JI_N((L) was c\eve‘oreal Ly _.[ssai ScLur.

* SCL\UJ‘: irref:s o¥ GLN(Q) are Paramcl'erich Ly COnJ:ijuraLions
Ot N L\orc‘ Parkic\es on Z

1§75-1941




o Schurs character formular {\or any AeGl,(€) with e?senVaIues Z,.,2ee €

.,...,L ) (Jel Z%’

) (Z""'IZN)= L

o] Z's

L

X(L,,,...,LJ(CGLH'C%) _[uLj o

(1.1 i<y Uew)

* ComLinin3 “'\e. HarisL—Cl’\anJra {;rmula. wi“r\ monoJfOne Hu.rwijrz Jrlr\eo?l o':ens
ut) o hew ro.”« 'ero o.s)lmrﬂlo\lic rePresenlaJrion H’\eor)/ — and lo.rse, 2D random

Sl'rucjfure S.



* A Sl‘alrisl‘ico.l mecLanics moJel wiu\ ‘l‘WO injre,clienjfs:

(1) A lrilihj 01[\ H\e F'anc Ly ettui‘a]rera| l'rianj‘es;

(—2) A "rianju.lar arra)/ a](‘ 'erejers,

()

b
b L
S

3

° us(nj lLis cla,Jra7 l:)uiu o sc1uence o'r simF‘/-connecheal l:lanar alomains’

Q' Q



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/



* STEP ONE: Consl’rucl’ 1lLe Lorizor\l‘a[ ‘ine n\roujt\ (O, N).




* STEP TWO'- Conslrrucl‘ N oulwarc"(;cinj un'll' 'lﬁ'anj‘es on JrLe Jro|> \ine such
Hml- 'Hﬂe micl‘:oinls o‘F Hneir Lases Lave. LorizonJra\ cooro\inal-es
L > by

(v) () ()
by b, b

A\ AALAA




¢ STEP THREE Ef‘ase 'Hne LO.SCS O{' “’\e lr']o.rﬂ[es.

\

¢ \{ou La\le now conerrchch H\e Sawloo'H\ clorvmin QM) af ran\& N
wi“r\ Lour\olaV CDV\A'nliMS (k:N),...,l)(:])



(N
° FACT: Q Can loe l’csscual—cJ usivxj lri‘es o‘r u\ree LYF“) ca“eJ \OZenjes,

A\ [/

e - ,eaninj rajhl - le_m‘.rj
verkicsl

b, \ b b b L

A\
NNAVANAVAV [/ ) ) )
MVAVAVAVAN [ /) ) )
SR VAVAVANVAN [ LS

MNAVAVAVAN [/ /S [/

MNAVAVAVAN [ /LSS




RTQ JLtl-ymy' Hinﬁs.




° Eﬂsche: {:or eac‘n NEIN) T(N) is a uniform‘/ r‘an:lom l’i‘inj op QM.

¢ TL\C cnsemue TN) is alerinetl L)/ 'Hue Lounc‘ar/ com\ilrion c\a)fas

b b b

A\

NANANAVAVA AV
AVAVAVAVAN [/ /S )/
AVAVAVAVAN VAV
ANAVAVAVAN [ S L))




* AssumPJrions on l’Le Lounclar)/ alaJ'o.
b,

b(?.) L(z)
! 2
SRR

Asswm Lon]_ _ﬂnere eX|ers a consl‘o.njr M l Suc\r\ 'H'\ajr
ElD:N)>... wg EMN> L7 MN% ‘ror a“ N IN

b(u)
° ASSWYIPJnon & F;)r eacl'l kelN “ne |mml’ Y = Il_rr)w N PK(

eX\Sl‘S.
‘imil }){
Sawl—ooJrL - cuPcake

)
N

255



° (?OAL‘ Descri\ye N—’°° cmerjen)r l'\caxuras o{: —I-(N) n_Tterms o¥ 'H»e
\imijr Fro?ile.

o Emcrjen¥ Lalures: limi\' sLa.?e) Huc\luo.lions, e_lrc.

* How 'Lo SeJr Slro.nle.cl.?



* Bi‘['\urcoqlion: Aimers or Fa.rlric‘es?

\¢ o, A A TAVA YA o/
\/ WA AVA AVA 2VA AVA &Y.

ARAN t\‘!\‘&"“zv:“‘\:!‘v.“v’ /

WY MY YWY \‘,’3\ () 7

\ N/ .)’
AV AVA AN A\!V!’l;‘:' /
\“““‘\‘\,




¢ E‘om Hne Parlicle Perslaemlive, T(M) i a sequence 0{: N random

Vectors,
[<keN,

wLerc L(:,) Is 1ch Lorizon‘lal coorclinae 01[ -“«. .|H. Parl'icle fmm rinr
on JrLc. l(‘u1 wire l:rorn LoHom.




* Reasonaue SJro.rJrin3 Po'm\l: unclcrs][ancl “ne. Jo'er cliS"'riLulrion o‘:
]rLe, 'Farjricle,s l;:: [AVA >l>(:: on ”‘oe ku\ wire l‘L\roujL\ —TM,

° Reasonaue 300.[‘ COmPute. “w l..a[:lo.ce lra.nsform

Hz[a(o..,...,ak)-(U:.),...,\o(:l)] _ Z IP(L::.)=L.,---,G:,:=L,‘)calb'+m+a“lu

i >hdez

In l’crms o¥ JrLc Lounclar/ clo:lc-. L(,N)>...> l::

* No formula for nnis oLJech.



* Flas\'\ OF ins‘)iro.jfion: J’racle. Jr\r\e random vector (L(:).,,L(::) Lr

‘nt\e romclom Yno.l‘rix
o be 4
B = U g

wLer& UK IS a uni)[\orml)/ random k*k uniJrar/ Mrmlrix.

° To.l(e. Hne La‘)‘ace Jrransx‘orm o{: B(:):

H™ -y Rk ool Ml

du,
b btz Uw)

wLerc A IS G k"k comrlex Semisimr‘e mmlrix w'nlL eije,nvalues

.......



° L\ere, IS/ a iormula 7r0r H‘u's ma.jrrix Laflace Lransform:
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