
MONOTONE HURWITZ NUMBERS

AND

THE HCIZ INTEGRAL



. Given :  an N×N random Hermitian matrix
,

An .

. Question : what  do the eigenvalues look like ?

:  e  .  e  e .  i

aim aim ai "

N random particles



. Hermit ian one - matrix model : probability measure  on N×N Hermit ian  matrices

with density proportional to

-

NTRUA
)

,
✓ =

"

potential
"

.

e

. For An a random sample from this distribution
,

the
eigen

values form  a Coulomb
gas

with confining potential V.

. This means : the probability to  observe al " '
>.

. . .

>_ aim at specified locations a
, 2.

. . a an

is proportional to

E
" Ela

"  
'  '  

" an )

, Eda, , ... ,
an )= Nt

, "§V(at - If §log ( ai - a;) .
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Eµ( a , , ... ,
an ) = Nt

.§yV(at
- If §log ( ai - a
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. The Coulomb
gas

has  a unique ground state configuration -

"

Fekete points .

"

i Example :  if V ( × ) - 'zx2 is the Gaussian potential ,
then Fekete points are the zeros  of

the Nth Hermit polynomial

. Law of Large Numbers :  as N →  x
, eigen values

"

freeze
"

around ground state  configuration .



A
.

An
a  random sample from e

" I " )
, eigenvalues

aims
. . .

zanw
'

random  sample

from e

'

Medan
.  .

ian
?

. Empirical spectral measure : random probability measure on which places  equal mass  at  each

particle .

Law of Large Numbers : As N→x
, on converges weakly ,

in probability,
to the  unique

minimizer one of the  action

S ( o ) =/ Vlxloldx ) - µ log ( × -

y ) oldx ) oldy )
.

Minimizer one is the
"

equilibrium measure .

"



. Density of the  equilibrium measure as is the
"

limit  shape
"

of the  ensemble

aim
a

. . .

>
.

a ,Y?

. Example :  if VK ) = 'zx2
,

limit  shape is the Wigner semicircle
,

#
(dx ) = f. V4Id×

- 2 2

. If V is a perturbation  of the Gaussian potential , as is a perturbation  of the semicircle
,

Mk
' = WK )kx+ak×Td×

degW=  deg V - 2

a
b



. Claude Itzykson ,
Jean - Bernard Zuber ( 1978) : What  can be said about the asymptotic

of the joint spectrum  of
 a coupled pair

A.
v.

Bn
of random Hermitian  

matrices ?

Itzykson ,
1938 - 1995 Zuber

,
1947 -



. Itzykson - Zuber two . matrix  model : probability measure  on pairs (

A.
B ) of N×N

Hermitian  matrices with density proportional to

- NTR (VIA) +WIB) -

ZAB)
e .

. Parameter z is the
"

coupling constant
"

- controls  strength of  interaction betweenAn andBn ,

where ( A.v.Bn) a  random sample

. What  is the joint  distribution  of the  eigen
values

aims
.  . .

zaiin
and

b.
"  '

a
. . .

zbnm
?



. The  eigenvalues  aims
. . .

>- a ,Y ' and bins
. . .

?bY
'

behave like  a two
- component Coulomb

gas
with Boltzmann factor

e- N2E( a ,
, ...

, an ,b , , .  . . ,
bn )

where

E ( a , , ...

, an ,b
, , ...

,
bn ) = [( a , , ...

, an ) + [(b
, , ...

,
bn ) - Fn ( z

,
a , , ...

, an ,b
, , ...

,
bn )

and

TIG , an ...

, an ,b
, , ...

,
bn ) = ntzlogfugtmrla

" :an|Ul
b

"

:b .lu
"

du

is the Itzykson . Zuber
"

free  energy .

"
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E,d a.
, ...

,
an ;b, , ...

,
bn ) = E ,Y( ayan) +EY (by .

,
bn) - FF( a , , ...

,ag ; b.
, ...

,
bn )



Itzykson - Zuber Conjecture ( 1978)
Consider two sequences

bi "

( 1 )
a

1 bi " bi "

a ,' 2) azk )
and

ai " ai " as "
bi " bi "

bj
"

: : :
: : :

of deterministic particle  configurations

aim >
. ...

>  an
" '

and bi "z
...

z BY
'

accumulating in  a  compact  interval [ - M
,

M ]
.

Suppose that the  empirical measures  of these  configurations converge  in  moments : the limits

1 1
×k = time

.
A plain's

. . ,dn" ) and YK
= twins

.

,vp,<
( bin

, ... ,bY
' )

n nexist for  each fixed Ken
.



Associated to this  data  are two
sequences  of functions :

In ⇐ t.hu#NTrti?aidulbi?bidWdu and g. (⇒ = # ogfu.eu#rE?aindulbi?bidWdu

- -
entire  analytic  near  2=0

IZ Analytical : Limiting free  energy
exists

.

There exists e > 0 such that Fnlz ) converges  uniformly on  compact
subsets of { lzl < e }

;
put

Fdzl : - line
.

Fitz )
.

IZ Combinatorial : Limiting free  energy is a generating function
.

Each derivative F 's
"

( 0 ) is a polynomial in × , ,x . ,x3 , ... and y , ,y . ,y3 ,
...

,

bihomogeneous of  degreed with respect to the grading deg (a)
=  deglyk )=k

,
with

integer  coefficients :

F 's
"

( o ) = [ IZK
, B) xayp ,

IZK
, B) £2

.

X
, ptd



Example : off "

( 0 ) is the following polynomial in x. xz
,

× } ,
× . ,

and ynyayz , yy :

6×41/4 - 24×4 yzy ,

-

12×4%2
+ 60×4 yzy ? -30×4%4

- 24×3×1%1 +96×3×1 by ,
+  48×3×1%2- 240×3×4%4,2 +120×3×144

-

kxiya
+

48×22
by ,

+18×22%2
- 108

xiyzyi +54xiyi '

+60 xzxiyy- 240 xzxiyy,
-108×2×12%2+576xzxiyzyi

-

288×2×2%4
- 30×4 yy +120 xilyy ,

+ 54×4%2- 288×4 yzy? +144×4 y ,4

. Itzykson  and Zuber  were able to  compute these limiting derivatives  up
to  

ordey8
!

Exclamation
,

not factorial



. Previous approaches ( Matytsin ,
Guionnet . Zeitouni ) : IZ analytical first

. New  approach ( Goulden
, Guay - Paquet ,

Novak) : IZ combinatorial first

. Conceptual breakthrough : The Itzykson . Zuber  numbers IZ ( a
,
B ) are Hurwitz  numbers

.

Thus
, they belong to the  world of  enumerative  algebraic geometry ( Gromov . Witten  invariants etc

. )
.

. This realization gives a whole  new perspective  on what Fn ( Z ) is
,

and a  new set

of tools with which to address the Itzykson . Zuber conjecture .



(2) First to " count surfaces "

:

(1) Probably invented the

Exponential Formula :

W=eH €
aust¥ \

amended

i

ADOLF HURWITZ §
(3) Invented the braid groups :

(4) Invented random matrices :

Invariant measures on

B ( n )=( G , ... ,on| G- G. + ,oi=0;+,ooi+ , , go ;=o;o ;
 it list > 1) compact matrix groups



FACT : Every holomorphic function from  a  compact ,
connected Riemann surface to the

Riemann sphere  is a branched covering .

4 .

4

⇒ftp.#g
complex Torus

23¥I

#
± .

€

|

f ( f⇒
Riemann Sphere €

-

Typical : I 1) (2) (3) (4) .

Exceptional : (1) (2) ( 34 )

Conversely, given  a topological branched covering f :S → Pl
,

there  is  a unique  complex

structure on S which makes fholomorphic .
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GEOMETRY = ( OMBINATORICS

{ often.tt#::h:aiFiiitiof=HIIlaItIiIIiIIIntItYtiitEte;)



DOUBLE HURWITZ NUMBERS : Hg( x. B )

d . ycaysld
)

iD=÷#profile B |,
f

-

|

=
,

#r simple branch points.O=pT
, . . . Tr

( p ,T , ...,Tr ,
0 ) transitive

(

profited
Riemann

.
Hurwitz :

r=2g-2+lk)+llB
)

.
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A fragment  of S ( d )

4 3

34# z

% .

÷" " ' *YIM



MONOTONE DOUBLE HURWITZ NUMBERS : H→g(x, B)

5=7€÷,÷=
-



LEADING DERIVATIVES THEOREM ( Goulden
, Guay . Paquet ,

Novak )

For
any

I 'd ± N
,

the  
dth derivative of the Itzykson -

Zuber free
energy

expands as  a generating function for  monotone  double Hurwitz numbers  of

degree  d :

7.
"

Col = JE iv. E.
→

the" " "
Agkimpdanimeiaiai

" "
tslbijlaibim?

The series is  absolutely convergent

. Leading order  is g=O :

Fiasco )~a§aHtH+l
" ITok , B) xxyp .



Corollary of LDT

For each fixed de IN
,

the limit of 's
"

( o ) :  - fine FYYO) exists :

of 's
"

Col = §
.

attt
" " " #ok

, Bkayr

. Actually ,
the LDT yields more :  if

ftp.daim,
...

, an
" ' ) = xk +  ol N

2h

) and ftp.db.m, ...

,
by

'

) =

yk +  o( Ni
2h )

as N→o
,

then

Fiallo ) =g§N±s§
.

.tn#tlts'H'gla.Bkayp+oHFD .



. Now want the  analytical part of the Itzykson - Zuber  conjecture : the free
energy

Fn ( Z ) converges uniformly on  compact subsets of  a  complex  domain

. At present , only know  convergence  of each derivative
, thing

.

off
"

( o ) = Fs'
"

( 0 )
, together

with a beautiful but subtle combinatorial description  of the limit

. Strategy : establish absolute Summ  ability of the formal
power series

7. H = a§7s"Cotatithen  compare  analytic functions
. . .



. Question : What  is known  about monotone Hurwitz numbers ?

. Answer : Exactly what is known  about classical Hurwitz numbers

. Illustrate this via explicit formulas
.



Theorem ( Hurwitz
,

1891 ) :

H
.
( M ( a )) = ( d. 1) ! d

's

Theorem ( Goulden
,

Guay - Paquet
,

N
.

,
2012 ) :

Hilla
,

call = Ian ! at Matt



Theorem ( Hurwitz
,

1891 ) :

Holt
,
B) =

dt
( diets ) - 2) ! debt '3ffTB%YIAUHBH .

Theorem ( Goulden
,

Guay - Paquet
,

N
.

,
2012 ) :

Holt
,
B) =

dt Kahl
" " PIMP

.Hutts )1



Theorem ( Vakil
,

2001 ) :

HMBK, addenda+ etsiltf# FY . hi ( debt
 
dem ' teh . Halts "

eds ))
.

Theorem ( Goulden
,

Guay - Paquet
,

N
.

,
2012 ) :

EH'

,
B) =

,

adf.cat#lYsHily(l2aHtI3l2d+Hltst'tfElk.4!l2aHlltstke.d2AH

)
.



Theorem ( ELSV
,

2001 ) : For each pair (
g ,

l ) ¢ { 10,11
,

10,2 ) }
,

there  exists a polynomial

Pg in l variables such that

Hglld,
B) =

,
add

ten ,
late +2g -214¥ KY . BIB " ... Be )

for all partitions B with l parts ,

where  D= IBI
.

Theorem ( Goulden
, Guay - Paquet,

N
. ) : For each pair (

g ,
l ) ¢ { 10,1 )

,
10,2 ) }

,

there  exists a polynomial
→

Pg in l variables such that

d ! Hjli,m=µ*mfl÷lYD . Pilar. .se )

for all partitions B with l parts ,

where  D= IBI
.



Theorem ( Goulden
, Guay - Paquet ,

Novak )

For
 any g >. 0

,
the series

A'gH=a°§F¥§e
,

#skin

has  radius  of  convergence  at least stand at most 25 .

Remark : Conjecturally ,
each of these series has radius 22T .

Thus
, by Pringsheim ,

they have  a common dominant singularity at zc=2a . This  common singular

behaviour is  a hallmark of generating functions related to ZD quantum gravity.

Remark (Di Francesco ) : Let II denote # of  isomorphism classes  of
groups

 of  order PN.
Then

find
.

it log II =3 logp .



Theorem (Goulden
, Guay - Paquet ,

Novak )

Let bi "

ai "

bi " bi "

a ,

" ) and )
and

a
,

" ' ai " as "
bi " b ! '

bj
"

: : :
: : :

be two sequences  of particle  configurations  accumulating in the  origin .
centred disc  of

radius M
. Suppose the limits

×k=tiI
.
# plain's

. . ,dn" ) and YK
= tiny.TT p ,<

( bin
, ...

,b"n
" )

exist for  each fixed Ken
.

Associate to this  data the function sequences

I.dz )=fueyNTrE"
?

an"M"
 

"
bintwdu

and of (⇒ = # ogf.eu#rlai?aindulbi?bintWdu

- -
entire  analytic  near  2=0

→  cont 'd



There
 exists e > 0 such that TI ( z ) converges

to the generating function

F. H = IEEE §
.

an
" " " '

IIok
,
B) x. %

for
genus zero  monotone  double Hurwitz numbers

, uniformly on compact subsets  of { Izl < e }
.

. This
proves

the  conjecture  of Itzykson and Zuber
,

and explains what the limiting free

energy is
.

' It  is probably impossible to
give  an explicit formula for Folz )

.



CONJECTURE ( Goulden
, Guay - Paquet,

Novak )

Let bi "

( 1 )
a

1 bi " bi "

a ,

" ) any )
and

ai " ai " as "
bi " bi "

bj
"

: : :
: : :

be two sequences  of particle  configurations  accumulating in the  origin .
centred disc  of

radius M
. Suppose there  exists he IN such that

÷vpk(aim, ... ,9Y ' )=xk+o( Nhh) and top " (bin, ... ,bY
' ) =yk+o( N'

2h )

as N→x for  each KEN
.

Then
,

there  exists e > 0 such that

Fnlz ) =h§oN÷s Faglz ) +  °(n÷n )

uniformly on  compact  subsets  of { Izl < e }
,

where

Faglzl - of,E÷§
,

.at
't " " "

# glx,
B) x. % .



. The Itzykson - Zuber  integral is closely related to the representation theory of G ↳ ( ¢ )
.

. This  connection  is due to Harish - Chandra
.

1923 - 1983



. Rep theory of Gln ( Ci ) was developed by Issai Schur

. Schur : irreps of GLN ( 6 ) are parameterized by configurations

of N hard particles on K
.

1875 - 1941

:  .  .  i e  e

0 I 2 3 N -2 N - I

e .  i  i e .

0 I 2 3 N -2 N

;



. Schur 's character formula : for
 any

AEGLN
( Ci ) with eigen

values Zi
,

...

,

z.ve
¢

Xlb
" .  ' ibnyz

, ... ,z .
, =

detf . . glib:-/
detf . . givin../

-

. Harish - Chandra 's character formula : for
 any BEGL

.
( Ci ) with eigen

valueseY .

,eaneEXlb
' "  "  '

↳ '
(
eai

. . .

,

eay
aa;

-

age
,

"

an
]u(

b
"

:b .vµ
"

Xlb"
.  .

ibny
,

,
...

,

, ,

= ¥ e . e hug
"l :

du
.

' Combining the Harish - Chandra formula with monotone Hurwitz theory opens

up  a new path into asymptotic representation theory - and large ZD random

structures
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. A statistical mechanics model with two ingredients :

111 A tiling of the plane by equilateral triangles ;

(2) A triangular array
of integers

,

( 1 )
b

,

(2)

b.
BY

bi
"

bi
"

bi
"

:
.

.

:

. Using this data
,

build
a sequence

of simply - connected planar domains
,

r
"

.si
"

,
R

" '

. ...



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP ZERO : Introduce a coordinate system .



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP One : Construct the horizontal line through 10
,

N )
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP Two : Construct N outward - facing unit triangles on
the top line such

that the midpoints of their bases have horizontal coordinates

bi
"

>
. . .

> bin
.

bnm bin bin



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP THREE: Erase the bases of the triangles
.

bin binbin
. You have

now constructed the Sawtooth domain D
" "

of rank N

with boundary conditions ( b
,

" "

, ...

,

b.Y
' )

.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. FACT : A
" "

can be tessellated using
tiles of three types

,
called lozenges

.

left - leaning right - leaning

vertical

bs
" bi

"

b's
"

b 's
" b's

'

: e e .  i  i



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Fact :D
" "

admits finitely many lozenge filings .

bs
"

BY
'

↳
"

bi " bi "

. . .
. . .



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Ensemble : for each NEIN
,

T
" "

is a uniformly random tiling of RM

. The ensemble T
" "

is defined by the boundary condition data :

bi"

bi " bi"

bi
"

bi" bi
"

: ...

bin bin BY
'

: : i

.  .  i



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Assumptions on the boundary data

bi"

bi " bi"

bi
"

bi" bi
"

: .

:

. Assumption 1 : There exists a constant Mzl such that
{ bi

"
>

. . .

> BY
' } c. { MN >

. . .

> - MN } for all NHN
.

. Assumption 2 : For each KHN
,

the limit yk = firm Hp .
(h¥"'  '  -  '

' 4¥)
exists

.

g-limit profile
Sawtooth → cupcake



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. GOAL : Describe N → x emergent features of T
" "

in terms of the

limit

profile
. Emergent features

: limit shape
,

fluctuations
,

etc.

. How to get started ?



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Bifurcation : dinners or particles ?

= - - - ,

.
. ... ... ...

;
.

.
.

;... ;
.

;... ... ... .
.

i. .
.

.

.

-

.
-

. .

.
. .

.
. . .

i

.
-

.

-
.

-
.

.

.
.

.

.

-

.
-

.
-

.
.

.

.
.

.
.

.

.
.

.

.

.

.

.

-

.

.

.
.

i
.

-

.
-

.

-

.
-

.
.

.
.

.

-

.

-

.

-
.

-
.

-
.

-

.

.

-
.

-

.

-

.
-

.

-

.

'

.
-

.

-

.

-

.

-
.

-

.

-

.

-

- - - - -

- - = -

= - ,

. .

-



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. From the particle perspective ,
T

" "

is a sequence
of N random

vectors
,

( b"ii
, ...

,

biii
' )

,
t.HN ,

where by is the horizontal coordinate of the ith particle from right
on the kth wire from bottom

- - - - -

- - = -

= - ,

. .

-



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Reasonable starting point : understand the joint distribution of

the particles by >
. . .

> by on the kth wire through T
"

?

. Reasonable goal : compute the Laplace transform

Eldar .  . iaktlbiii
... ,

biiil ] = [ M by . b.
, . . ,

by . b.) eat'
's "

takb "

{ b
,

>
. . .

> b.. }cZ

in terms of the boundary data bi
"

>
. . .

> BY!

. No Formula for this object
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Flash of inspiration :
trade the random vector ( by

, ... ,
by ) for

the random matrix

BY
'

= Uklb
"""

ib.HU
'

,

where Uk is a uniformly random kxk unitary matrix

. Take the Laplace transform of BI
" '

:

EKTRABK
"

f;§
,

.pl#Eb......biii=b..HuagTt%adul%bdwdu
,

where A is a kxk complex semi simple matrix with
eigen

values

A
, , . . . , Ak .



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. There is a
formula for this matrix Laplace transform

:

EKTRABI
"

t.lt#.eaiajjmyu.gTrEaKoolut.imluju.

. Claim : all emergent features of T
" "

can be extracted from this formula
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

Theorem : There exists e > 0 such that
,

for each fixed KHN
,

K

÷vlogEleTrABi
"

I - [ logleaiai
, ) + §y Qslaijsgakl ,

i =L

uniformly on compact subsets of { At End ¢
'

: A'×A=AA*
,

HAH < e }
.

Moreover
,

Qgla , ,
. . .

, ak ) = Qgla.) +
. . .

+ Qglak)
,

where Qg(a) is
, essentially ,

the generating function for
one - part

monotone double Hurwitz numbers in genus g :

Qglal - a?Gah÷§
.

Hite "

# laws )% . Itemlimit profile

K



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. FACT : the generating function Qo is the antiderivative of the

Voiculescu R - transform of the limit profile of RM :

Q (a) =a§y9÷Ka ,

where K
,

-

y , , k2=% - yi ,
... are the free cumulants of the limit

profile

. Soft conclusion :
statistics of the random particles by >

. . .

> by

are expressible in terms of the limiting boundary conditions via

Free Probability

- END -


