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Intrinsic volumes
The intrinsic volumes
VK" =R, je{0,...,n},

are defined as the coefficients of the
monomials in the Steiner formula
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Intrinsic volumes

The intrinsic volumes

Vi : K" = R, j€{0,...,n}, K+eB"
are defined as the coefficients of the /
monomials in the Steiner formula

£l K
H'(K +eB") => rnj Vi(K)e",
j=0

for a convex body K € K" and € > 0.
They are classical examples of valuations in convex geometry, i.e.
Vi(K) + Vi(K') = Vi(K UK') + Vi(K N K')

whenever K, K", K U K' € K".
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Support and curvature measures

The support measures
A:K"xBR"xS"H =R, je{0,...,n—1},
are defined by a local Steiner formula.
They naturally localize the intrinsic volumes, i.e.
A(- R xS™ ) =V,

The curvature measures ¢;, j € {0,...,n— 1}, are the marginal
measures on B(R") of the support measures, and hence defined by

di(K,") == N(K,- x S™1).
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Curvature measures on polytopes

The curvature measures of a polytope P € P" are explicitly given by
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(Generalized) tensorial curvature measures

The tensorial curvature measures are a tensor-valued generalization
of the curvature measures. For r,s € Ny, they are given by

KB = [ X (K Al W)
BXS"71

Here crs, > 0 and x"u® € T""* is a symmetric tensor product, i.e.

a symmetrlc r+ s- I|near mapping from (R")"*S to R.

On polytopes, we further obtain the generalized tensorial curvature
measures from the curvature measures, i.e. they are given by

rs

r,s,l _ I rayj sq/n—j—1
PR = B S QY [ e[ ),

n—1
7 FER(P) ne ns

for r,s, 1 € Ny, where Q(F) € T2 denotes the metric tensor on F.
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Properties of the tensorial curvature measures

» The tensorial curvature measures are the marginal measures
on B(R") of the local Minkowski tensors, introduced and
characterized by Hug and Schneider in recent years.

» The total tensorial curvature measures are the Minkowski
tensors, characterized by Alesker in 1999.

» The tensorial curvature measures are isometry covariant and
locally defined tensor measure valued valuations.

» To date, there is no characterization result for the tensorial
curvature measures using these properties.

» However, the valuations
ngbj’s’l, r+s+2l+2m=p

are essentially linearly independent.
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The principal kinematic formula
Let K,K' € K" and j € {0,...,n}. Then
VK 18K ) = D e Vi K) Vios (K,
n k=j
r(s) r(=+)
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Recent development

» In 2008, Hug, Schneider and Schuster developed a complete
set of Crofton formulae for Minkowski tensors.

> In 2014, Bernig and Hug applied algebraic methods to obtain
integral formulae for translation invariant Minkowski tensors.

> In 2015, Goodey, Hug and Weil developed kinematic and
Crofton formulae for area measures.

» In 2016, Svane and Jensen obtained intrinsic Crofton formulae
for Minkowski tensors on sets of positive reach (and local
versions thereof).

» There are plenty of applications of tensor valuations and
integral geometry, e.g. in

» Morphometry of spatial structures (Mecke 2000, Klatt 2016),

» Stochastic geometry (on the Boolean model by Hérrmann and
Weil 2015),

» Image analysis (Lecture notes by Jensen and Kiderlen 2017).
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Tensorial kinematic formulae

Corollary 2 (Hug and W. '16)
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Tensorial kinematic formulae

Corollary 2 (Hug and W. '16)
For K,K' € K", B," € B(R") and j, r,s € Ng with j < n,

qﬁ}’s’o(K neK',3Ngh’) u(dg)

n ; 1 ) ] )
=SSN e Qg P (K, B)dnkai (K, B).

k=j m=0 i=0

Remarkably, the coefficients ¢ ’Jo’k’m in Theorem 1 vanish, for

i > 1, due to the quotient

(f—2)!! B iy (_1)"% =1{i=0}—1{i=1}

Hence, only the generalized tensorial curvature measures with
continuous extensions remain in the representation in Corollary 2.
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Tensorial kinematic formulae — Sketch of proof

We decompose the motion g € G, into a rotation ¥ € SO(n) and a

r,s,l

translation by t € R" and apply the definition of ¢, to get

| o7/ (Pnegp.5ned) ude)
Gp

rsI

e /so / D Q(G)I/Gmﬁm(ﬁﬁ’ﬂ);r%j(dx)

GeFj(PN(VIP'+t))

X / u® HIY(dw) HO(dE) v(dd)
N(PN(9P'+t),G)NS"—1

For almost all t € R”,

P
Fi(PN(@WP +1t))>G=Fn(IF +t)

with unique faces F € F(P) and
F' € Fo_i+j(P').




Tensorial kinematic formulae — Sketch of proof

Therefore,

/G o= (P NngP.B3N gﬁ’) 1(dg)
r,;,l n
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Tensorial kinematic formulae — Sketch of proof

Therefore,

L & (PeP.angd) nid)

rys,l

_ Sl - \0y/
S0 O D SR DR GLICLY

k=j FeF(P) F'€Fn—i+;(P')

X / us 1™ (dw)
N(PN(YP'+t),FN(IF'+t))nSn—1

x / / X" M (dx) HO(dt) v(d9).
nJFO(OF +t)NBN(I6 +t)
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Tensorial kinematic formulae — Sketch of proof

Similar to the proof of the principal kinematic formula, we can
simplify the translative part, i.e. the integration with respect to t:

=Y X [ e Y )

k=j FEF,(P) FreFn_ij(P')
x/ [F,9F1Q (F N 9F’) / us H 7 (dw) v(dY).
SO(n) (N(P,F)+9N(P’,F"))nSn—1

The remaining rotational part, i.e. the integration with respect
to ¥, is the crucial step of the proof. It involves

» Grassmannian integration formulae,
> tensor geometry,

> Zeilberger's algorithm.



Tensorial Crofton formulae

Theorem 3 (Hug and W. '16)

Let P e P", 3 € B(R"), and j, k,r,s,| € Ng with j < k < n, and
with | =0 if j = 0. Then,

| PNEBNE) u(dE)
A(n,k)

m
_ s,l,i,m —j r,s—2m,l+i
- ch,j,n—k+j Qm I¢n—k+j (P?B)>

I [ . .
where the ci,;(m are defined as in Theorem 1.



Tensorial Crofton formulae
Corollary 4 (Hug and W. '16)

Let K€ K", p € B(R") and j, k,r,s € Ng with j < k < n. Then,

| 60K N E.B N E) uulaE)
A(n,k)
]

—
Nl

s,0,i,m

m—i . r,s—2m,i
Cn,j,n—j—&—kQ ’¢n—k+j (K76)7

1
0i=0

m

0 i . -
where the c,sw ’,i’m are defined as in Theorem 1.
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