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Setting and motivation

Circular flows
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m 2D Euler equations:

Ow +v-Vw =0,
v=VIitAalu.

m Stationary solutions:
w(x,y) = w(r),

v(x,y) = (Or)es = <_y> ,

W)+ () = ).
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Setting and motivation

Setting and Goals

Linearized Euler equations:
m Stability of

O:f + U(r)agf = b(r)69¢>,
Ar,9¢ = f7
a@¢|r=r1,r2 = 07
(t,0,r) e Rx T x [, 2],

W(t,0,r):=f(t,0 — tU(r),r),

where
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Setting and motivation

Setting and Goals

Linearized Euler equations:

m Stability of
O:f + U(r)agf = b(r)69¢>,
Ao = f, W(t,0,r):=f(t,0 — tU(r),r),
99®|r=r,r, = 0, m Linear inviscid damping:
(t,0,r) e Rx T x [, 2],
v=V"10— ve
where

, with sharp algebraic decay rates,
Y'(r)
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Setting and motivation

Setting and Goals

Linearized Euler equations:

m Stability of
Otf + U(r)agf = b(r)69¢>,
Ao = f, W(t,0,r):=f(t,0 — tU(r),r),
99®|r=r,r, = 0, m Linear inviscid damping:

(t,0,r) e Rx T x [, 2],
v=V"10— ve

where

, with sharp algebraic decay rates,
U(r) = i (r), m Explicit boundary layer and

1r blow-up.
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Setting and motivation

Setting and Goals

Linearized Euler equations:

m Stability of
O:f + U(r)agf = b(r)69¢>,
Ao = f, W(t,0,r):=f(t,0 — tU(r),r),
99®|r=r,r, = 0, m Linear inviscid damping:
(t,0,r) e Rx T x [, 2],
v=V"10— ve
where

) with sharp algebraic decay rates,

, m Explicit boundary layer and
blow-up.

m Higher regularity.
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Setting and motivation

Conserved Quanities and Structure

Velocity formulation:

Orv+v-Vv=Vp, = Hv||i2 = const.
V.-v=0.

Vorticity formulation:

Ow +v-Vw=0,
w=V Xy,

v=VIAly.
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Setting and motivation

Conserved Quanities and Structure

Velocity formulation:
V.v=0. m ||wl|?, = const.
Vorticity formulation:

Ow +v-Vw=0,
w=V Xy,

v=VIAly.
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Setting and motivation

Conserved Quanities and Structure

Velocity formulation:

Orv+v-Vv=Vp, = Hv||i2 = const.
V.-v=0. ] Hw”é = const.

Vorticity formulation: mw=uwpoX.

Ow +v-Vw=0,
w=V Xy,

v=VIAly.
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Setting and motivation

Conserved Quanities and Structure

Velocity formulation:

V.v=0. m ||wl|?, = const.
Vorticity formulation: mw=uwpoX.
m Hamiltonian system.
Ow +v-Vw=0,

w=V Xy,

v=VIAly.
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Setting and motivation

Conserved Quanities and Structure

Velocity formulation:

Ov+v-Vv=Vp,

m ||v[|%, = const.
V.v=0. m ||wl|?, = const.
Vorticity formulation: mw=uwpoX.
m Hamiltonian system.
dw +v - Vw =0, m No dissipation, no entropy increase.
w=V Xy, ~+» Damping mechanism?

v=VIAly.
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Setting and motivation

Taylor-Couette
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Setting and motivation

Taylor-Couette

Christian Zillinger
Circular flows



Setting and motivation

Taylor-Couette: mixing

Christian Zillinger
Circular flows



Setting and motivation

2D Euler equations: periodic channel

Yy
‘ <Ugy>> 5
xE:T
Oef + U(r)dgf = b(r)dpo, O + U(y)oxw = U"(y)9.
1 1 d=w
(02 + -0, + —0F)0 = 1. (% +9y)0 = .

Christian Zillinger

Circular flows



Setting and motivation

Motivation and related results

m Linear results for Couette, U(y) =y, on T x R are classical
and explicit

8, + (g) V@ =0.

m Nonlinear results of Bedrossian, Germain, Masmoudi, Vicol,
Wang on Couette flow on T x R and also for 3D and
Navier-Stokes.

m Villani and Mouhot's results on Landau damping

y —
O:f + (F(t,x)) -Vf =0,

IF(t,x)] = O(e™).
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Setting and motivation

Linear inviscid damping

m v — (U(y),0) as t — .

m Periodic perturbations x € T ~»
Low-frequency cut-off. v

m y € R: Fourier methods, no
boundary conditions [Zil14]. o)

m y € [0,1]: Boundary effects, ()
blow-up in H3/2+ [Zil16a].

m Wei, Zhang, Zhao: Can allow some
blow-up (Hardy's inequality);
Spectral methods.
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Strategy

Damping & scattering

Theorem (Damping) Theorem (Scattering)

For regular, strictly monotone U Suppose ||va(t)||2 = O(t179),
) then IW*®°:
VI, = O WO oty p
_ W(t) — W.
lalliz, = O NWOll sy 1=

Iy = a)(y = bYW ()| 1y-102-
m Core problem:
Regularity /Stability
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Strategy

Sketch

Iv= Wl = lwlly-s = sup [ ws
pEHL ||l <1
PP | .
- Z/¢>W_ ety
o iktU'’

Hvz”%z = ff DwA vy = Z/ikeiktUWf(A_lvz).

.
W(T) :w0+/ U'vio(t, x — tU(y), y)dy.
0
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Strategy

Strategy

Sobolev trade for Duhamel

regularity Scattering

Damping

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

adapted energy estimates
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Strategy

Prototype: linearized Couette flow U(y) =y

m Free transport.

m Explicitly solvable.
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Strategy

Dynamics

Circular flows



Strategy
Fourier dynamics

k Orw + yOyw = 0~ 010 — k0o = 0




Strategy

Linearized Couette flow

m Explicit solution:

Ld(t,X,_y) :L‘)O(X - t%)/),
&(t, k,n) =Go(k,n + kt).

m Velocity field:
T=viato (M) L gk + k)
—ik | k2 +772 (UL :

m Shift in n:
i(n — kt) 1 ~
< —ik ) k? + (n — kt)2w0(k’n)'
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Strategy

. . . 1
Fourier multiplier I

U1+ -9 ——

Non-uniform decay.

o
g
]

1 =~ kt is worst case.

Penalize with
02 regularity

o
&
]

coooooooo
oRRNBRGOIBOR

1
(k2 + (n = kt)*) A +7?)

m Uniform decay.

Christian Zillinger
Circular flows



Strategy

Model equation

O:f + yOxf = cOx,
(LE) AG=F,  (CC)
ceC.

81-0.) + U(y)@xw = U//8X¢7
Ap = w.

Introduce A(t, k,y) = Fxf(t,- —ty,y):

e\ = ikcV,
(—k? + (0, — ikt)* )W = A.
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Strategy

Explicit solution

DN =ikeW,
(K2 + (0, — ikt)*)W =A,
o FA=— 1

k14 (}—1)?
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Strategy

Explicit solution

DN =ikeW,
(K2 + (0, — ikt)*)W =A,
o FA=— 1

k14 (}—1)?

A=F lex ic/tldr FA
- P\k o 1+ —77 o
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Strategy

Approaches

m Pseudodifferential or semiclassical calculus.
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Strategy

Approaches

m Pseudodifferential or semiclassical calculus.

m Cancellation and conserved quantities.
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Strategy

Approaches

m Pseudodifferential or semiclassical calculus.
m Cancellation and conserved quantities.

m Duhamel, fixed point.
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Strategy

Approaches

m Pseudodifferential or semiclassical calculus.
m Cancellation and conserved quantities.
m Duhamel, fixed point.

m Weighted energy anticipating possible growth.
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Strategy

Approaches

Pseudodifferential or semiclassical calculus.

Cancellation and conserved quantities.

[
[

m Duhamel, fixed point.

m Weighted energy anticipating possible growth.
[

(Shifted) elliptic regularity.
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Strategy

Energy estimate

m Decreasing Fourier weight:

A(t) : A= Flexp <arctan (Z - t>> FA.

d AA /\ arctan( t) FA2d
d< (OA) /H)g’ 2dn

+ 2Re(A, AN).

m (A, AN) = (ikcW, AN) = S FA, eetan(i—t) Fp).

(% o
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Strategy

L? stability

Let U be strictly monotone, then for ||U"|| w1, L sufficiently small,
(W, AW)
is non-increasing. In particular,

W)z S (W, AW) < (wo, A(O)wo) S [lwollZz-

~
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Strategy

Higher Sobolev norms

DN =ickd) W,
(=K + (9 — ikt)?)H, W =3 A.

SN AFN) ~ |[N7y

y
i<y

m Commutator terms in the general case.

m Inductive proof yields stability in any Sobolev space.
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Strategy

Strategy

Sobolev trade for Duhamel

regularity Scattering

Damping

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

adapted energy estimates
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Boundary layer

Boundary setting

m No Fourier transform.
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Boundary layer

Boundary setting

m No Fourier transform.

m Define (-, A-).
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Boundary layer

Boundary setting

m No Fourier transform.
m Define (-, A-).

m Even model problem is non-trivial.
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Boundary layer

Boundary setting

m No Fourier transform.

m Define (-, A-).

Even model problem is non-trivial.

Boundary ~+ Corrections to W, blow-up.
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Boundary layer

Boundary layer

Consider U(y) = y,wo(x,y) = 2cos(x).

W(t7 17y) = 17
(=14 (9y — it))d =1,
®|y,—01 =0.
Take a y derivative:
o,W =0,
(=14 (9 — it)?)d,® = 0,
1

8y¢|y:071 = P + O(t72).
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Boundary layer

m In general:

Oy ®ly=01 = +O(t2) [ W(t)ll -

y=0,1

m Evolution of 0, W/|,—o1:

00, Wl =01 = 8y(U”I'k¢)|y:0,1 = U//ikay¢|y:071,
~ )ayW’y:O,l‘ 2 log(t).
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Boundary layer

Boundary layer

O:W = bdy® = bL W,
EtLtW - W,
LeW|y—ap =0

8:0,W = bLid, W + b'LiW + bL;[Ey, 9, ]L: W + HO),

HO — 9,0, £) UK~V 4y
+ 8y¢(b, t)eikt(U(}’)_U(b))u2
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Boundary layer

Boundary layer

_ ikt (U(y)—U(a)) =\ _ wo(a)
0y ®P(a, t) = (W,e i) = L0, W—I—clk U(3)

Separate boundary layer

wo(a) eikt(U(y)=U
Ouf + bLefp + Leff = comis 3¢ HUM)-U@)y,
Ble=0 = 0.

The remainder J, W — (3 has higher regularity.
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Boundary layer

Duhamel

Let S(t,7) be the solution map W(7) — W(t),

(7 wo(a) ikt(U(y)—U(a))
V(-r)—‘/0 S(T, t)Cme U]_dt.

Boundary blow-up at y = a.

T w
(V) - U@T) = [ e (u) - Uie))
KU ~UE) §(T — ¢, 0)udt
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Boundary layer

Summary

Linear inviscid damping with optimal decay rates holds.

The boundary layer 3 is stable in weighted spaces.

The remainder 0, W — 3 is stable in unweighted H>.

[
[

m It depends only on the Dirichlet data of wy.

[

m Only need smallness assumption for L? estimate.
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Boundary layer

[@ Christian Zillinger.
Linear inviscid damping for monotone shear flows.
arXiv:1410.7341, to appear in Transactions of the AMS, 2014.

[@ Christian Zillinger.
Linear inviscid damping for monotone shear flows, boundary
effects and sharp Sobolev regularity.
PhD thesis, University of Bonn, 2015.

[{ Christian Zillinger.
Linear inviscid damping for monotone shear flows in a finite
periodic channel, boundary effects, blow-up and critical Sobolev
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[{ Christian Zillinger.

On circular flows: linear stability and damping.
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