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Random marked closed set

Puse = {(X,f): X CR%is closed, f : X — Ris us.c.}

T(X, f) = {(z,t) € X xRt < f(2)), (X, f) € Pusc

7(X, f) is closed subset of R¢ x R (hypograph)

(Q, A,P) ...complete probability space

(E,T') : @ - Py is a random marked closed set (RMCS) if
{weQ:7((E,T)(w)NK #0} € A

for every compact set X in R% x R

BALLANI, KABLUCHKO, SCHLATHER (2012)
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Special examples

Marked point process
= ...union of points of the point process {¢;} in R¢
I'(&;) .. .real-valued mark corresponding to the point ¢;

Random field

= ...deterministic closed subset of R¢

I'(z) ...real-valued random variable associated with z
z — I'(z) upper semicontinuous

Labelled random closed set

= ...random closed set split into several closed subsets =;
I'(Z;) ...nominal value for labelling of =;

MoLcHANOV (1984), AvyaLa AND SiM6 (1995)

Marked sets generated by excursions of random fields
NoTT AND WiLsON (2000)
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Excursion

Z. Pawlas
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Marked Boolean model of balls

=] =

random marked closed sets



Random field model

...random closed set in R4

[1]

—

...random u.s.c. function on R¢, independent of =

then (Z,T') is called a random field model

non-parametric test of independence

KouBEK, PAwLAS, BRERETON, KRIESCHE AND SCHMIDT
(2016)

based on second-order summary characteristics
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Material data

Molecular Materials and Nanosystems, Eindhoven University of
Technology

.“3.0' 0°°5.0 S o

euTeTe Tetisn

P dB.d. % 968 .0



Radar data
Deutscher Wetterdienst (DWD)
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Weighted random measure

¥ ...random measure in R¢
C(AxU)=E¥Y(A)1{¥ € U} ... Campbell measure of ¥
w:supp C — W ...weight function

Then the tuple (¥, w) is called a weighted random measure in
R? with weight space W.

Special case: ¥ point process, (¥, w) marked point process

(¥, w) induces a random measure ¥ on R? x W:

U(Bx D)=¥({z € B: w(z,¥) € D}), BecB% DcB(W).

STOYAN AND OHSER (1984)
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Random measure generated by random closed set

¥4 ...random volume measure generated by =:
V4(B)=|EnB|, BeB,

or Ux(B) = HF(EN B) if = is a random H*-set

w(z,¥;)=I(z), zec =2 (W =R)

(¥, w) is weighted random measure

U(B x D)=HF({z € BNnE:I(z) € D})
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Stationary RMCS

A RMCS (5,71 is called stationary if 7(Z,T') + (z,0) and
7(Z,T') have the same distribution for all z € R¢.

(Z,T') stationary = = stationary = ¥y stationary =

E¥;(B) = M| B

Ax = EHF(EN[0,1]9) is called intensity — assumed to be
positive

for k = d:
A =E[EN]0,1)¢ =P(o € E)

intensity of ¥4 = volume fraction of =

ET,(B x D) =X |B|Q(D), BeB¢ DeB
Q is called the mark distribution



Estimation of mark distribution

a single realization of (Z,I") observed within a bounded convex
window W C R¢

Ak = _

’ (W] (W]
@_ (W x D) Ty(W x D)

W (W x R)

increasing domain asymptotics
If ¥}, is ergodic, then Q(D) is strongly consistent estimator of

Q(D).

Z. Pawlas Asymptotics for random marked closed sets



Palm distribution

¥ stationary random measure in R? with intensity A > 0

Palm distribution of ¥

P.U) = IE/ 1{¥ - z € U} ¥(dz)

AlB|

if ¥ = ¥, is a random volume measure generated by =

Po(U) = EfBl{‘Ifd—mEU,mEE}dm

Aq| B

= P(Yy—zclUU,zcE)dx
AdIBI/B (¥q )

1
:TP(‘I/dEU,OEE):P(‘PdEU’OEE)
d
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Reduced second-order moment measure

¥ stationary random measure in R¢ with intensity A > 0 and
Palm distribution P,

reduced second-order moment measure of ¥

K(B) =5 [ M(B\{o}) Po(du), B e B

K-function of ¥

K(B) = ﬁE/A\If((B \ {o}) + z) ¥(dz)
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Second-order characteristics of stationary random
closed sets

two-point probability function:

K-function of ¥4 (or E):

1

KE(T) = )\d

Eo¥4(b(o, 7))

AiK=(r) is the mean volume of = within a ball of radius »
centred at a ‘typical’ point of =

1 1
KE(T)ZTE/ 1{o€E,h€E}dh:—2/ C(h)dh
Az Jo(o,r) Ag Jb(o,r)

Z. Pawlas Asymptotics for random marked closed sets



Random measure generated by stationary RMCS

We assume non-negative marks: I'(z) > 0.

Stationary random measure generated by (=, I'):
Ur(B) = / () Ty(dz), B e B
B
Its intensity is
Ar = ET(0)1{o € =} = AqE,I'(o).

Palm distribution becomes

b ) — E{¥r €UIT(0)1{o € B} _ Eol(0)1{¥r €U}
o) = ET'(0)1{o € =} B E.I'(o)
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BEstimation of mean mark

~  |Enw]
Ag=— !
v
_ Yr(W) _ (W)
| W] (W)

EoT(o)

under ergodicity assumption, it is strongly consistent estimator
of EoI'(0)
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Reduced second-order moment measure of ¥

_ E¥r(B\{o})l(0)1{o€E} 1
- ArET(0)1{o € =} A2 /B Cr(h)dh,

Kr(B)

where Cr(h) = El'(0o)['(h)1{o € E,h € E}

mark-weighted K-function of ¥r: Kr(r) = Kr(b(o, 1))

mark-weighted multiparameter K-function

Kp(’l‘l, ceay 7"d) = ICF([—Tl, 7‘1] X «»+ X [—Td,rd]); Tlyewoy Td > 0
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f-weighted K-function

f-weighted reduced second-order moment measure
Eo [p f(T'(0),T(h)) ¥a(dR)

Kf(B) = i [ [ f(r1,72) Q(dyr) Q(dyz)’

where Q(-) = P(I'(0) € - | 0 € E) is the mark distribution

r >0,

f(711,72) = M2 yields K¢(B) = Kr(B)

f(7r1,72) = m yields

_ EI'(0)¥4(B)
Kye(B) = AgEoI'(0)

Kye(T) = Kye(b(0, 7))
random field model = K,.(7) = K=(r)
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Eistimation of mark-weighted K-function

a single realization of (=, I') observed within a bounded window
W C R¢

select test points &1,...,éxy € W

_ X T()1{& € EH(B + &) N E|
=1 T(€)1{& € E}

is a ratio-unbiased estimator of AgK,e(B)

XilCya(B)

ESy T(€)H{E € E}¥a(B +&)  NEI'(0)¥4(B)
EXLi T(€:)1{g € B} NE,T(o)
= AaKye(B)

)EIC\A,.(B) may require information from outside W

edge corrections — minus sampling
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Test points — regular grid




Continuous version of the estimator

_ Jenw TW)I(B + y) NE|dy
fEnW I'(y)dy

is a ratio-unbiased estimator of Ag/C,e(B)

Xikye(B)

}G-K\’Y'(B) — Jeaw JeT(y)1{z — y € B} dzdy
fEnW I'(y)dy
translation edge correction:
1{z—yEB} W
m(B) _ Jaow Jenw F(y)m dz dy
! fEmW I'(y)dy

is a ratio-unbiased estimator of AgK,e(B)
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Weak consistency
W, / R? sequence of compact and convex windows

TEIB+ENE|

|Wh|  tezinwnunz

B =T, g G
EcZenNWrNE
if
> |cov(I'(0)1{o € E},I'(2)1{z € E})| < o0,
z€Z4
> |cov(T(0)¥4(B)1{o € E},T(2)¥a(B + 2)1{z € E})| < o0,
2€74
/|C(h) —22|dh < oo,
then
Kn(B) = Kya(B)
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Weak consistency for marked Boolean model

[1]

= J b(¢&, Rs)
i>1

T(z)=cr ) k (”xéi&”)

1

.
v

k is a bounded probability density function with support [0, 1]

if ER}? < oo, then

= P
Ru(B) 2 Kru(B)
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m-dependent RMCS

We say that RMCS (Z,I') is m-dependent for some m > 0 if
7(EN A,T) and 7(2 N B,T") are independent for any bounded

A, B € B% such that d(4, B) > m.

Examples:
e = Boolean model with bounded grains and I' m-dependent

random field
e = excursion set of an m-dependent random field I
(e.g. Gaussian random field with finite dependence range)
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Asymptotic normality
W, = [-(n + 1/2), n + 1/2]% sequence of observation windows

- ERIGICRLRE
Nakn(B) = S
ECZANW,LNE

assume that (=, ') is m-dependent stationary RMCS and
varI'(0)1{o € E} < 00, varI'(0)¥4(B)1{o € E} < o0,
then

VI Wal (AalCa(B) = AaKye(B)) 5 N(0,0%)

n—oo
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Approximation by m-dependent random fields

marked Boolean model of balls, ER?d < 00

VIWal (AalCa(B) = AaKye(B)) 2 N(0,0%)

n—oo

> n= > o+ ¥ A

£cZen Wy (cZen Wy EcZen Wy
{Ug(m) : € € 79} m-dependent

2
ﬁ SUp,en E (Z§€ZdﬂWn Rém)) —0asm — o0
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Announcement of S*G 2018

Stereology, Spatial Statistics and Stochastic Geometry

Prague, June 25 - 29, 2018

http://s4g.karlin.mff.cuni.cz/
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Thank You for Your Attention

Z. Pawlas Asymptotics for random marked closed sets



